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0. Abstract

If the Fermi energy is of the order of meV's, the usual treatment of the
density of free electrons is not valid, but use can be made of an averaged
density of states that depends weakly on temperature, so that the
temperature variation of the conductivity can be expressed by the
equation:

a = CTd - s) ln{[(exp(/3Ef)+l)/2][exp(-,3(Eg - Ef)) + 1)]}

in which Ef is the Fermi energy, Eg is the top of the energy gap for
thermal activation, s is the exponent of the temperature-dependent
scattering, This equation serves to define a class of solids consisting of a
microcomposite with a narrow conduction band for which Ef of the order
of ceV's or less and a thermal activated conduction for which Eg is of the
order of ceV's. It describes quantitatively the conductivity, o(T;J), for
YBa2Cu3O7_g and <r(T;p) as the hydrostatic pressure, p, is varied for K-
(BEDT-TTF)2CuN(CN)2Br.

1. Fermi Energies of the Order of eV's.

In the usual treatment1 of the free electron in solids, use is made of
the fact that for a sufficiently large Fermi energy the derivative of the
Fermi-Dirac distribution function with respect to energy,

-3f(e;T)/ae = /3[exp0(£ - Ef)]{expD8(£ -Ef)] + l}~2, (1)

is a narrowly peaked function for the temperatures usually employed in
the measurements (temperatures of the order of 1000 K) so that [s —
Ef)/kT >> 1. Then one can employ the integration by parts,

J [dF(e)/de]f(e;T)ds = - J F(e)[df(s;T)/ds]ds, (2)

and express F(e) as a Taylor series in (s—Ef)/kT to evaluate the integral
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on the left side of equation (2). This means that only electrons with
energies near the Fermi energy make a significant contribution.

This situation is generally used in discussions of the conductivities of
metals and is intended to apply to the normal state of the
superconducting oxides and the organic charge transfer conductors.

II. Fermi Energies of the Order of meV's.

One of the most significent but overlooked features of the oxide and
organic conductors is the fact that the conductivities are measured at
and below 300 K. At these temperatures, kT = 2.6 xlO"2 eV or less and
the states having energies somewhat larger than this value are
essentially bound, so that they do not contribute significantly. Wherever
semiconductivity is observed with these materials, the thermal activation
energy is small, i.e., of the order of 0.05 eV or smaller. Because the
change from semiconductive to metal-like behavior, usually through
changes in composition or hydrostatic pressure2"8 is apparently
continuous, it is doubtful that any Fermi energy associated with the
metal-like variation is any larger than the 2.6 xlO"2 eV. At the very least,
one must examine the situation wherein Ef is much smaller than that
required in the usual expansion associated with equation (2).

A comparison of - df(e;T}/de vs s when Ef is 0.1 eV or less (Figure 1,
curves b-d) with this function when Ef is 1 eV or larger (Figure 1, curve
a) reveals a difference that has been little recognized apparently
heretofore. With -df(s;T)/de vs « shown in Figure 1, one cannot always
state that only electrons with energies near the Fermi energy contribute,
because the function is not always peaked. The variation for Ef = 10~3

eV is such that — df(e;T)/ds increases with decreasing energy starting near
the Fermi energy and then attains a nearly constant value as e
approaches zero (See Figure 1)). This shape does not depend on
temperature

The variations of the Fermi Dirac distribution function, f(e;T) vs s, at
300 K and for Ef at 1, 0.1, 0.05 and 0.001 eV are shown in Figure 2.
When the Fermi energy is of the order of eV's, as is the case in the
discussions of metals, the transition from nearly full occupancy to nearly
empty occurs over a small range in energies, whereas when the Fermi
energy is of the order of meV's the occupation increases slowly as e is
decreased and approaches a value significantly less than full occupancy
as the energy approaches zero.zero.

III. Semimetal with Small Fermi Energy.
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To evaluate the integral,

g(fi)f(£;T)cte, (3)

for 0̂ 5 e ^Ef with small Fermi energies, one can make use of the
averaged value of g(e) defined by

<g(EpT)> = {J g(fi)f(£;T)de}/{J f(e;T)d£}
0 0

(4)

provided that the dependence of the averaged value on temperature is
known or is negligible (See Addenda).

If g(fi) is expanded in a Taylor series in (e - Ef), one finds that with
(s - Ef) < 1:

r Ef r Ef

J g(e)f(£;T)d£ = £ [gn(Ef)/n!]J (a ~ E^f(£;T)di
0 ^ j 0

= <g(Ef,T)> J f(£;T)de.

gn(Ef) is the nth derivative of g(e) evaluated at Ef.

