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Time-Dependent Behavior
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Abstract

This chapter is a report of the material presented at the International
Workshop on Finite Element Analysis of Reinforced Concrete, Session 4 - Time
Dependent Behavior, held at Columbia University, New York on June 3-6, 1991.
Dr. P. A. Pfeiffer presented recent developments in time-dependent behavior of
concrete and Professor T. Tanabe presented a review of research in Japan on time-
dependent behavior of concrete. The chapter discusses the recent research of time-
dependent behavior of concrete in the past few years in both the U.S.A.-European
and Japanese communities. The author appreciates the valuable information provided
by Zdenfik P. Bazant3 in preparing the U.S.A.-European Research section.

U.S.A.-European Research

5.1 Introduction

Creep and shrinkage of concrete is a complicated phenomenon and is difficult
to formulate a constitutive equation which is both generally applicable and realistic.
Before the era of large finite element analysis, this task was not an issue because no
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structural analysis problems could be solved with a sophisticated constitutive model.
Now that finite element analysis can provide the means of solving these problems,
there is a need for the development of realistic constitutive relations for concrete
creep and shrinkage. Tremendous progress has taken place in this subject area
duringthe last twenty years. The purpose of this paper is to emphasize some recent
developments. Several comprehensive reviews of a similar nature have previously
appeared ("Mathematical11 1986; "ASCE" 1982, Bazant 1982b). Recent
developments, such as solidification theory for concrete creep, etc. will be discussed
in more detail.

5.2 Creep and Shrinkage Properties

5.2.1 Creep Function

The total uniaxial strain of a loaded concrete specimen at age t may
be stated as

e(t) = eE(t) + ec(t) + es(t) + eT(t) = eE(t) + e"(t)

= eE(t) + ec(t) + e°(t) - «0(t) + e°(t)

were eE(t) is the instantaneous strain, which is elastic (reversible) if the stress is
small, ec(t) is the creep strain, es(t) is the shrinkage (or swelling), eT(t) is the
thermal expansion or dilatation, e°(t) is the stress-independent inelastic strain, e"(t)
is the inelastic (stress-dependent) strain, and eo(t) is the stress-produced strain, also
called the mechanical strain. Strain eE(t) is irreversible due to aging caused by
hydration, as well as by other time-dependent changes in the microstructure.

Uniaxial elastic creep (stresses less than about 0.4 of the strength) is defined
as

€(t) = oJ(t,t') + e°(t) (5.2)

in which a represents the uniaxial stress, e is the axial strain, t is the time to
represent the age of concrete, and J(t,0 is the compliance function (or creep
function); this function represents the strain (elastic plus creep) and time t caused by
a constant unit stress acting at time t'. Within the linear range, the creep at uniaxial
stress is completely characterized by function J(t,f). The typical shape of this
function is shown in Fig. 5.1. The compliance function is often expressed as a sum
of the elastic (instant) compliance 1/E(t') and the creep compliance C(t,t') (specific
creep), i.e.
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Jftrt . ^ * CM - L$H (5.3)

where 1/E(t') is the elastic deformation and <{>(t,t')=E(t')J(t,O-l is the ratio of the
creep deformation to the initial elastic deformation, called the creep coefficient. For
long times such as 30 years the values of <|> usually lie between 1 and 6, with 2.5-3
as typical values. The long-time values of the shrinkage strain, included in e° (Eq.
5.2), are usually between 0.0002 and 0.0008.

The values of the compliance function and shrinkage are influenced by
intrinsic and extrinsic factors. The intrinsic factors are fixed when the concrete is
cast. These include the concrete mix parameters, such as the aggregate fraction, the
elastic modulus of aggregate, cement content, water-cement ratio, the maximum
aggregate size, along with the design strength. The extrinsic factors are those that
can change only after the concrete has been cast These include temperature and the
specific water content, the age at loading, degree of hydration, etc. The
mathematical expressions for the compliance function and the influencing factors will
be discussed in Section 5.5 and at this time it will be assumed that the compliance
function J(t,t') is known, as shown in Fig. 5.2.

I he compliance function of concrete is a function of two variables, the
current age, t, and the age at loading t' (Fig. 5.1). It is a notable characteristic of
concrete that the compliance function cannot be considered as a function of one
variable as is in classical viscoelasticity for other materials. The aging is a
considerable obstacle to analytical solutions of structural problems, and necessitates
that these problems should be solved by numerical methods.

