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ABSTRACT
A numerical study of the free-boundary axisymmelric (n=0) ideal

magnetohydrodynamical (MHD) motions of the EXTRAP device is

presented. The dependence of stability on current profiles in the

plasma and currents in the external conductors is investigated.

Results are shown for linear growth-rates and nonlinear saturation

amplitudes and their dependence on plasma radius as well as on the

conducting shell radius.

A method combined of two different algorithms has been developed

and tested. The interior region of the plasma is simulated by means

of a Lagrangian Finite Element Method (FEM) for ideal

magnetohydrodynamics. The method is based on > nonlinear

variational principle for the Lagrangian description of ideal MHD.

The Boundary Element Method (BEM) is used together with the

Lagrangian FEM to simulate nonlinear motion of an ideal MHD

plasma behaviour in a vacuum region under the influence of

external magnetic fields.
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ABSTRACT
A numerical study of the free-boundary axisymmetric (n=0) ideal
magnetohydrodynamical (MHD) motions of the EXTRAP device is
presented. The dependence of stability on current profiles in the
plasma and currents in the external conductors is investigated. Results
are shown for linear growth-rates and nonlinear saturation
amplitudes and their dependence on plasma radius as well as on the
conducting shell radius.
A method combined of two different algorithms has been developed
and tested. The interior region of the plasma is simulated by means of
a Lagrangian Finite Element Method (FEM) for ideal
magnetohydrodynamics. The method is based on a nonlinear
variational principle for the Lagrangian description of ideal MHD. The
Boundary Element Method (BEM) is used together with the Lagrangian
FEM to simulate nonlinear motion of an ideal MHD plasma behaviour
in a vacuum region under the influence of external magnetic fields.
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I Introduction
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Fusion research ultimately aims at providing a new environmentally

acceptable, inexhaustible, energy source. The fusion reactor would

produce energy through a controlled thermonuclear burn of a

hydrogen isotope plasma (ionized gas). Although it is not clear if this

can be achieved, considerable progress has been made over the last

twenty years. A plasma must be heated to temperatures of about one

hundred million degrees for nuclear fusion reaction to occur

sufficiently frequently so that the released nuclear energy can balance

the bremsstrahlung radiation losses. Confinement of a hot plasma by

magnetic fields is the most widely studied approach to this problem.

The magnetic field provides heat insulation to surrounding material

walls, which is a prerequisite for reaching the necessary high plasma

temperature. The magnetic field geometry which so far has proven the

most effective for containing hot plasmas is the Tokamak. The

confining magnetic field in a Tokamak is produced by inductively

driving an electrical current in a plasma torus (ring-shaped plasma

volume). A strong toroidal magnetic field (directed the long way

around the torus) prevents the plasma ring from breaking up due to

magnetohydrodynamic (MHD) instabilities.

An important factor, determining the possibility of a future high

power density, compact, fusion reactor, is the maximum plasma

pressure which can be stably confined for a certain magnetic field

strength. This quality of the confinement is normally measured by the

average beta value, a figure-of-merit by which different magnetic

field configurations can be compared. Unfortunately, due to the strong

toroidal magnetic field necessary for stability, the Tokamak has only a
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moderate beta value. Apart from the Tokamak alternative

configurations with higher beta values attract increasing interest

today. The Reversed-Field-Pinch (RFP), the Ultra-Low-q (ULQ)

configuration and the EXTRAP concept [1] all share the basic toroidal

geometry of the Tokamak. The confining poloidal magnetic field

(directed the short way around the torus) is produced by the plasma

current, as in the Tokamak, but the strong stabilizing longitudinal

(toroidal) magnetic field is avoided. The EXTRAP scheme, proposed by

B. Lehnert around 1974-77 [2, 3] features a set of conductors parallel

to the plasma discharge axis producing a transverse magnetic field for

obtaining stability. The main reasons for the conductors is the

expressed suppression of long wavelength unstable modes by the

resulting strongly inhomogeneous transverse field.

Magnetohydrodynamic stability is a major issue for high-beta

configurations where a main part of the magnetic field is produced by

the plasma current. They posses large amount of free magnetic energy

potential avaible for driving instabilities [4]. The primarily aim of this

theses is to investigate the axisymmetric ideal MHD stability of the

EXTRAP configuration. The dependence of stability on current profiles

in the plasma and currents in the external conductors is investigated.

Results are shown for linear growth-rates and nonlinear saturation

amplitudes. Further the effect of plasma and conducting shell radius

on stability is investigated.

An initial theoretical analysis of a perfectly conducting flexible

cylinder (simulating the plasma current channel) by T. Hellsten

demonstrated the stabilizing effect of the external field on kink

disturbances [5]. The stabilization could be explained by surface

currents induced in the cylinder due to the motion in the

inhomogeneous transverse magnetic field. A study of rigid m=l kink

r.
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perturbations of a plasma column in an external octupole field showed

a strong stabilizing effect on long wavelength modes [6]. Within

certain parameter range there was a critical value of the ratio of

plasma to octupole field conductor current for stability. In general, the

analysis indicates that wavelengths somewhat longer than the pinch

radius (X>a) were stabilized by a strong octupole field. The ideal

linear-MHD stability of a toroidal EXTRAP equilibrium was studied

numerically [7]. When allowing for non-rigid perturbations, the

plasma cross-section deformation, resulting from the external field,

generally had a destabilizing effect on free-boundary (external) kink

modes. This pessimistic result was later confirmed by analytical

stability calculations [8-12]. However, the numerical analysis showed

that almost marginal stability to axisymmetric modes, as well as to n>0

external kink modes, could be obtained for a square-cross-section

plasma having a sufficiently peaked pressure profile. On the basis of

the numerical study, an alternative, indirect, stabilizing mechanism of

the octupole field was proposed [13]: Peaked pressure profiles,

favourable for external mode stability, were suggested to occur when

the z-pinch plasma is bounded by a magnetic separatrix. (The

separatrix arises due to the superposition of the octupole field on the

plasma self-field).

The weakly nonlinear development of the instability has been studied

analytically by Wahlberg and Eriksson [14, IS]. They show that the

nonlinearity enhances the instability for the plasma motion toward

either of the X-points (magnetic nulls), whereas for plasma motion in

the direction between the X-points, nonlinear stabilization, due to the

existence of neighbouring equilibria, can be achieved. A nonlinear

contour dynamics code has been used by Eriksson and Wahlberg [16]

for two-dimensional simulations of EXTRAP curl-free and
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incompressible non-rigid motions. In Ref. 14 a surface-current ideal

MHD approximation of the pinch is used. When the pinch moved in the

inhomogeneous transverse field, a strong force on the plasma resulted,

directed to the centre of the configuration. The criteria for

confinement of the plasma column, which were given in terms of the

ratio of plasma to octupole field conductor currents and the ratio of

plasma radius to conductors distance, were similar to those obtained

in the initial rigid displacement analysis.

The code developed during the present thesis project removes some of

the restrictions of the contour dynamics formulation and is able to

deal with rather arbitrary volume current distributions and plasma

compressibility. The nonlinear Lagrangian algorithm concerning the

interior plasma of the z-pinch is based on applying the Finite Element

Method (FEM) to the principle of least action (or Hamiltons principle)

[4, 17, 18] for ideal MHD. In the Lagrangian algorithm, the

computational mesh moves with the fluid and the nodes of the mesh

may be thought of as plasma macro-particles. Ideal MHD can then be

cast in a form that is completely analogous to a set of interacting

particles, the motion of which is governed by Hamilton's principle.

This Lagrangian description is different from the "moving finite

element method" of Miller and Miller [19], which was recently applied

in a one-dimensional MHD-transport calculation [20]. In the moving

finite element method, the mesh is moved in such a way as to

minimize an error functional and is no: tied to the motion of the fluid.

