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Abstract: 

We generalize the concept of the Galilean mass to the relativistic case. In the 

case of the inequality of Galilean and inertial masses we calculate the relativistic 

invariant being constant along the trajectory of the moving body. It enables us to 

define an invariant measure of inertia of bodies. 
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In the paper [1] we have considered a rehtfivutic grwraKgaiion of the coo* 

cept of the Galilean mass introduced previously in classical mechanics. We have 

shown that in the case of inequality of the Galilean and inertial а и ю the umai 

relativistic invariant 

is not constant along the trajectory of the body moving in the field of forces. In 

this case, in contradistinction to the ordinary case of the equality of inertial and 

Galilean masses, the invariant (1) cannot be used as an invariant measure of inertia 

of bodies. 

The aim of the present paper is to show that there exists another invariant 

replacing (1), which is constant along the trajectory and in the case of equality of 

the Galilean and inertial masses is identical with (1). 

To show that let us remind the nonrelativistic case. In our papers [2] and [3] 

we have defined the Galilean mass as mass parameter m occurring in the Galilean 

transformation laws of momentum 

(2) 

and kinetic energy 

' ±* (3) 

where t' = t + b and R,u,S,b denote the standard parameters of the Galilean 

transformation. 



On the opposite, the inertia! mass M is defined in the standard approach 

as a proportionality factor between the force and the acceleration, i.e. from the 

relation 

dP W _ M d* W 

which implies that the most general relation between momentum and velocity is 

given by 

p(t) = P + Mv(t) (5) 

where P denotes an arbitrary vector-valued integration constant interpreted as 

"rest momentum". Talcing into account the transformation laws for the momentum 

(2) and for the velocity 

v(f) -»v'(t') * Я«Г(<) + S (6) 

we obtain the Galilean transformation law for P in the form 

-te)u (7) 

from which is immediately seen that the ordinary condition 

P = 0 (8) 

has Galilean invariant meaning only if the equality m = M holds. In general, 

when m ф М, the standard relation 



(9) 

may be satisfied only in one choeen reference frame. 

In [2] and [3] we have defined the kinetic energy using its transformation 

property (3) and the balance equation 

Ш = £(*).*(«) (10) 

where F (t) is the acting force. Our results, which we have obtained in [2] and [3], 

show that for m / Af the standard Galilean invariant of the type 

Io = 2mT(t)-p2(t) (11) 

should be replaced by the more general expression 

IG = 2ro T{t) - A p\t) - BS2(t) - Cp(t) - v[t) (12) 

because (11) is not constant along the trajectory of the moving body. Indeed, 

using (10) and the Newton law we have 

^ [ 2mT(t) - p2{t) 1 = 2 F(ł) • [ mv(t) -p*(t) ] (13) 

which right-hand side in general is not equal to 0 because for m ф М the vector 

in square brackets does not vanish. 

The condition of the Galilean invariance put on (12) gives 



В = -т2 (1 - А) 
(14) 

С = -2т{1-А) 

and for 

А = 1 (15) 

the most general bilinear Galilean invariant 

IG == 2m T(t) - A p2(t) - m2 (1 - A) u 2 - 2 m (1 - A)p(t) -v (*) (16) 

is identical with (11). But for the another value of A and m ф М the invariant 

(16) may be constant along the trajectory. Indeed, it takes place for 

because in this case the quantities p(t) • F(t) and v(t) • F(t) are independent. 

Now we shall come to the relativistic case. Let us consider, instead of (1), 

the more general, bilinear with respect to the four-momentum and four-velocity, 

invariant 

(18) 

where a,/3,i are some dimensional constants. Writing down (18) we have taken 

into account that for the ordinary evolution parameter defined from the relation 

- ( I - * £ > ) * " (19) 



we have 

u„G»)u"(a) = c2 (20) 

As the first condition put on the invariant (18) let us demand from it to be 

the straightforward relativistic generalization of the non-relativistic one (15). To 

achieve this goal let us apply to all relativistic formulas the method of asymp¬ 

totic expansion worked out in [4]. In order to remind basic features of this 

method in its simplest form we consider only these Łorentz transformations which 

are pure boosts parameterized by velocity и parallel to the a;-axis. For such a 

class of lorentz transformations the components of the momentum four-vector 

(pu,pz,p*,p*) transform according to standard formulas: 

(21) 

(22) 

т . 0 ' 
р — 

рх' = 

р°^ 

л/1 

г~ 

и2 

с2 

U 0 

— V 

Taking into account that: 

i.) the k-th order components kp° are different from zero only for к even while 

the ifc-th order components *p' are different from zero only for к odd, 

ii.) the relative velocity и of the reference frames is, by definition, the 1-st order 

quantity 

and applying asymptotic expansions to (21) and (22) we obtain the following 

transformation rules 
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V'= V (23) 
у • = У + \ V\ V' = V. V' = V* (24) 

!| |£у)* (25) 

which generalization to the arbitrary Lorentz transformation may be easily written. 