5.2.2 Principle of Superposition

Due to creep and shrinkage, the stress in redundant structures usually
varies with time even if the load is constant. The calculation of creep caused by
variable stress can be accomplished by the principle of superposition. This principle
is equivalent to the hypothesis of linearity, which states that a response to a sum of
two stress (or strain) histories is the sum of the responses of each of them taken
separately. According to this principle, the strain caused by stress history a(t) may
be obtained by decomposing the history into small increments da(V) applied at times
t', and summing (as depicted in Fig. 5.3) the corresponding strains which equal do(t')
x J(t,t'). By using Eq. (5.2) this results in:

e(t) = £ J(t,t')do(t') + e°(t) (5.4)

This equation is a general uniaxial constitutive relation defining concrete as an aging
viscoelastic material. The integral in this equation should be understood as the
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Stieltjes integral. When a(t) is continuous, we may substitute do(t')=[da(t')/dt']dt'
which yields the usual (Riemann) integral. For each finite sudden jump Aa(tj) at
time t,, the term J(t,tj)Ac(tj) is implied by the Stieltjes integral and must be added to
the Riemann integral.

The principle of superposition (Eq. 5.4) will result in accurate predictions
only under the following conditions:

1. The magnitude of stresses is below about 40% of the strength, i.e., within the
service stress range.

2. The strains do not decrease in magnitude.

3. The specimen undergoes no significant drying during creep.

4. There is no large increase of the stress magnitude late after initial loading.

The superposition principle can be used even when conditions (2)-(4) are
violated; however, the predictions may then be rather crude. Also note that the
proportionality property for creep under constant stress (Eq. 5.2) appears to have a
broader applicability than the principle of superposition.

Substituting da(t')=[da(t')/dt/]dt' and integrating by parts, transforms Eq. (5.4)
to the following equivalent form:

e(t) = £ £ | + f LfcOoOOdf + e°(t) (5.5)
J(t) *

in which L(t,0=-dJ(t,t')/5t/. Geometrically, this equation means that the stress
history is decomposed into vertical strips each and is considered as an impulse
function of stress (delta-function); see Fig. 5.3. Thus, L(t,t/) represents the strain at
time t caused by a unit stress impulse at time t' (t'^t) and is called the stress impulse
memory function.

By differentiating Eq. (5.4), then the strain rate is expressed by the history
integral,

e(t) - *® + f ^ 1 da(t0 (5.6)
E(t) Jo dt

where superior dots denote time derivatives. The integral gives the creep
contribution in terms of the strain rate.

The principle of superposition may be equivalently expressed in terms of the
relaxation function, R(t,t'), which represents the uniaxial stress a at time t caused by
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a unit constant axial strain imposed at time t'. Any strain history may be imagined
to consist of small strain increments de(t') introduced at times t'. The stress caused
by each of them is R(t,t')de(tO. Summing all these stresses, and subtracting the
shrinkage increments de°(O since they produce no stress, we have thermal expansion

o(t) = £ R(t,O[de(f) - de°(t')] (5.7)

The typical relaxation function of concrete is plotted in Fig. 5.4.

For a given strain history, Eq. (5.4) represents a Volterra integral equation for
the strain history e(t). In solving this equation for the strain history specified as a
step function (constant unit strain imposed at age 0 , the stress histories can be
calculated for various t' (relaxation curves), and the relaxation function is obtained.
For realistic forms of J(t,t'), this solution must be carried out numerically.
Conversely, Eq. (5.7) represents the Volterra integral equation for e(t). By solving
this equation for the stress history in the form of a step function, i.e. a constant unit
stress applied at age t", the individual creep curves can be calculated, which together
define the compliance function. Equation (5.7) is the resolvent of Eq. (5.4) and vice
versa. Functions J(t,0 and R(t,t'), called the kernels of the integral equations, are
complementary to each other, and if one of them is specified the other one follows.

In typical creep functions of concrete, the relaxation function may be
approximately calculated from Bazant and Kim's formula (Ba2ant and Kim, 1979):

R(t,t') = 1^1 - ™L (I^^l - l) (5.8)
J(t,t') J(t,t-1) J(t,t'+A)

in which A=(t-t')/2,Ao-0.008, and times are in days. Compared to the exact solution
of the Volterra integral equation, the error of this formula is approximately within
1 percent of the initial value of the relaxation curve.