Most existing two- and three-dimensional MHD codes use an Eulerian

mesh. In the code presented here the Boundary Element Method

(BEM) is used together with the Lagrangian FEM to simulate the

nonlinear motion of an ideal MHD plasma in a vacuum region under

the influence of external magnetic fields.
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It is also shown how the algorithm utilized in this thesis can be

applied to the axisymmetric (n=0) toroidal stability of tokamaks and

reversed field pinches (RFP's).

| The outline of this theses is as follows: A description of the algorithm

J, for the interior plasma region is given in section ILA while section II.B

describes the algorithm used to obtain the force on the plasma edge

from the vacuum magnetic field. Numerical results for EXTRAP are

presented in section III. A summary is given in section IV.

H
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II Algorithms

>

Two different algorithms have been used in this study. In section II.A

the algorithm concerning the interior plasma region is described. In

section II.B the algorithm concerning the influence of vacuum

magnetic fields on the plasma edge is presented.

II.A Algorithm for the interior plasma
region

Ideal magnetohydrodynamics (MHD) is the most commonly used fluid

model for describing the macroscopic equilibrium and stability

properties of plasmas, both in magnetically confined fusion and

astrophysics The model describes how an ideally conducting plasma

moves under the influence of magnetic, inertial and pressure forces. It

is applicable on long-wavelength, low-frequency scales, and has

become a basic tool for the design of tokamak, siellarator and

reversed field pinch (RFP) experiments [4], Despite the simplicity of

the model it is often difficult to find numerical algorithms that allow

accurate and efficient computation.

In the present section we present a nonlinear Lagrangian algorithm,

based on applying the Finite Element Method (FEM) to the principle of

least action (or Hamilton's principle) [4, 17, 18] for ideal MHD.

First the discrete Hamiltonian method used to solve the ideal MHD

equations in the plasma is described. In the Lagrangian algorithm, the

computational mesh moves with the fluid and the nodes of the mesh

may be thought of as plasma macro-particles. Ideal MHD can then be
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cast in a form that is completely analogous to a set of interacting

particles, the motion of which is governed by Hamilton's principle. The

code utilizes the following ideal MHD variables: density p, pressure p
— • _ j —»

and magnetic field B, displacement £, velocity v and displaced

position x of the plasma. The description is 2 1/2 dimensional, i.e.,

the spatial dependence is two-dimensional in the (x, y) plane, while

the vector quantities B, £, x and v have three components: (x, y, z).

II.A.I Variational principle

II.A. 1.1 Lagrangian form of ideal MHD

The equations of ideal MHD in Lagrangian form are

"1

dt

dB
dt

=BVv-BVv

VB=0

dt

(1)

(2)

(3)

(4)

(5)

Here p is the density, v is the velocity, p is the plasma pressure, B i s

the magnetic field and y = 5 / 3 is the ratio of specific heats (the

K. _.
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permeability u,0 is set to unity [4]). It is possible [4, 18] to formulate a

Lagrangian density such that the equation of motion (1) is obtained as

the variational equation for extremizing the appropriate action

integral.

The nonlinear variational principle uses the ideal MHD conservation

laws for the flux through a surface element and the mass in a volume

element moving with the fluid. These conservation laws follow from

an explicit time integration of Eqs. 2-5 where the magnetic field, mass

density and pressure in the displaced position are expressed directly

in terms of their values in the original position and the displacement

field. Thus,

Po

Po

where

x=xo+?(xo,t)

(6)

(7)

(8)

(9)

(10)
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Here, x is the displaced position, xo the original position, £ is the

displacement and J is the Jacobian of the transformation from original

to displaced position.

Equations (6-8) express the state of the system entirely in terms

cf the instantaneous displacement field £(x0) for given initial

conditions. In this respect, ideal MHD is analogous to an elastic

mechanical system, where the state is completely specified by the

displacements. The equation of motion (1) can now be obtained in the

standard manner by constructing the kinetic and potential energies

and applying Hamilton's principle.

II.A. 1.2 Hamilton's principle for ideal MHD

Hamilton's principle states that the time evolution of the system

extremizes the action

£dt0 =0 (11)

where the variation is to vanish at the end points t, and t2 and at the

spatial boundary of the system. The usual procedure in constructing a

Lagrangian density is to find the kinetic and potential energy

densities, take the difference between the two quantities, and

integrate them in space to obtain the Lagrangian L = T - W. For ideal

MHD, the kinetic energy is

T = T" I Po £ dto
2J (12)

and th? potential energy is given by
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where we used the mass conservation relation

Now, Lagrange's equation

d t 8?

(13)

(14)

gives the equation of motion for the coordinates

expressions are given in App. A and B.

(15)

[4, 18]. The explicit

II.A.2 Finite element discretization

II.A.2.1 Discrete variational principle

To arrive at a discrete form for the equation of motion, we introduce a

finite element representation of the displacement as a function of the

original coordinates

N

k=l (16)

The potential energy may now be expressed in the discrete set of
—*

expansion coefficients {£k:k=l,N}.
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w = wm

where

Wm•I'cell mLf-1 2 J

m=l

Jdt,

(17)

(18)

is the energy in one mesh cell and M is the number of cells. The

magnetic field, pressure, and Jacobian entering the calculation of W
—»

are given by Eqs. (6 - 10). The force Fk acting on each discrete

coordinate k is obtained from the discrete equivalent of the equation

of motion, where the variational derivative is replaced by a standard
—»

partial derivative with respect to the discrete coordinates É .̂

In order to obtain an algorithm that allows explicit time-stepping, we

have applied "mass lumping" for the kinetic energy and approximated

the mass matrix by a diagonal matrix,

(?k>
(19)

Here sok denotes the volume initially associated with each coordinate

£k. (In the case of a triangular mesh, sok will be taken as 1/3 of the

area of all triangles having node k as a centre point). The discrete

variational principle describes the motion of the nodes exactly as that

of a classical Hamiltonian system: a set of point particles with masses

Pok sok and a potential energy W. The range of interaction between the

point particles is determined by the spatial support of the basis

functions (j^. In the simplest case of linear basis functions on triangles,

there are only nearest neighbour interactions. 3f
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II.A.2.2 Linear basis functions on triangles

4

I,

jw

We now consider a regular triangulation of the initial coordinate space
—»
xo = (xo»yo) a n d choose p iecewise linear representations for the

components of £ and its time derivative within each triangle,

£x = a + b x o + cy o , etc. This makes the Jacobian constant inside each
—»

triangle. It is natural to choose p , p and B as constant inside each

triangle in the initial condition. Equations (6-10) then show that these

variables remain piecewise constant in the displaced configuration.

Thus, it is natural to associate the pressure and the magnetic field

with the cells and the displacement \ and the velocity v = \ with the

nodes of the mesh. Furthermore, we assign a time-independent mass

to each node . This use of different representations for the

displacement and the pressure (and magnetic field) is a basic example

of a "mixed representation" which avoids spurious "pressure modes",

see. e.g., [21] or "spectral pollution" [22, 2 3 ] . The discretizations

discussed here show no tendency to develop spurious modes, and no

viscosity (artificial or physical) is needed.

By differentiating the potential energy summed over all

triangles connected to a particular node with respect to its

displacement, we now obtain the force on each node. The details of

this are shown in the Appendix A for straight geometry and in

Appendix B for toroidal geometry. Three different types of

triangulation have been tested:
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Mesh 1: cross-diagonal triangulation of rectangles,

Mesh 2: symmetrical triangulation, and

Mesh 3: asymmetrical triangulation of rectangles.

Figure 1. Mesh 1 Mesh 2 Mesh 3

11. A. 2.3 Time stepping and energy
conservation

tf

The solution is advanced in time by a standard leap frog scheme

(20)

(21)
n+1 i*
k = S

., n
V k

1/2

where the superscripts indicate time-level. It may be noted that this

algorithm is a canonical transformation. If we introduce the

momentum p k =p o s o v k conjugate to £ k , one complete step (20) is

simply the canonical transformation [17] from the "old" variables
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( £ n , p n"1/2) to the "new" variables ( £ n + 1 , p n+1 /2) under the generating

function

N

<&£ n ,p n + 1 / 2) = X t k • P k+ 1 / 2+ At (W[? n] + T[p n+1/2])
k=l

(22)

Therefore, the solution of (20) satisfies a Liouville equation in the

same way as the continuous time system.