(5)

(6)

Thus, this procedure has separated the intergal with the integrand,
g(s)f(s,T), into two factors, one of which depends on the density of states at
the Fermi energy and weakly on temperature (see Addenda) and the other
of which depends only on the Femi-Dirac distribution.

For the density of carriers with energies of 0 < s < Ef, one can now
write if Ef is sufficiently small:

f Ef

N(T;Ef) = I g(fi)f(£;T)d£ = g(Ef) 0 - 1 ln{[exp(/3Ef) +1]/2} +
" 0

r Ef

J [gn(Ef)/n!] J Q (£ ~ Ef)n f(£;T) de. (7)
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For Ef = 0.001 eV and T = 200 K, the first term on the right side of
equation (7) is 5x10—* g(Ef) (zeroth term in the total summation) and the
first term in the summation shown is - 2 x l O ~ 7 g'(Ef)

IV. The Total Density of Carriers.

The expression for N(T) requires that the integral over the integrand,

g(s)f(e;T), be evaluated in general over the limits 0 < « < < » , i.e., over the

conduction and valence bands, at least. Hence one writes:

g(e)f(g;T)dfi = I g(e)f(e:T)de + g(e)iI«;T)de. (8)
0 J O J Eg

The interval Ef < e < Eg can be omitted, because generally there is a gap
between the conduction and valence bands.

The g(s) in the integand of the second intergal on the right side of
equation (8) can be expanded in series in (e — Eg), and use can be make
of the expression:

g(Eg) = g(Ef) + £ (Eg - EfP gn(Ef)/n!. (9)

One then finds for the second integral:

N(T;Eg) = g(Ef) 0-i ln{exp[/3(Eg -

[(Eg - Ef}ngn(Ei) /n!] / f(e;T)d£ +!] / f(e;

n f(s;7)de. (10)

For Ef = 0.001 eV, Eg = 0.01, and T = 200 K, one finds:

g(Ef) i8-l ln{expO3(Eg - Ef)] +1} = 8x10-3 g(Ef), (11)

the first term in the first summation = 7xlO~5 g'(Ef), (12)

and the first term in the second summation = 2xlO-4-g'(Eg). (13)

If g(fi) is a slowly varying function such that g'(Ef) and g'(Eg) are less
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that the order of g(Ef), then one can set aside the summation terms in
equations (7) and (10) and use the zeroth order forms . At present
sufficient information is not available concerning the density of states.
The values calculated from band theory are not applicable for two
reasons: (a) In these calculations, it is usually assumed that the density
of carriers is known to be of the order of 10 2 2 cm~3, whereas the small
Fermi energies involved in this study implies a value smaller by a few
orders of magnitude and (b) as will be shown subsequently, the materials
of interest conduct by small polarons, so that the correct calculation
must be based on electron-phonon coupling. In any event the structure
of the conductivity vs temperature with the zeroth approximation is used
to study the possible significence of these equations.

V. Conductivity.

If it is possible to define some averaged scattering relaxation time in
the phenomenological expression for the conductivity, then one can write

a(T) = N(T) e2 <7(T)>/m. (14)

For the variation of the scattering time with temperature, one can write
that <r(T)> <x T~s with s = 1 for phonon-electron scattering and s =2 for
electron-electron scattering. The equation for the conductivity can then
be written:

cr(T;Ef,Eg,s) s C T(l-*) ln{[exp(/3Ef) +l]/2][exp[-/S(Eg - Ef)] +1]}. (15)

A study of this equation shows that the structure is attributable
mostly to the variation of Ef i.e., the chemical potential of the electrons
wherever they are located, at constant Eg, s, and <g(Ef)>. Such is shown
in Figure 3 with Eg = 2.5xlO~2 eV, s = 2, and 0 < Ef < 2.5xlO-2 eV.
Curve f illustrates the fact that within a high precision the linear
variation of p(T) assumed to be characteristic of the superconducting
composition is also included in the equation9

This equation serves to define a class of materials characterized by
Fermi energies of the order ofceVs or less and by thermal activation
energies of the order ofceV's, by densities of state that vary slowly with
energy, and in which the systematic variation of a(T;paramster) is
determined mostly by the chemical potential of the electrons wherever they
are located..

The cr(T)'s for several of the superconducting oxides10 and of K-
(BEDT-TTF)2Cu(NCS)2 n are described quantitatively by equation (15).