The multiaxial generalization of all the preceding relations is obtained by
assuming that the material is essentially isotropic. Based on of linearity (or principle
of superposition), Eqs. (5.4) and (5.5) are generalized as

e(t) = £ BJ(t,t')da(t') + e°(t) (5.9)

or as

e(t) = B 2®. + f BL(t,t')a(t')dt' + e°(0 (5.10)
E(t) •*
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in which

e° = (e°,cV,O,O,O)T

and

B

1 -v -v 0 0 0

1 -v 0 0 0

1 0 0 0

1+v 0 0

1+v 0

1+v

(5.11)

where the superscript T denotes the transpose of a matrix, and v is the Poisson ratio
generalized for viscoelastic behavior. In the service stress range, and under the
conditions stated above, the test data on shear creep (torsion) and biaxial creep
approximately agree with the additivity of the responses to various multiaxial stresses
implied in Eq. (5.9).

The multiaxial stress-strain relations may also be written without matrix
notation, as separate relations for the volumetric components and for the deviatoric
components of the stress and strain tensors (Bazant, 1975, 1982b; ASCE, 1982).
These equations are similar to Eqs. (5.4) and (5.5), with the uniaxial compliance
function J(t,t') being replaced by the volumetric compliance function ^(1,0=3(1-
2v)J(t,t") and by the deviatoric compliance function JD(t,t')=2(l+v)J(t,t').

5.2.3 Differential-Type Constitutive Relations

The need to store and use complete history of stresses or strains may
be eliminated if the integral-type law (Eqs. 5.4, 5.7 and 5.9) are converted to a
differential-type form consisting of a system of first-order ordinary differential
equations in time. Such a conversion is possible if the kernel J(t,t') or R(t,tO has the
degenerate form, i.e. consists of a sum of products of functions of single variables
t and t'. The most general forms of the degenerate kernels may be written as

J(t,0 = 1 {l - expfy/t') - yp(t)]} (5.12)
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N
R(t,tO = £ EM(t')exp[yil(t') - yM(t)] (5.13)

Where Cp(t') and E^t') are functions of one variable, called the reduced times. They
may be considered as

yM(t) = (t/xv)
% (u = 1,2 N) (5.14)

in which q,, are positive exponents Si. Here xp are constants called either the
retardation times in the case of Eq. (5.12), or the relaxation times in the case of Eq.
(5.13). Similar formulations can be found in "ASCE" (1982), pg. 336-340 or in
Ba2ant (1982b) pg. 194-200.

When the compliance function is given, it is possible to calculate functions
CptO or Ej/O for which Eqs. (5.12) or (5.13) are close approximations. The
calculation procedure is discussed in detail in Baiant et al. (1981) and a simple
computer program for this purpose is given in BaSant (1982a), and with a manual
and examples in Ha, H., Osman, M. A. and Huterer, J. (1984), User's Guide.

Details on the Maxwell chain model and Kelvin chain model are given in
"Mathematical" (1986), pg. 112-114,"ASCE" (1982) pg. 340-341, and Baiant
(1932b), pg. 200-204). These models are shown in Fig. 5.5.

From the information provided in the above references it may be concluded
that either the Maxwell chain or the Kelvin chain can approximate the integral-type
creep law of aging viscoelasticity with any desired accuracy.

Certain questions remain in the case of aging materials. Under certain
conditions, for the same J(t,t'), the spring moduli and the dashpot viscosities are
always positive for one model but could become negative in some time periods for
another model. If this is not allowed, the rheologic models for aging materials are
not completely equivalent (BaXant, 1979).

Since the Kelvin chain model leads to a second-order differential equation
which is more likely to result in negative spring moduli or viscosities than the
Maxwell model, is caused by the fact that the equation for the aging spring must be
written as <3r|1=EiJ(t)el), not as CT|1(t)=E|)(t)eM. However, the Kelvin chain model is used
successfully, in solidification theory of creep which will be discussed later in Section
5.3. This model uses age-independent properties, with age-dependence taken into
account separately.