The stability of the algorithm is limited by the Courant condition

for explicit time-integration

At < min (A/V) (23)

•J,

*

Here A is the side of a cell and V = [(B2 + Yp)/p]1/2 is the highest signal

propagation speed. In the code, this condition is automatically checked

and the time step is adjusted to satisfy the condition at all times. If

the triangles become very small in some direction the maximal time-

step will decrease and re-zoning is needed.

In all test cases discussed in Sec. Ill, the deviation from exact

conservation of the total energy showed a quadratic dependence on

the time-step. (To be able to detect the quadratic dependence, it is

necessary to use a time-centred expression for the velocity v =
—> —»

(vn+i/2 + vn-l/2)/2 in the kinetic energy to evaluate this at the same

time as the potential energy W[^n].) In the limit of zero time-step,

energy conservation becomes exact. This results from the definition of

the discrete forces as exact derivatives of the potential energy with

respect to £k.
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11. A. 3 Test cases for the interior plasma
region

As test cases for the algorithm concerning the plasma region we have

f chosen the Rayleigh-Taylor instability and the coalescence instability

* [24-26]. Convergence has been recorded for linear growth-rates as

well as nonlinear saturation amplitudes for a varying number of grid-

points. As discussed in Sec. II.A.2.3, energy conservation depends only

on the time-step and becomes exact when the time-step approaches

zero.

II. A.3.1 Rayleigh-Taylor instability

The Rayleigh-Taylor instability occurs when a heavy fluid is

supported by a light one. In the absence of a magnetic field, any ripple

in the surface will tend to grow at the expense of potential energy in

the gravitational field. A magnetic field along the wave-vector of the

perturbation is stabilizing [27]. The MHD system describing the

Rayleigh-Taylor instability is given by Eqs. (1-5) with a gravitational

term added in the equation of motion

dt { 2 ) - (24)

At equilibrium, using v =0 and constant B,

(26)
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For the numerical test case, we have taken an equilibrium given by

Bo = 0.35 x,p(y) = po+y,p(y) = p o - g ( p o y - y /2) ,g=l ,p o=l and po = l.

The size of the computational box was 0 to 1 in both x and y direction.

The evolution of the instability with the subsequent nonlinear

saturation due to bending of the magnetic field lines is shown in figure

2. Calculations were performed with four different mesh types. For the

rectangular mesh, calculation was made with the full bilinear basis

functions. No re-zoning was applied. The simulation in figure 2 used

64 cells in x-direction and 32 cells in y-direction.

CELLS

•1

1 i

Figure 2. Rayleigh-Taylor instability
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The rectangular mesh gives clearly quadratic convergence while all

the triangular meshes approach quadratic convergence for small cell

size. All discretizations converge from the stable side, i.e.,

underestimate the growth-rate. This is a general property of a strictly

variational finite element discretization, since the square of the

oscillation frequency can be expressed as a Rayleigh quotient. The

most unstable eigenmode minimizes this quotient and every test

function will overestimate the eigenvalue (underestimate the growth-

rate). We note that for a given resolution, Mesh 1 gives the best

approximation to the growth-rate. Mesh 3 shows poor convergence

and an unsymmetrical behaviour of the solution.

The convergence of the algorithm in the non-linear regime is

analyzed by recording the peak magnetic energy at the non-linear

saturation of the instability. The peak magnetic energy is plotted

versus mesh resolution in figure 4. First we note the poor convergence

of the asymmetrical Mesh 3. Further, also in the nonlinear case, the

rectangular mesh shows more clearly quadratic convergence than the

others, although Mesh 1 gives the best result for a given resolution.
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Figure 4. Nonlinear saturation for different type of meshes as a

function of mesh resolution.

II.A.3.2 Coalescence instability

r

As a second test case we consider the coalescence instability. It is well

known [24-26] that a chain of magnetic islands with sufficiently short

periodicity length is ideally unstable to a mode in which neighbouring

islands move toward each other. In the presence of sufficient electrical

resistivity, the nonlinear evolution leads to coalescence of magnetic

islands. Here, we consider a two-dimensional equilibrium of the form

t
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(26)

>

At equilibrium, the flux function \|r0 must satisfy

(27)

where f is a arbitrary function. Furthermore, the pressure p0 and B o z

are functions of \\f0 satisfying

(28)

One possible choice for f is [24, 25]

V2
V o s -JO2(Vo) = -(1-e2) k2 exp(2y0)

for which (27) has the exact solution

(29)

= -ln(cosh kx + ecos ky) (30)

If the periodicity length of the system in the y-direction is larger than

about 2n/k this equilibrium is linearly unstable to the coalescence

mode. The islands move in a pattern so as to coalesce into larger units.

However, in ideal MHD, where no reconnection of magnetic field lines

is allowed, the motion is halted by the squeezing of magnetic flux, and

the islands bounce against each other during the nonlinear evolution

of the instability [24].

The ideal evolution of the coalescence mode may be of only

academic interest, since very slight deviations from ideal electrical

conduction (by resistivity or electron inertia) will change the result
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substantially. Nevertheless, this instability does offer an interesting

and difficult test case for any ideal MHD code. In the simulations

presented here, no artificial dissipation or viscosity was used. The flow

pattern of the linear instability found in our simulations is similar to

that cf other simulations using both zero and finite resistivity [24-26].

Due to the near singular nature of the ensuing motion which leads to

the formation of very thin current sheets, the convergence in the

nonlinear regime is poor, and our results are far from converged. One

way to obtain better convergence is to introduce an artificial viscosity

and then study the behaviour as this viscosity approaches zero.

However the discrete representation (16) has an averaging effect on

the cun-ent peaks, and unlike the Eulerian code of Pritchett and Wu

[24], our code did not require an artificial viscosity term to continue

the simulation beyond the first approach of the islands.

Due to the development of strong gradients in the nonlinear

evolution of the coalescence instability, a finer mesh was required for

these simulations than in the case of Rayleigh-Taylor instability. For

the tests presented here, the Mesh 1 triangulation is used. The mesh

sizes used are 64*64, 76*76, 90*90 and 128*128. Fixed ".nd periodic

boundary conditions are used in the x-direction and the y-direction,

respectively. The size of the simulation region were 0 to 1 in the x-

direction and 0 to 1 in the y-direction. The normalized magnetic field

was chosen to By«,= l, Bz= 0, the island width e =0.3 and the initial

velocity disturbance is set to 0.002 inside the islands.

Figure 5 shows the linear growth-rate as a function of mesh size. In

the asymptotic regime of small mesh size h, the linear growth rate

should converge quadratically in h, but the measured convergence is

roughly h15. The apparent reason for this is that the solution develops

structures on the same scale-length as that of the triangles. Therefore,
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a finer mesh would have to be used in order to obtain quadratic

convergence. The plots of perturbed current and vorticity in Ref. 7

show very sharp variations near the separatrices of the magnetic

islands.

The time-step is automatically adjusted to the Courant condition
-2 4

during the simulation, typically 10 to 10 . When testing the

maximum error in energy conservation, figure 9, the time-step was

held constant during each simulation. In this regime the time-step was

chosen sufficiently small to avoid instabilities during the simulation.
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Figure 5. Linear growth rate of the coalescence instability as a function

of mesh size.
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During the nonlinear evolution, the magnetic islands oscilated

several times, but similar to the ideal simulation discussed by

Pritchett and Wu [24], the islands remain pressed against each other

and never return to their original positions. The oscillations are

decaying in time as can be seen from the time-evolution of the kinetic

energy in figure 6. The liberated potential energy is released in the

form of waves propagating outward from the island region as shown

by the flow pattern at late time (t = 0.757) in figure 7f.