The only other equation that I have found to have this structure is
that first published by Holstein 1 2 for a model of a small polaron in a one
dimensional molecular crystal. His equation describes thermal hopping
that dominates at the higher temperatures and narrow band.tunneling
that dominates at the lower temperatures The structure of his equaion is
the same as that shown in Figure 6. His estimate of the width of the
narrow band is consistent with the Fermi energies derived from
measurements of CT(T) cited below.

Evidence of the significance of equation (15) and Holstein's equation is
contained in the variation of the conductivity with temperature at various
hydrostatic pressures for *-(BEDT-TTF)2CuN(CN)2Br reported by Sushko
et al 3 . These measurements were made on a single crystal that showed
no evidence of superconductivity at temperatures near the maxima in the
p(T;p)'s; the transition to the superconducting state occurred near 10 K.
The curves obtained by Sushko et al are described quantitatively 8 by
both equation(15) and Holstein's equation.

The evidence given by the p(T;<5)'s for YBa2Cu3O7_g is not quite so
definitive, because the rapid decreases in p(T)'s on the low temperature
side of the maxima can be obscured by the onset of the superconducting
state. However for a curve like b in Figure 4, the diamagnetic
susceptibility is so extremely small that its contribution is probably
insignificant13. Hence, it is plausible to accept for the present at least
these equations as quantitative descriptions of the normal state of the
superconducting oxides and the organic charge transfer compounds and
to examine what this means with respect to the onset of the
superconducting state. A bipolaronic state is certainly indicated.

The narrow-band tunneling is one of the "striking" features of the small
polaron theory 1 4 . However, experimental evidence for it has been so
lacking heretofore that some have doubted that it could ever be observed.
Besides the evidence presented herein, observations by Kadono et al 1 5

may also reveal this phenomenon. In a study of the low temperature
diffusion of positive muons in copper, they found that the hopping rate
decreases between 135 K and approximately 30 K andit increases slowly
between 30 K and approximately 0.15 K. Above 100 K, the behavior is
consistent with the Arrhenius type variation, but below approximately 15
K the behavior appears to be described by "band-like motion of light
interstitials", an effect similar to the narrow-band tunneling in the small
polaron theory l 6 .

It has been approximately 33 years since Holstein published the
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equations that predict this class of materials, a class in which

apparently the existence of the two mechanisms in the normal state is a
requirement for the onset of the superconducting state. It is especially
intriguing to imagine the significance of the contribution of the tunneling
mechanism to the superconducting state. The recognition of all this is
indeed a tribute to the work of Holstein.

V. Addenda.

1. Temperature Dependence of <g(Ef-TI>

If one examines each term of the derivative in the expansion of g(E^T)
and each corresponding term of g(EfT), one can write that

(a<g(Ef,T)>/r)T)n/(<g(Ef,T)>)n = {F° F'n - F n F'°}F°/Fn (16)

In this equation

F n = I (£ _ Ef)n f(£;T)d£ (17)
o

f Efand F ' n = J (s ~ Ef)n (3f(e;T)/3T)de. (18)
0

The first term in equation (16) is zero. The second term is of the order of
10 ~14, so that the convergence appears to be sufficiently rapid that one
can neglect the temperature dependence of <g(fi;T)>.

2. The Small Fermi Energy

In relation to the usually accepted values for the Fermi energy of the
superconducting oxides and the organic charge transfer compounds, the
small values cited above appear to be unexpected However, the logic
used to derive the small values is sufficiently definitive for the Fermi
energy and sufficiently quantitative that the conclusion cannot be
dismissed on the basis that the small values do not agree with the
usually assumed values for the density of carriers. Besides, there are
other studies that indicate that the unusual properties of these materials
can be understood in terms of small Fermi energies. Kresin and Wolf17

have calculated the Fermi energy for YBa2Cu3<>7_5 with d near 0.1 from
measured values of the heat capacity and an estimated value for the
density of carriers:

Ef= (T2k2N)/(67) 19)
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in which 7 is the proportionality constant between heat capacity and
temperature. They estimated N at 5xlO21 cm" 3 and obtained Ef = 0.07
eV. If N is estimated at 3.5xlO20 cm- 3 , then-Ef = 5xlO~3 eV.

In a series of articles by Ashkenazi and colleagues 1 8 , the measured
values for the thermal electric power over temperatures ranging from 100
to 1200 K have been interpreted in terms of a narrow band model similar
to that for a small polaron. In this model the band width is considered to
be narrow "when it is comparable or even the same order of magnitude
as kT." For T = 100 K, kT = 8.6x10~3 eV.