5.2.4 Step-bv-Step Algorithm Based on Superposition
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The most effective approach to numerical step-by-step structural creep
analysis is to approximate the stress-strain relation for the time step as an
incremental quasi-elastic relation, and then solve the structural creep problem as a
sequence of elasticity problems. This can be done both for the integral-type and the
differential-type formulations.

The details of several algorithms are given in "ASCE" (1982) pg. 344-358 for
1) second order algorithm based on expansion of the compliance function, 2) second
order algorithm based on expansion of the relaxation function, and 3) first-order
algorithm based on expansion of the compliance function. Similar information is
provided in BaZant (1982b) pgs. 204-214 and in "Mathematical" (1986) pgs. 116-120.

Anderson (1980, 1982), Smith et al. (1977, 1978) have implemented these
algorithms (BaSant, 1971c, Ba2ant and Wu, 1973b) based on a degenerate form of
the compliance function in the general-purpose finite element program NONSAP.
Also for the degenerate form of the relaxation function, a general-purpose finite
element program CREEP 80 was developed by Ba2ant, Rossow and Horrigmoe
(BaSant and Rossow, 1981; Bafctnt et al., 1981) and later refined and applied in
various reactor vessel studies by Pfeiffer et al. (1985); and in a finite element
program SACAFEM by Jonasson (1977), it was applied to the analyses of shrinkage
effects in concrete top layers. The algorithm developed by Kabir and Scordelis
(1979), also used by Van Zyl and Scordelis (1979), Van Greunen (1979), and Kang
and Scordelis (1980), has been applied to large finite element programs. This
algorithm, which also avoids the storage of the previous history by using the
Dirichlet series expansion of the compliance function, is similar to Zienkiewicz et
al.'s (1968) algorithm for non-aging materials; but it has a lower order of accuracy
than the exponential algorithms described, since the approximation error is of the
first order in At rather than the second order.

5.2.5 Age-Adjusted Effective Modulus

In practical structural creep analysis the results need only be
approximate because to do it accurately, the stochastic nature of creep should be
included to reduce the statistical uncertainty. Thus, approximate methods of
structural creep analysis are appropriate. The simplest approach is to obtain the time
variation from algebraic relations, which leads to some type of effective modulus.

When the loads are steady, the best method is to use a single, long step At=t-
to where ^ is the moment of first loading and t is the current time. Thus, an
effective quasi-elastic stress-strain relation for the step:

Ae = _ L BAc + Ae", Ae" = Ba Ae (5.15)
E(t0)

in which Ae=e(t)-e(t,,), etc. The shape of the stress curve from to to t will be
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determined E" on the basis of the compliance function.

The best assumption for the stress curve as indicated in Fig. 5.6, is to
consider that the strain varies from tg to t in proportion to the creep coefficient
<Kt,t0), or to J(t,O. The stress history is a certain linear algebraic function of the
relaxation function R(t,to), thus the stress-strain relation may be written in the
algebraic form of Eq. (5.15) with

„» . %) "M (5.16)

This result was proven by BaXant (1972b) and Bafcant (1982b).

The modulus E" may be regarded as the effective modulus for a modified
creep coefficient ((>, i.e.,

E " = E(toy[l + X

where X&to) *s a positive coefficient normally less than 1.0.

The effective modulus gives exact results when the stress is constant in time
as in curve 2 of Fig. 5.6. For all other stress histories sketched in Fig. 5.6 there is
an error. The age-adjusted effective modulus gives exact results for all the
increasing and decreasing histories shown in Fig. 5.6, when they are linear functions
of the relaxation function. The stress histories in actual structures under constant
load usually follow this time variation. Thus the age-adjusted effective modulus
method will give better results than the effective modulus method.

The quasi-elastic stress-strain relation based on the age-adjusted effective
modulus is the simplest possible approach to linear creep analysis of aging structures,
and this method is being used in the latest recommendations of ACI (1982) and in
CEB-FIP Manual (Chiorino et al., 1984). Results have been obtained in various
practical applications (BaSant and Najjar, 1973; BaSant et al., 1975; Brueger, 1974;
Bazant and Panula, 1980) and have been very good.