KIICTIC ENEMY PLOT

leg(V)

0 .2 0. 4 TJ.6 D . 8
I I M

w

i

Figure 6. Logarithm of kinetic energy as a function of time from

simulation of the coalescence instability using a mesh formed of 128 *

128 triangles.
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Figure 7a. Initial flux surfaces from simulation of the coalescence

instability using a mesh formed of 128 * 128 triangles.
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Figure 7b. Flow pattern at t=0.438 from simulation of the coalescence

instability. t
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Figure 7c. Flow pattern at t=0.518 from simulation of the coalescence

instability.
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I

Figure 7d. Flux surface at t=0.518 from simulation of the coalescence

instability.
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Figure 7e. Enlargement of mesh triangulation qt t=0.518 from

simulation of the coalescence instability.
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Figure 7f. Flow pattern at t=0.757 from simulation of the coalescence

instability.
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The peak kinetic energy is used in comparing the convergence of

nonlinear saturation for different mesh sizes. The peak kinetic energy

is far away from an asymptotic h2 convergence (a best fit shows

approximately an h°" dependence). This is evidently the result of

structures of the same or a smaller size than that of the triangles. Note

that if the line in figure 8 is extrapolated to zero mesh size, the peak

kinetic energy is significantly higher than in any of the cases

simulated and that none of these can therefore be considered as

converged. It is possible that in the absence of dissipation the exact

solution may develop singularities in a finite time.
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Figure 8. Kinetic energy at saturation as a function of mesh size.
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Finally, the quadratic dependence of the error in total energy on the

time-step is clearly shown in figure 9.
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Figure 9. Maximum error in total energy vs. time-step for 128 x 128

simulation of the coalescence instability, DT = 5 - 1 0 .
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II.B Algorithm for the vacuum region

In the following we are concerned with the motion of an ideal-MHD

plasma situated in a vacuum region and acted upon by external

magnetic fields. To obtain the force from the vacuum magnetic field on

the plasma-vacuum boundary a boundary element method is used to

solve the exterior Dirichlet's problem for the magnetic vector potential

in the vacuum region. The two dimensional Dirichlet's problem is

reformulated as an integral equation and solved numerically by a

finite element method [28].

II.B.I The Boundary Element Method

tr

i :

i

In the vacuum region Q, we wish to solve the following exterior

Dirichlet's problem:

V 2A z=0 in Q\

Az = A20 on r, Az(x) -* 0 as x

and x = (X],x2)

(31)

1

for the z-component of the magnetic vector potential Az. To avoid

solving the Laplace equation in the unbounded domain, equation (31)

is reformulated as an integral equation on the closed and bounded

surface F. Applying a finite element method to solve this integral

equation numerically, we obtain a boundary element method [28]. The

equation for the vector potential is a Fredholm integral equation of the

first kind
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^ - f q(y) In | x-y I dy(y) = A20(x) xe T
2n Jr (32)

i
*

I,
> • •

r •

where x=(Xj,x2),y=(yi,y2), q(y) is the jump of the normal derivative of

the vector potential across the boundary, or a equivalent surface

current, d7 is the length element on T and dtfy) indicates integration

with respect to the variable y.

II.B.2 The Finite Element Method

We consider two basic configurations in straight, two-dimensional (z-

independent) geometry. In the first configuration, the plasma is

surrounded by a vacuum region that extends to infinity. The vacuum

region contains a number of thin conductors carrying fixed currents in

the symmetry direction. The plasma-vacuum system is described by

the following equations

= -A,c(xD) (33a)

dl(y) = (33b)

where x=(xi(t),x2(t)), y=(yi(t),y2(t)), Azop is the vector potential of the

plasma edge, (constant around the plasma edge), Azp(xp) is the

potential contribution from the plasma itself to the plasma edge

potential and Azc(xp) is the potential contribution from the conductors

to the plasma edge potential. Furthermore, fp denotes the plasma-
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vacuum boundary and Ip is the total plasma current which is kept

constant during the simulation. The external conductor i carries the

current I r For the plasma-vacuum-shell system, the equations are

Azs(Xp) — Azc(Xp) (34a)

dl(y) (34b)

AZOp(t) = {AZp(Xs) — t=equilibrium

(34c)

•_*

where Azs(xp) is the contribution from the conducting shell to the

plasma edge potential. Ip+S is the total current in the plasma-shell

system which is kept constant, and fs denotes the boundary between

the vacuum and the shell. The last equation tell JS that the flux is

constant in time between the plasma and the sh .. The contributions

to the vector potential at a position x t on the shell, from the plasma

Azp(xs), from the shell itself Azs(x$), and from the conductors Azc(xs) are

given by

(35a)

(35b)

(35c)
N

Azc(x) = - — y Ici In I x -
2
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To solve for the jump of the normal derivative of the vector potential

across the boundary, q = -r— , which is used in the algorithm to
on I

obtain the force from the vacuum magnetic field on the plasma-

vacuum boundary, we will use a piecewise linear finite element

approximation. Multiplying the system of equations by a weighting

function p(x) and integrating over F, we obtain a system of the form

t

b(q,p) = VpeW

where

b(q,p) = ^J r J r q(y) P(x) In I x-y I dy(y) dtfx)

= J Azopp(x)dy(x)

; • *

which leads to the Galerkin method.

b(q",ph) = /(ph) VpheWh
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II.B.3 Piecewise Linear Basis Functions

Using piecewise linear basis functions, the above relation can be

formulated equivalently as a linear system of equations,

B K - / = 0

where I, ....KM)€R

M

and B =

i j = " h 11Vj(y) Pi(x) ln' x~y'dY(y) dY(x)

J= I. Azop p(x) dy(x), i,j = 1 M.

Ampere's circuital law is used to close the system. The linear system is

solved to obtain the unknown jump of the normal derivative across

the boundary q = ——L the unknown potential of the plasma vacuum

boundary, Azop, and currents in the conducting shell.

II.B.4 Implementation

When computing the matrix coefficients by, an analytical expression is

used for computing the diagonal elements bjj. For sub-diagonal and for
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sub-sub-diagonal elements, a sixteen point and a four point Gaussian

quadrature, respectively, is used. For the remaining coefficients, a one

point quadrature is used.

To obtain the magnetic pressure from the vacuum magnetic field on

the plasma edge boundary,

1 - * lfdAJ
i(Bxn)2 = ^ - i
2 2|_ dn J (36)

*

is used, where

L J j (37)

and, since piecewise linear basis functions are used, we can write the

force from the vacuum field on node i on the boundary as

i

(38)
where litj.i and lj+i,i are the sides of the elements belonging to node i

and the plasma edge. This boundary force operator gives maximal

stiffness to the boundary. The total force on each node i is then

F; = F: + F wherethe last force term is described in Appendix
'lot 'v«c 'plaimi r r

A for the straight configuration and the force operator for n=0 toroidal

configuration is treated in Appendix B.
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II.B.5 Test cases for Plasma-vacum system

To test the algorithm concerning the motion of an ideal-MHD plasma

situated in vacuum and acted upon by external magnetic fields, a

circular cylindrical plasma with a prescribed current distribution is

used. The convergence of error in the magnetic field, the convergence

of error in the plasma radius and the convergence of error in energy

conservation for the plasma-vacuum system has been recorded.

To test this implementation, a circular cylindrical plasma with radius a

and a flat Jz(r) profile (in the circular cylindrical plasma) is used. The

magnetic field in the plasma is then Be=Ipr/(2jia2) and the pressure in

the plasma is obtained by using

(39)

In both the convergence study of the vacuum magnetic field and the

study of radius error, no external currents were present. In the

convergence study of variation in the energy conservation and in the

convergence study of linear growth rate, external currents were

present, a EXTRAP configuration, with four conductors without

conducting shell is used.

The circular cylindrical plasma configuration (equilibrium in absence

of external currents) is used in tests without external currents as well

as in tests where EXTRAP equilibrium with external currents is

required. The EXTRAP equilibrium is then obtained by applying

boundary conditions appropriate for the octupole field generated by

the external conductors and introducing artificial dissipation (removal
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of kinetic energy). The simulation is then advanced until the force on

the plasma is sufficiently small and the plasma is at rest in the

noncircular configuration.