Comparing suitable formulas with transformation rules (2) and (3) we get the 

relations: 

(26) 

while identify the components of asymptotic expansion with aon-relativistic quan¬ 

tities. Expanding the invariant (18) up to the second order of accuracy we have 

in the O-th order 

( У ) ( У ) ( ) 7 
(27) 

=am2c2 + /Зтпс2 + 7 

because 

and in the 2-nd order 

21 = (2am + /3)T(t) - ap2(t) + ^v2(t) - 0p(t.) • v(t) (29) 

It is immediately seen that the 2-nd order component 2 / coincides with the Galilean 

invariant (15) if 



a = A, 0 = 2m{l-A) (30) 

where Л is an arbitrary dimensionless constant. This impHes that the full rela-

tivistic invariant (18) should have the form 

/ = Ap^p^s) + 2m(l - A)Plt(s)u"(s) + 7 (31) 

Now let us demand from / to be equal to (1) for m = M. In this case we may put 

the standard relation 

p„(s) = mu„(s) (32) 

into (31) which gives 

/ = (2 - A)m2c2 + i = m V (33) 

and enables us to calculate the constant 7, namely 

7 = - m 2 c 2 ( l - A ) (34) 

The formula (31) takes now the form 

/ = Apr(s)p"(s) + 2m(l - AfrtWis) - mV(l -A) (35) 

Demanding, at last, the invariant (35) to be conserved along the trajectory of the 

moving body, i.e. demanding the conservation law 

S 



£=0 (36) 
as 

we come to the conclusion that (35) may be satisfied for тф М only if 

m — M 

This result is connected with the fact, that in any case we have 

«„(«JF'W = 0 (38) 

but for m ф М 

p ( J(s)F"(s) ф 0 (39) 

because the relativistic generalization of (5) has the form 

where V^ is arbitrary constant four-vector, which, as we shall see below, is for 

тф М different from 0. 

Putting (37) and (40) into (35) we obtain 

and the only remaining problem is to calculate the square of the four-vector V„. In 

order to do this we shall expand the relation (40) into asymptotic series according 
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to the method previously used, "sing the identifications listed ju (2Gi we have in 

the 0-th order 

mc= °V° + Mc (42) 

from which it follows that 

°V° = (m - M)c (43) 

Continuing the expansion we have in the 1-st order 

p(t) = lP+Mv(t) (44) 

and in the 2-nd order 

e-»T(ł) = ^ + ^ | ^ (45) 
2c 

As it was shown in [2] the general form of the kinetic energy is given by 

M2 

where we identified lV with the ordinary non-relativistic "rest momentum"' P. 

Comparing the formulas (45) and (46) we obtain 

2 M 
- —i I 

2(т-М)с 

Expanding now the square of the four-vector Vy up to the second order of accuracy 

we have 

10 



" ~ {°Vof + 2 (°V0) (2V0) - ('ТУ = (m - M)2c2 (48) 

where the only non-vanishing term comes from the O-th order of the asymptotic 

expansion. The structure of the expansion which we use implies that only the 0-th 

order terms give the contributions to the invariant quantities and because of that 

the formula (48) has genera! meaning. Putting (48) into (41) we come to the final 

result 

/ = m2c2 (49) 

i.e. our generalized invariant (ISj has exactly the same value as the standard 

invariant (1) for the particle with rest mass m. Additionally it is easy to see that 

the sign of Vo is identical with the sign of m — M. Indeed, we have shown in [2j 

that there always exists the reference frame in which lV — 0. In such a reference 

frame 

Vo = °V0 = (m - H)c (50) 

and (43) proves this statement because the sign of the time component of the 

time-like four-vector does not depend on the reference frame. 

Resuming our results we may state that we have shown that for bodies which 

inertial and Galilean masses are not equal there exists in relativistic case the time-

like vector "Pp. which square equals to (48) and which time component is positive 

because tb.° Galilean mass cannot be smaller than the inertial mass. The existence 

of such a quantity enlarges the possibilities of the construction of invariants for 

smglo bodies and, in particular, may be applied in elementary particles physics. 
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