5.3 Solidification Theory of Creep

The creep of concrete is profoundly influenced by the process of cement
hydration. This influence, commonly called aging, causes the creep at constant stress
to decrease significantly as the age at loading increases. The decrease is not
confined to young concrete, but occurs through the entire lifetime of structures.
Modeling of the aging aspect of creep has proven to be a major complicating factor.
Although integral as well as differential formulations that take the aging into account
are available and used in practice (Ba2ant 1982b), they have several serious
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shortcomings (Ba2ant and Parasannan 1987, 1989).

1. The presently used forms of the creep law with aging are not
guaranteed to satisfy thermodynamic restrictions. From the theoretical viewpoint this
is, in the least, discomforting. The aging is generally described by considering
certain material properties to be functions of the age, t', of concrete. Although
thermodynamic potentials can still be formulated (Ba2ant 1979), the laws of
thermodynamics can be written only for systems of substances whose properties do
not vary in time.

2. For the differential form of the creep law based on a rheologic model,
the implication of aging is that the spring moduli, E,,, and dashpot viscosities, \ ,
depend on time. This is a major complication for numerical solutions, and is a
questionable approach from the thermodynamic viewpoint.

3. The existing algorithms for the identification of E,, and TJM from given
or measured compliance data yield results that are very sensitive to trie scatter of
data and do not guarantee E,, and TJP to be nondecreasing positive functions of time.
In fact, the resulting Ep and r|M values usually violate this condition for short time
periods. While this does not necessarily imply violation of the laws of
thermodynamics, compliance with these laws cannot be guaranteed (Ba2ant 1982b,
1975).

4. It appears impossible to prevent the creep curves for different ages at
loading to exhibit divergence. Thus, it is impossible to ensure the creep recovery
curves obtained from the principle of superposition to decline monotonically.

5. The linearity of the existing comprehensive creep models is a source
of significant disagreements with test results. For example, tests of step-wise stress
histories or creep recovery reveal significant deviations from the principle of
superposition. The hypothesis of linearity may also be partly responsible for the
other shortcomings listed above.

The objective of this theory is to eliminate these shortcomings with a basic
model proposed by BaZant and Parasannan (1987, 1989). The theory has a physical
basis in micromechanics of the aging process.

5.3.1 Micromechanics-Based Creep Model

The theory is based on the idea that the aging aspect of concrete creep
is due to growth of the volume fraction u(t) of the load-bearing portion of solidified
matter (i.e. hydrated cement), the properties of which are age-independent.

Essentially the model assumes that the volume, i), of hydrated cement grows
by deposition of layers of solidified matter as shown in Fig. 5.7. Let og(t>,t) be the
stress at time t in the layer which solidified when the total volume of the solidified
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matter was x>. The essential point is the moment it solidifies, the layer (do) must be
stress-free, i.e. <Jg[i)(t),t]=O. A non-aging viscoelastic stress-strain relation for the
layer which solidified at time x is

ev(t) - ev(x) = £ O(t-0ag[\)(T),dt'] (5.17)

in which og[\)(x),dt']=0 for t'<T; ev=viscoelastic strain due to solidified matter
(hydrated cement) and <E>(t-t')= microscopic creep compliance function of the
solidified matter, representing the strain at age t caused by a unit microstress applied
at age x.

The important point is that the layer di^tO must be stress-free at the moment
it solidifies, i.e. a,[\)(x),x]=0. Thus along with Eq. (5.17) and the condition of

equilibrium with the macroscopic applied stress a, f ag['u(x),t]d'o(x)=a(t), Baiant

(1977) showed that ag can be eliminated from these equations, yielding a
macroscopic stress-strain relation of the form:

10) = £ 4>(t-0da(t') (5.18)

in which 4>(t-t0=3O(t-t')/9t. A generalization for non-linear behavior is introduced
by using function F(a); 7(t) can be regarded as the viscoelastic microstrain.