I,

*

II.B.5.1 Convergence of the Vacuum
Magnetic Field

Without external currents, given the total current Ip in the circular

plasma and the radius a of the plasma, the vacuum magnetic field is

proportional to Ip/(2n r) where r is the field point in the vacuum. The

value of the vacuum magnetic field from the analytical expression is

compared with the computed value. The vacuum magnetic field is

computed at different distances from the plasma-vacuum boundary

(r=2a, r=4a, r=8a) and at the boundary, r=a, as a function of spatial

resolution. This study gives the degree of accuracy obtained with the

numerical quadratures used. The number of boundary elements used

in this study are 32, 64, 128, 256, 512 and 1024. The convergence of

the vacuum magnetic field, exterior of the plasma boundary, is

quadratic. For the vacuum magnetic field at the boundary, the

convergence is only linear. The error in the vacuum magnetic field

away from the edge with 512 boundary elements, is so small that

further increase in the spatial resolution would not decrease the error

in the vacuum magnetic field, due to limited numerical accuracy. The

expression used for the computed vacuum magnetic field is

= VxAz= ~ . r - ^
I d x 2 d x i , (40)

where
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N

= ^ - S K J JL W l n I x-y I dl(y> (41)

i where y stands for the piecewise linear basis functions. An analytical

expression for eq. 41 is used when computing the contribution to the

magnetic field if the field point is on the boundary clement, otherwise

a four point Gaussian quadrature is used.

II.B.5.2 Convergence of the Plasma
Radius

The force balance, between forces from a circular plasma with a

current distribution, Jz(r), carrying a total current Ip, of internal

pressure p(r) and magnetic field Be(r), and the force from the vacuum

magnetic field outside the plasma, produced by the plasma current, is

of interest due to the fact that two different algorithms are used

together, each of which has different convergence properties. In this

study, not only the boundary discretization but also the discretization

in the plasma | is important. The force balance will depend on both

triangular size and triangular shape close to the boundary. To obtain

the actual radius of the plasma, dissipation is introduced and

simulation is advanced until the force is sufficiently small and the

plasma is at rest. The radius error is taken as the difference between

the initial radius, Ro, and the actual plasma radius. This test shows that

by choosing suitable discretization for the computational mesh

concerning the plasma region the discretization error for the discrete

plasma region approach zero when an extrapolation is made to infinite

number of boundary elements. The convergence rate is 1.22 in this

test case.

K... ...
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Figure 10. The convergence of the eiTor in plasma radius.
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II.B.5.3 Convergence of Energy
Conservation

i
*

I,

The total energy (the self-energy for external conductors is excluded),

W to t, of the system is the sum of the kinetic, potential, thermal,

magnetic energy of the plasma, W p l a s m a and the vacuum magnetic

energy, Ww a c . The vacuum magnetic energy in a two-dimensional

system is written

W - = l J s B d S
(42)

The conserved quantities differ between the system described by eq.

33 and eq. 34. In system described by eq. 33 the plasma current and

currents in external conductors are kept constant. It can be shown

[16], that if the total current in the system is zero and Green's first

formula is applyed for the constant current system the conserved

quantity is

E = W p I a s m a - U (43)

where

2
Azop + 2 ci) *

(44)

A z o p is the vector potential of the plasma-vacuum edge, Azp(xc;) is the

vector potential at conductor position xCj from the plasma, ICj is the

current in conductor i.
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For the system described by eq. 34, where the flux between the

plasma and the conducting shell is kept constant, the conserved

quantity is

E=Wp l a s m a + (45)

where

= J Ip Azop + jY, Azp<xci) Ici + J
(46)

I"

Az(xSJ) is the vector potential at shell element position xSj and ISj is the

current in shell element j .

The vector potential, A z o p , which is a constant around the edge, is

computed numerically. The accuracy of the Az o p value is dependent on

the spatial discretization of the plasma edge and, therefore, the

variation in energy conservation depends on the spatial discretization.

The energy conservation for the Lagrangian FEM algorithm in the

plasma region depends only on the timestep used and shows quadratic

convergence. However, when the two different algorithms are

combined, the error from the spatial discretization dominates

completely over the error from the time discretization. For the

complete system, the convergence rate is 1.75 when spatial resolution

is increased while the timestep is held constant and the convergence is

constant when timestep is decreased while discretization is held

constant. The number of boundary elements used are 16, 32, 64 and

128.
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III Application on EXTRAP configuration

( , An initial theoretical analysis of a perfectly conducting flexible

\ cylinder (simulating the plasma current channel) by T. Hellsten

^ demonstrated the stabilizing effect of the external field on kink

j-, disturbances [5]. The stabilization could be explained by surface

currents induced in the cylinder due to the motion in the

inhomogeneous transverse magnetic field. A study of rigid m=l kink

perturbations of a plasma column in an external octupole field showed

a strong stabilizing effect on long wavelength modes [6]. Within

certain parameter range there was a critical value of the ratio of

plasma to octupole field conductor current for stability. In general, the

analysis indicates that wavelengths somewhat longer than the pinch

radius (X>a) were stabilized by a strong octupole field. The ideal

linear-MHD stability of a toroidal EXTRAP equilibrium was studied

numerically [7]. When allowing for non-rigid perturbations, the

plasma cross-section deformation, resulting from the external field,

(• i generally had a destabilizing effect on free-boundary (external) kink

modes. This pessimistic result was later confirmed by an analytical

stability calculation [8-12]. However, the numerical analysis showed

that almost marginal stability to axisymmetric modes, as well as to n>0

external kink modes, could be obtained for a square-cross-section

plasma having a sufficiently peaked pressure profile. On the basis of

the numerical study, an alternative, indirect, stabilizing mechanism of

the octupole field was proposed [13]: Peaked pressure profiles,

favourable for external mode stability, were suggested to occur

naturally when the z-pinch plasma is bounded by a magnetic



* , separatrix. (The separatrix arises due to the superposition of the

octupole field on the plasma self-field).

i The weakly nonlinear development of the instability has been studied

i analytically by Wahlberg and Eriksson [14, 15]. They show that the

nonlinearity enhances the instability for the plasma motion toward

either of the X-points, whereas for plasma motion in the direction

* between the X-points, nonlinear stabilization, due to the existence of

neighbouring equilibria, can occur. A nonlinear contour dynamics code

has been used by Eriksson and V/ahlberg [16] for two-dimensional

simulations of EXTRAP curl-free and incompressible non-rigid

motions. In Ref. 14 a surface-current ideal MHD approximation of the

pinch is used. When the pinch moved in the inhomogeneous

transverse field, a strong force on the plasma resulted, directed to the

centre of the configuration. The criteria for confinement of the plasma

column, which were given in terms of the ration of plasma to octupole

field conductor currents and the ration of plasma radius to conductors

i distance, were similar to those obtained in the initial rigid

displacement analysis.

f Our code removes some of the restrictions of the contour dynamics

> formulation and is able to deal with rather arbitrary volume current

' distributions and plasma compressibility.

In this study we deals with a ideal MHD plasma with volume currents

*.. in an external magnetic octupole field. Generally, a 2N-multipole field

I is generated by N conductors. In the following we deal with a

' configuration consisting of four external conductors together with the

plasma situated in the magnetic field generated by all currents in the

' ^ system. The conductors are parallel to the pinch axis, they carry

current ICi and are symmetrically arranged at a distance Rc from the
i

^



t.

- 46 -

centre of the configuration. The position vectors of the external

conductors are denoted by yi,i=l,..N. The total plasma current is Ip.

Plasma

Seporotru

A«.s / Aws A»s

Octupote Eitrap

Figure 11. The EXTRAP configuration can be described as a Z-pinch

immersed in an octupole field.