3 Small Polarons in Mixed Valent Systems.

The role of mixed valency in the transfer of charge has been a subject
of numerous studies in chemistry 1 9 , and the theory of such has been
published in the chemical literature 2 0 . Small polarons, on the
otherhand, have been the subject studied primarily by physicists, and
starting with Holstein's articles, the theory has been developed in the
physic's literature Recently, primarily with the advent of the
superconducting oxides, it has been recognized that the two phenomena
are interrelated 13,21,22 An examination of the theory presented by
Piepho, Krauze, and Schatz 2 0 reveals that the basis is essentially the
same as that of Holstein.

In the case of YBa2Cu3O7_5, sufficient experimental evidence exists
to enable one to make a reasonably reliable description that is consistent
with the indication that the current is carried by small polarons. From
X-ray photoelectron spectroscopic measurements by Steiner et al 2 3 and
the neutron diffraction structural investigations of Jorgensen et al 2 4 ,
one can deduce 2 1 that the configurational equilibria,

(Cucs)3+(Oas)2- = (Cucs^+fOas)1- (20)

and (Oas)2-as = (Oas)i-as 1- (21)

exist in this oxide. Thus at the microscopic level, the oxygen ions at the
Ol positions in the basal plane of YBa2Cu3O7_5 vibrate between the
copper Cul positions and with some frequency transfer charge. Hence,
an adequate density of states must be vibronic.

Although it may have been known that the organic charge transfer
conductors involve mixed valency, the extent and significance of such
has not been in general appreciated. Kurmoo and Kanazawa 2 S

recognized that mixed valency occurs in the organic moiety, the
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inorganic moiety, or both. However, they did not recognize that it is the
potential for the mixed valency that is the significant feature. Even
though the charge on the organic radical cation may appear be integral,
complete charge transfer certainly does not occur and the sulfur must be
considered to be potentially in a mixed valent state.

Thus the organic charge transfer compounds generally have mixed
valent species in both the cation and the anion. In the (BEDT-TTF)21+

the sulfur can exist potentially in at least three states: S1", S°, S1+; in
the anion [CuN(CN)Br]1~ Cu, N and Br can be dual valent, so that
configurational equilibria comparible to (20) and (21) exist in these
materials 8 .

Some confusion may exists concerning the conceptualization of the
small polaron. In some cases, it is imagined to consist of a self-trapped,
phonon-coupled electron in a locally distorted lattice of an ionic solid and
is considered to be relatively immoble 2 6 . The small polaron imagined
herein is more like the small polaron imagined by Holstein in a molecular
crystal and the one imagined by Bottger and Bryksin 2 7 . The two
concepts may appear to be quite different, but perhaps the diffference is
one of degree rather than kind. In YBa2Cu3Oy_5 with 8 near 0.1, most

of the configurations in the basal plane are (Cucs)3+(Oas)2~, but there is
a small concentration of (Cucs)2+(Oas)1+ that distorts the matrix lattice
and can accordingly be imagined to be similar to the self-trapped
electron. However in the ionic crystal like NaF, the energies of the
configurational equilibria equivalent to those illustrated in equations (20)
and (21) are so large that the small polaron in this solid is relatively
immoble.
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VIII. Figure Captions

Figure 1. Plot of derivative of Fermi Dirac distribution function
with respect to energy, -df{e,T)/ds vs loge, at 300 K for Fermi
energies: (a) Ef = leV, (b) Ef = 0.1 eV, (c) Ef = 0.05eV, and (d) Ef
= 0.001 eV.

Figure 2. Plot of Fermi Dirac distribution function, f(£,T) vs log s, at 300 K
for Fermi energies: (a) Ef = 1 eV, (b) Ef = 0.1 eV, (c) Ef = 0.05
eV, and (d) Ef = (d) Ef= 0.001 eV.

Figure 3. Plots of normalized resistivities vs temperature calculated with
equation (15) with a constant gap-energy (2.5xlO~2 eV), a
constant scattering exponent (n = 2), and varying small
Fermi energies: (a) Ef = 0, (b) 2xlO~4, (c) 3.25xlO~4, (d)
5xlO- 4 , (e) 2xlO~3, and (g) 2.5xlO~2 eV). Curve f is derived
from a least squares' analysis of values for the linear variation
of resistivity vs temperature; for this curve Ef = 1.27x10 ~2 eV.
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