Test data have indicated that, in addition to ev, concrete creep includes
another component, ef, called flow, which is also affected by aging but is purely
viscous rather than generally viscoelastic. It is described by an equation similar to
Eq. (5.18) in which O(t-0 is replaced by ¥(t-t')=(t-t')/n0 where T|0=effective

viscosity of the hydrated cement; therefore P*i'(t-t')da(t')=cKt)/Tl0 and, in analogy

to Eq. (5.18), we have

ef(t) = F[CT(t ) ] o(t) (5.19)
v(t)

5.3.2 Constitutive Relation for Creep

The total strain of concrete may be decomposed as

5.11 Pfeiffer



e = ec=ev+e
f (5.20)

where ec=total creep strain, eo=shrinkage or thermal expansion, and E0=instantaneous
elastic modulus. The modulus EQ is considered to represent the asymptotic elastic
modulus for extremely fast (instantaneous) loading. This definition makes it possible
to consider EQ to be constant. The conventional static modulus, which depends on
age, is then obtained as the inverse of the compliance function value for loading
duration t-t'-0.001 to 0.1 day, which includes the rapid initial creep.

The empirical functions in Eqs. (5.18) and (5.19) are given in the form

(5.21)

(5.22)

(5.23)

F[a(t)] 1 + s2 a(t) (5.24)

where qj, q4, a, n, m, ^empirical constants, and (0=sI0=damage, which is almost
zero for s<0.7.

Expressing the total strain rate for e°=0 according to Eqs. (5.18)-(5.20), and
integrating, one finds that for a constant stress a applied at age t',

= J(t,t',o) = qt + q2F(a)Q(t,t0

q3F(a)ln 1 + t-t'

(5.25)

in which qi,...,q4 are empirical constants, q^l/Eo, q3=aq2, and
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7,
n(x-t')1n-1

dx (5.26)

J(t,t',0) is the secant compliance function at constant stress a, and the functions
multiplying q ,̂ q3, and q4 represents the non-dimensionalized forms of the aging
viscoelastic compliance, the non-aging viscoelastic compliance, and the viscous
(flow) compliance respectively.

The three material constants may be fixed for all concretes based on data
fitting and thus:

n=0.1, m=0.5, X0=l day (5.27)

The remaining four unknown material parameters, qlt

determined from the test data for a given concrete.
3, and q4, can be

The advantage of this formulation is that the compliance involves all the
unknown material parameters linearly. Thus it possible to determine all the unknown
material parameters by linear regression.

The integral in Eq. (5.26) cannot be solved in a closed form, but it can easily
be evaluated and tabulated numerically; see Fig. 5.14. An approximate closed-form
expression for n=0.1, m=0.5, and Xo=l day has been found:

with

Q(t,0 - Qf

Z » t'-mln[l + (t-t')n]

(5.28)

(5.29)

in which

logQf = -[0.1120+0.4308 logt'+0.0019(logt')2]
r = I.71*12 + 8

(5.30)

see Fig. 5.8; t and t' must be in days and log=log10, ln-lne; Qf represents the final
asymptotic values for t=t'—»«>. The error of the formula for Qf is within ±0.09 per
cent of 0 , and the coefficient of variation of errors is 0.01 per cent. For Q(t,t'), the

5.13 Pfeiffer



errors are within ±0.5 per cent, with the coefficient of variation 0.2 per cent.

5.3.3 Rate-Type Creep Law

The advantage of the formulation is that it can be reduced to a rate-
type creep law based on a rheologic model with non-aging properties. The
formulation is obtained from the viscoelastic microstrain y(t) (Eq. 5.18) may be
represented by a Kelvin chain (Fig. 5.7) with age-independent elastic moduli E,, and
viscosities t|p. This gives the following relations:

N

V P + E
PYM = °» Y = E YP (5 -31)

PYM

which represent first-order linear differential equations for strain yv of the pth Kelvin
unit. An age-dependent Kelvin chain would lead to second-order differential
equations for yp (BaZant, 1975, 1982b). Integration of Eq. (5.31) for the case of
constant stress or applied at age t' gives:

y(t) = G £ 4 " (l ~ ^Pt-Ct-O/x,]), tp = 3 i (5.32)

where xp are called the retardation times. For constant stress o, the model results in
y(t)=aO(t-t')=o"q2ln(l+^n). The following approximation is used:

ln(l + ?) - E AJ1 " exp[-^/xj) (5-33)

, is determined, then Ep=l/(q2Ap). It appears that a rather accurate approximation
of ln(l+£n) within the range x2<£<0.1 xN is possible with the choice x^lO^Xj for
p^2 and Xj=10"5x2. Coefficients Ap for this approximation may be obtained by the
method of least squares. Details of the dirichlet series expansion are given in Baiant
and Prasannan (1989) for an explicit formula for the coefficients A,,. The numerical
solution by an exponential algorithm is given in Ba2am and Prasannan (1989).