Our results show that the EXTRAP stability is strongly dependent

on the current profile in the ideal MHD plasma, both in the weekly

nonlinear as well in the strongly nonlinear regime. Peaked current

profiles showed better stability than broad ones with non-zero plasma

volume current at the plasma edge. This is due the fact that the

equilibrium for peaked current profile posses less non-circularity,

thus being more stable [29, 30] than non-peaked plasma current

profile. The less non-circular shape for peaked plasma current profiles

arises from the fact that a plasma with peaked current profile is more

rigid to plasma cross-section deformation. A rigid displacement of the

plasma is linearly stable [31]. As noncircularity is the essential source

of the instability the more circular plasma with a peaked current

profile are more stable. The stability depends also on current in the

external conductors, plasma radius and presence of a conducting shell.

For peaked current profiles we obtained same stability criteria for

confinement of the plasma column, given in terms of the ratio of
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plasma (Ip = +1) to octupole field conductor currents (figure 16) and

the ratio of plasma radius to conductor distance as in the initial rigid

displacement analysis as in [16].

In the strongly nonlinear regime, results similar to those of

Eriksson and Wahlberg [16] are obtained. The plasma collides with the

X-points. The X-point splits into two Y-points (magnetic nulls) which

remain on the plasma surface. A surfa e current reversal occurs

between the Y-point.

In our model using volume currents no extremely sharp Y-points did

occur. We observed that the more peaked current profile were used,

the less sharp Y-point were obtained. This is due the fact that when

volume currents are present in the plasma, the thermal pressure

approach zero in the plasma at the plasma boundary and that there is

magnetic field inside the plasma at the plasma boundary.

Our result confirms that the EXTRAP stability is associated with

induced surface currents [16] in the nonlinear regime. The induced

current is taken as the jump of the tangential component of the

magnetic field across the plasma-vacuum boundary.

v
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III.A.I Equilibrium for the n=0 straight
configuration

In the following the calculations deal with the Ideal MHD plasma

motion in a magnetic octupole field, i.e. in a configuration consisting of

four straight external conductors, the straight version of the EXTRAP

configuration. Several plasma current profile have been used. From a

specific current distribution in the initial circular cylindrical plasma

configuration (generally not a EXTRAP equilibrium) we obtain the

magnetic field inside the Ideal MHD plasma using Ampere's law as

Be(r) =
WO

2JIT •r 2*rJ,(r)dr
(47)

and the thermal pressure is obtained from

]
dr V 2 ) r (47)

The code is initialized with magnetic field and pressure obtained from

the current profile in the initial circular cylindrical plasma

configuration with plasma radius a. The EXTRAP equilibrium is then

obtained by applying boundary conditions appropriate for the

octupole field generated by the external conductors and introducing

artificial dissipation (removal of kinetic energy). The simulation is

then advanced until the force on the plasma is sufficiently small and

the plasma is at rest in the noncircular configuration. No toroidal

magnetic field was used, (Bz = 0). A flat density profile, (p(t=O) = 1) is

used in the initial circular plasma.
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!̂t*> We have investigated following current profiles in the initial circular

plasma in the stability study of the EXTRAP configuration.

j Jz(r)oc(o.25- + 1 J (profile 1)

h

V . Jz(r)« const (profile 2)

I
J z(r)«(a-r)1 / 2 (profile 3)

Jz(r)«(a-r) (profile 4)

Jz(r)oc(a-r)3/2 (profile 5)

Jz(r)~(a-r)2 (profile 6)

J7(r)«(a-r)5 / 2 (profile 7)

i'li Jz(r)«(a-r)5 (profile 8)

J z (r )« a
2 -r 2 (profile 9)

Jz(r)«[(a-r)+0.1 a] (profile 10)

Jz(r)~[(a-r)2+0.1 a2] (profile 11)

At the EXTRAP equilibrium the currents profiles will be slightly

changed as the plasma shape is changed, due to the fact that in ideal
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MHD the magnetic field line are frozen into the plasma. In this study,

all equilibria above are positioned inside the separatrix. The shape

and the distance to the separatrix of the plasma at the equilibrium

depends on the current profile in the plasma, the plasma radius a and

the current in the external conductors. For all equilibria positioned

inside the separatrix, the tangential component of the magnetic field is

continuous across the plasma-vacuum boundary (apart from the

discretization error which tend to zero as the spatial resolution is

increased) and thus all equilibria have zero induced surface currents

on the plasma edge. This is due that in the continuous case (infinitely

many boundary elements) the thermal pressure is exactly zero at the

plasma edge and the tangential component of the magnetic field is

continuos across the plasma edge in the equilibrium, thus the resulting

force is zero.

111. A. 2 Stability in the weakly and strongly
nonlinear regime

The motion has been studied in the case when the pinch is initially

situated at the equilibrium position at the centre of the configuration.

From the equilibrium chosen the plasma obtain a velocity disturbance

in some direction. The magnitude and direction of the velocity

disturbance is uniform for the entire plasma, corresponding to rigid

motion. The most unfavourable direction of the velocity disturbance,

with respect to the weakly nonlinear stability of the EXTRAP

configuration [14, 15], is in the direction of the symmetry line

between the conductors for anti-parallel currents, i.e. the direction

toward the X-point. For each current profile a unique equilibrium is

fv. ~.
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calculated, using the current profile Jz, the total plasma current Ip, the

current in the external conductors ICi and the plasma radius a in the

initial circular configuration.

The four conductors are positioned at a distance Rc=l from the centre

of the configuration, all carrying same current ICi- In the following the

parameters are set to Ip= +1, ICi=-4 and a=0.3. Figure 12a and 12b

shows the level curve of the z-component of the vector potential Az at

the equilibrium for two different current profiles, profile 2 and 6,

0.25

-0.25

- 0 . 5 -
-0.5 -0.25

Figure 12a. Az-level plot at equilibri .i for initial current profile 2
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Figure 12b. Az-level plot at equilibrium for initial current profile 6

i

ii

From the equilibrium at the centre of the configuration the plasma

obtain a small disturbance Vd=10'5 (Alfvén velocity). The plasma

starts to accelerate toward the X-point and it is possible to record the

linear growth rate for the linear instability in the weakly nonlinear

regime. The linear growth rate is computed before the reversal of the

motion. The linear growth rate as well the maximum displacement of

the plasma decrease as the current profile becomes more peaked. For

peaked current profiles the linear instability is so weak so the motion

of the plasma is reversed before colliding with the X-point. For profile

6,7 and 8, nearly marginal stability is observed. Figure 13 a-c and 14

a-c shows the kinetic energy, the displacement of the plasma centre

and the flow pattern at linear instability for the plasma for current

profile 2 and 6, respectively.
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Figure 13a. Log. of kinetic energy for initial current profile 2
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Figure 13b. Displacement of the plasma centre for current profile 2
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Figure 13c. Flow pattern at linear instability for current profile 2
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Figure 14a. Log. of kinetic energy for initial current profile 6
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Figure 14b. Displacement of the plasma centre for current profile 6
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Figure 14c. Flow pattern at linear instability for current profile 6
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Table 1 shows the linear growth rate for different current profiles.

K

• *

il

Table 1.

Profile linear growth rate

1 0.869

2 0.839

3 0.567

4 0.398

5 0.255

6 - 10-2

7 « lO"2

8 - 10-2

9 0.462

10 0.523

11 0.488

The growth rate of the almost rigid displacement decreases when the

current profile becomes more peaked. This is quite natural since

peaking the current profile makes most of the current flow in the

central and more circular region of the plasma.

For profiles 6 - 8 applies that the decrease rate is rather constant as

the profile becomes more peaked and that the maximum displacement

is also rather constant as the profile becomes more peaked. For a non-

linearly stable configuration, the second phase of the plasma motion

(in the opposite direction of the initial velocity disturbance from the

centre of the configuration), the linear growth rate as well as the

maximum displacement of the plasma is increasing as the profiles

become more peaked.
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It is interesting to point out that for a configuration with four external

conductors and co-parallel currents and a configuration with eight

external conductors (4 anti- and 4 co-parallel) the same value for

linear growth rate toward the X-point is obtained as for the

configuration in table 1.

Jz(r) = Const * (a - r)"ph" (Ip = + 1 Icl = - 4 )

•J

1.00

v

5
o
00
u,
(0
c

j

0 . 8 0 -

0.60 -

•

0 . 4 0 -

-

0.20

0.00
-0.25 0.25 0.75 1.25

alpha
1.75 2.25

Figure 15 shows the linear growth rate versus the exponent for

profiles 2 to 6.

For peaked current profiles and sufficiently high current in the

external conductors it is not possible to record any linear growth rate

before the first reversal of the plasma motion. After the motion of the

plasma is reversed, the plasma starts to accelerate toward the centre

of the configuration. The subsequent motion of the plasma from the

centre of the configuration (in the opposite direction of the initial



- 58 -

disturbance) shows linear instability. This indicate an instability with

mode pattern very different from the rigid displacement of the initial

velocity disturbance. In this study no dissipation and no viscosity

were used. Repeating this study for profile 6, 7 and 8 with dissipation

we did not succeed in finding the initial plasma equilibrium at the

centre or any other nearby equilibrium in the centre of the

configuration. It is possible that the potential well at the centre is very

shallow and that the accumulation of round off error limits the

accuracy of the method in long simulations.

In the strongly nonlinear regime, results similar to those of Eriksson

and Wahlberg [16] are obtained. The plasma collides with the X-points.

The X-point splits into two Y-points which remain on the plasma

surface. A current reversal occurs between the Y-point. Note that in

the case of volume-current plasma the splitting of the X-point leads to

the formation of an infinitely thin neutral sheet between the Y-point.

The magnetic field inside the plasma near the plasma edge has

opposite direction to the field in the the vacuum just outside the

plasma edge, and the magnetic field on the boundary separatrix

between the Y-points has a discontinuity. It is possible that presence

of a finite resistivity (allowing breaking and reconnection of magnetic

field lines) the result would be substantially different. Also the Ideal

MHD model is less valid near the X-point due to infinite Larmor radius

orbits.

For profiles showing linear instability, stability in the strongly

nonlinear regime can be obtained if the current in the external

conductors is sufficiently large. Figure 16 shows the different stability

properties of two different current profiles, 2 and 6, in the strongly

nonlinear regime. The maximum velocity disturbance as function of

the cuirent in the external conductors is plotted for each profile.
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I EXTRAP Stability in strongly nonlinear regime
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Flat current profile (2)

Peaked current profile (6)

Figure 16. Maximum velocity disturbance for a stable configuration as

function of currents in external conductors for current profile 2 and 6
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III.A.3 Stability dependence on plasma
radius and on conducting shell

>
The stability of a specific equilibrium is strongly dependent on the

plasma radius. Changing the initial circular plasma radius, while

keeping all other quantities constant, will change both the plasma

shape and the distance of the plasma edge to the separatrix in the

equilibrium of the configuration. Changing the plasma radius a, the

stability of the configuration ranges from both linear and nonlinear

instability for small plasma radius to linear instability and nonlinear

stability (plasma inside the separatrix) for intermediate plasma radius

to linear stability for large plasma radius. However, equilibria showing

linear stability have the plasma edge in contact with X-points or the

Y-points (each X-point splits into two Y-points if the plasma edge

moves beyond the X-point). These equilibria shows a discontinuity in

the magnetic field and are thus unphysical. Figure 17 shows the linear

growth rate for flat profile 2 and profile 6 as function of the initial

circular plasma radius a.

t
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Figure 17. Linear growth rate as function of the plasma radius in the

initial circular configuration for current profile 2 and profile 6.

As seen the linear growth rate decreases with decreasing plasma

radius a. When decreasing plasma radius for current profile 2 the

shape of the current carrying plasma region will become less non-

circular. The less noncirculanty obtained from decreasing the plasma

radius is a possible explanation for the decrease of the linear growth

rate. This can be compared with situation using peaked current

profiles where the main fraction of the plasma current flows near the

centre in a nearly circular region. Increasing the plasma radius to

about a=0.31 nonlinear effects starts to play an important role and it

is not possible to record a linear growth rate. For a plasma having the

plasma edge situated at the separatrix the configuration becomes

linearly and nonlinearly stable.
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Including a circular ideally conducting shell with a shell radius RSheii

in the model does change the stability substantially. In the simulation,

the shell is initiated so that there are no induced current in the shell

in the equilibrium. In the experimental EXTRAP device the shell is

placed between the plasma and the external conductors so that the X-

point are located inside the shell.

A study of linear growth rate as function of the shell radius has been

done for four different current profiles in the plasma. In this study

the parameters are set to Ip=+1, ICi=-4 and a=0.3.

As seen an ideally conducting shell has very strong stabilizing effect.

However, as is well known a resistive shell can stabilize the motion

only on the L/R time of the shell and slowly growing resistive shell

modes remain. In this study 32 boundary elements was used both for

the plasma edge and the conducting shell.

Conducting Shell Study

0.70

0 80

0.10 -

000

profile (1)

ISO 2 0 0 2.50 3.00 3 60 4.00 4.50 5.00

Shell radius (a)

Figure 18. Linear growth rate as function of conducting shell radius for
profiles 1, 2, 3 and 4.
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III.B.I Convergence of Linear Growth Rate
for the EXTRAP configuration in the
weakly nonlinear regime

When simulating behaviour of plasmas and using a certain

discretization of the plasma, it is important to know what magnitude

of growth rate this discretization is able to resolve. In this study an

straight n=0 EXTRAP-like configuration with four conductors is used.

Current profile 2 and 4 was used in this study to obtain a significant

growth rate. The ratio between the conductor current in a conductor

and the plasma current is -4 (all conductors carry the same current)

and the ratio between initial radius of the circular plasma and the

conductor distance from centre was 0.3 for profile 2 and 0.25 for

profile 4. First a equilibrium is computed for each computational

mesh. The plasma is then disturbed from equilibrium by a very small

velocity disturbance directed between two of the conductors. During

the initial phase of the subsequent simulation of the plasma motion,

the linear term of the growth rate dominates. The converge rate in

this case is almost quadratic both for computational meshtype shown

in figure 19a and in figure 19b. The number of boundary elements

used is 32, 64 and 128. The spatial discretization in the ideal MHD

plasma has very small influence on the linear growth rate compared

to the influence of boundary discretization on the linear growth rate

(table 2). No artificial dissipation or viscosity has been used in this

study.
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Table 2a.

Computational mesh in figure 19a. The relation between number of

boundary elements at the plasma edge and number of nodes and

triangles used for the discretization of the plasma region is:

Number of Boundary elements (BE)

Number of Nodes (NO)

Number of Triangles (TR)

32 61 88

64 125 184

128 253 376

BE

32

64

128

BE

32

64

128

Linear growth rate (profile 2)

0.877

0.843

0.835

Linear growth rate (profile 4)

0.2886

0.2935

0.2951

K
K.



nr4
f

it
*

'1"- - '. c. Wf

- 66 -

Table 2b.

Computational mesh in figure 19b. The relation between number of

boundary elements at the plasma edge and number of nodes and

triangles used for the discretization of the plasma region is:

Number of Boundary elements (BE)

Number of Nodes (NO)

Number of Triangles (TR)

32 225 416

64 513 960

128 1153 2176

V

I

BE

32

64

123

BE

32

64

128

Linear growth rate (profile 2)

0.881

0.840

0.829

Linear growth rate (profile 4)

0.2957

0.3041

0.3067
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III.B.2 Convergence of the EXTRAP
configuration in the strongly
nonlinear regime

Maximum plasma displacement as function of the spatial discretization

of the plasma edge has been recorded for a non-linearly stable

configuration. Peaked current profile 2 with initial plasma radius

a=0.3, I =+1 and Iri=-8 have been used. The spatial discretization of
Cl

the plasma vacuum edge used was 64, 128 and 256 boundary

elements. Two different velocity disturbance was used. For a small

velocity disturbance, Vd=0.01, when the motion of the plasma is

reversed before colliding with the X-points, the convergence of the

maximum displacement of the plasma edge is quadratic (the

displacement in the same direction as the original velocity

disturbance). Using a larger velocity disturbance, v<j=O.O5, the

convergence rate is 1.65. For this velocity disturbance the plasma

motion is reversed after the plasma collides with the X-points and the

X-point splits into two Y-points. The lower convergence rate in the late

test case is due to the increasing inhomogeneous of the vacuum

magnetic field with increasing distance from the initial plasma edge at

equilibrium.
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Conclusions

I

.1

The principle of stabilization of a z-pinch by external currents has

been verified. The stability depends on plasma current, plasma

current distribution, current in external conductors and plasma radius.

In this ideal MHD model the stability is due to induced surface

currents in the nonlinear regime.

The free-boundary Ideal MHD stability of the EXTRAP has been

investigated. In the straight configuration the axisymmetric (k z =0)

mode becomes less unstable the more peaked the current profile is,

however the instability is not completely suppressed without a

conducting wall. Nevertheless the straight configuration can saturate

nonlinearly in the absence of a wall.

A fully nonlinear method for simulating ideal MHD plasmas in vacuum

magnetic fields has been used in this study. The Lagrangian FEM code

for the plasma region is based on a variational principle in Lagrangian

formulation of ideal MHD. The part of the code which concerns the

plasma-vacuum boundary, solves the exterior Dirichlet's problem in

the vacuum by reformulating the problem as an integral equation

which is solved by a finite element method.

For the BEM code the error in the vacuum magnetic field converge

quadratically in the vacuum region, but the convergence rate is only

linear at the plasma-vacuum boundary, due to the singular behaviour

of the solution. The convergence of error in plasma radius is 1.22 and

it is shown that by choosing suitable discretization for the

computational mesh concerning the plasma region the discretization

error for the discrete plasma region approach zero when an

extrapolation is made to infinite number of boundary elements.
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For the BEM part of the code, the convergence is dependent on both

the timestep and the spatial discretization. The error from the spatial

discretization dominates over the error from the time discretization.

The convergence rate for the energy conservation is 1.75. and the

convergence of linear growth rate is quadratic.

The part of the code concerning the ideal MHD plasma has been

investigated in terms of stability, convergence and energy

conservation. The error in energy conservation depends quadratically

on the time-step independent of the spatial discretization, and

stability is ensured by the Courant condition. For the Rayleigh-Taylor

instability, the convergence of linear growth rate and the of the

nonlinear saturation level are nearly quadratic with the mesh size. For

the coalescence instability, where the linear eigenfunction has very

localized structures around the island separatrix, near quadratic

convergence was found for the linear growth rate. However, the

nonlinearly saturated kinetic energy was far from converged on a 128

•A 128 mesh.

The code is numerically efficient as it makes full use of the

conservation laws in ideal MHD, and the implementations discussed

here avoids "spurious modes" without introducing artificial viscosity.

The explicit time-stepping makes it easy to take full advantage of

vector processors. In constructing this code, effort has been made to

obtain a high degree of vectorization. All heavy loops are vectorized.

The most CPU-time consuming part of the calculation is the solution of

the full linear system of equation.

It is also shown how the algorithm can be applied to the axisymmetric

toroidal (n=0) stability of tokamaks and reversed field pinches (RFP's).
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Appendix A: Force operator for triangular mesh in
n=0 straight geometry

To introduce notations, we consider a triangle at two different times,
—» - »

in the original position x0 and displaced position y o Thus, for the node

positions,
• i

where ^, is the displacement.

• • ' 1

S2

X3 ^
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The sides of the triangles before and after displacement are labelled

as in the figure, and we have

I,

ji

i~ s i + Si- l -5 i

For p iecewise linear displacements , we can express the
—»

displacement at any point x o inside the triangle as a linear

superposition of the displacements at the vertices. The weights are

proportional to the areas T j , T2, and T3 of the three sub-triangles

shown in the figure

Thus, inside the triangle,

**0 **0 "o

where A is the area of the entire triangle.
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I
Ao = ~

I j _ » - » - » A
J Ti = —[(xo-x i+1)xsi]z

% The Jacobian is given by

- » - » A

A, [u i+1xui]z

Ao - - A

[s i+1xsj]z

and the displaced variables are

Pk . B?'

The force acting on the node i is

where W is summed over all triangles k.

i

pot
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Now let us split the potential energy into a pressure part and a

magnetic field part. The pressure part of the potential energy is

written as

W, Y Pk , . V Pok .1

The force from the pressure part on node i is

awr ApkPok 8

• ' I

To differentiate the Jacobian with respect to the displacement and

obtain a compact form of the pressure force, we note the following

relations

j =
x z) • ui

2A ok 2A ok

where M(i,k)=l if node i is a corner of cell k, otherwise M(i,k)=0. This

gives the pressure force as

Ty-i

(1-Y)(U;XZ) _ , V s Pk "*

\ V • M(itk)= X T-(ui
z

••
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The magnetic field part of the potential energy is treated the same

way.

it The force from the magnetic field part acting on node i is

w i t h
f T i » T 2 » T i -

Bok-Vo x o + — É , + - i $ 2 + - iok % ° A S 1 A S 2 A

Jk

and thus

1 t ~* A 1
-jB2(UiXz)

The total force on node i has the following simple form

where the summation is over all triangles connected to node i.
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Appendix B: Force operator for triangular mesh in
n=0 toroidal geometry.

In the n=0 toroidal configuration the force operator is slightly
A A

modified due to dependence of the unity vectors R,<j>on the toroidal

coordinate $. Starting with a cartesian coordinate system

x = Rcos(<|>)

y=Rsin(<|>)

The unity vectors R,<|> can be written

A A A

R = x cos((» + y sin(0)
A A A

4» = - x £in(0> + y cos(0)

The displaced position is written in a form with fixed unity vectors

_» A A A

x = R cos($) x + R sin(<t>) y + Zz

Chosing initial positions with $=0 and remembering R=R(RO ,ZO),

4=<|>(R0,Z0), Z=Z(R0,Zt) it follows that

dx 9R * _ 3<t» . t / 3R . , A

- _ = - _ c o s ( 0 ) x - R — - sin(<J>) x + - r - sin(<J>) y
oK dK,, dKj, dK,,

az
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•£ - ^ = - j - (- R sin«» x + R cos(<|>) y )

3z0 3z0

The magnetic field in the displaced position is obtained from

—» I - » - » A A A

B = — B o V o x . The components of the displaced field in R, <{>, z

directions are

The following expressions for the velocity components

VR = R, V^ = R $ , \Z = Z and the mass lumping relation mj=po iVo i are

used in the expression for the discrete kinetic energy

The Lagrangian L = W k - W p is used in Lagranges equation to obtain

the equation of motion
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dq;.

The equation of motion in components along R, <j>, z becomes

dt

1 1

dt

d
dt

8Wp

i:

i

The magnetic field part of the potential energy is

k k

>2 . D 2

B,Jk) =

= 2w—2— k ok ^ T " o k =k o k
T V

k o k
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ok

• 1
l

the poloidal part of the potential energy is treated in the same way as

in App. A and the toroidal part of the potential energy is obtained

using

0 i=l

1
2A,

i - l

and

> 1

f
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d 1
) ( S i X

X I x
] & ( i x J)%-^T

The result for the toroidal pan is

4A;

B*
B» TT-Z.^o-^OCSiX^Ri

and the final results is obtained using
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r t % FiR = m; awr + m ; —-
' R

1 3W 2Ri

F i 2 =m i 2i=-

where

A ok Rok

— 2rfRi a n d 'i+l

2A
' I Z

ok

1
2Aok

1
2Aok

3Rok

3 >

1 +

are the quantities containing the Jacobian.