5.3.4 Verification by Test Data

The model describes the basic creep, and thus only the creep data
pertaining to concrete specimens that undergo no significant drying should be used
to verify the formulation. Some typical comparisons are shown in Figs. 5.9 through
5.12. These include constant stress data for the Canyon Ferry Dam and the Ross
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Dam, taken from Hanson (1953) and Hanson and Harboe (1958). Also included are
variable stress data from Kimishima and Kitahara (1964) and Ross (1958). For
further comparisons with test data see BaSant and Prasannan (1989).

5.3.5 Parameter Prediction

When test data is not available for a given concrete, the parameters
Qu th> Q3» ̂ 4 m a v b e obtained from the following formulas which are determined
from statistical analysis of numerous test data, which are described in Baiant and
Prasannan (1989):

q, = 12.5(w/c)3S (534)

q2 = -22.8 + 2.51n[(w/c)s(a/c)ft5]

q3 = 16000[(w/c)4(a/c)f^4]"°"8

q, = 0.000082(w/c)(a/s)fc (5.37)

in which qi,...,q4 are in psi'1, fc=28-day cylindrical compression strength in psi (1
psi=6895 Pa), w/c=water cement ratio of the mix, a/c=aggregate cement ratio,
s/c=sand-cement ratio (all by weight), and sand is defined as the aggregate less than
4.7 mm in size (sieve no. 4).

5.3.6 Final Remarks

The creep law described is based on solidification theory which
simplifies computer creep analysis of structures, is easy to identify material
parameters from test data, is justified physically, and eliminates several theoretical
problems of previous creep models.

5.4 Moisture and Thermal Effects

5.4.1 Diffusion Theory

The affect of specific moisture content, w, and its rate of change not
only produce shrinkage or swelling but also an important influence on creep. The
movement of moisture through concrete is governed by the diffusion theory. The
measurements on specimens exposed to drying or wetting can be interpreted, if the
distributions of water content and pore humidity throughout the specimen are

' '1
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calculated. Thus the behavior of structures exposed to the environment may be
predicted, if the water content and pore humidity can be calculated. It is now well
documented that the diffusion equation that governs moisture diffusion in concrete
is highly non-linear, due principally to a strong dependence of permeability X (as
well as diffusivity C) on pore relative humidity. The governing differential equations
may be written as (Bafcint and Thonguthai, 1978, 1979; Ba2ant et al., 1981)

J ^ = -divJ, J = - 1 gradp (5.38)
dt g

in which

3w _ 3w 3p + 9w 3T . _ _ 9w 9te (5 39)
"37 ip" It 8T It ~ b> h l t7 8T

Where w=specified water content (kg/m3), including water that is chemically bound,
w=w(p,T,^); wh=rate of free water loss from the pores due to hydration (if
wh < 0, wh represents the rate of free pore water gain due to dehydration, which
occurs at temperatures >100°C, J=flux of water through concrete (kg/sm2),
a=permeability, g=gravity acceleration, te=equivalent age = JPhP-id* (where Ph, ^ are
functions of p and T, see Eq. 5.46), T=temperature, and p=pore water pressure,
representing the vapor pressure if the pores are unsaturated, and liquid water pressure
if the pores are saturated.

At constant temperature below 100°C, it is convenient to reformulate Eqs.
(5.38) and (5.39) in terms of pore (relative) humidity h=p/p,,t(T), where
Ps«(T)=saturation vapor pressure at temperature T (Bazant and Najjar, 1971, 1972).

®L = - kdivj + ^ , J = -Jlgradh (5-40)
dt 9t

where k=(3h/3w)Tt =in verse slope of the desorption or sorption isotherm of concrete
at constant T and t^, X^=permeability-type coefficient depending on T and t,, and
hs=h,(te)=self-desiccation humidity, representing the variation of h with the age in a
sealed specimen. For normal concretes, h, decreases gradually from 1.0 to between
0.96 and 0.98. This variation is quite small and may be neglected as an
approximation, which represents an advantage of the formulation in terms of h.

For desorption at room temperature, slope k may often be considered as
approximately constant, in which case Eq. (5.40) becomes
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* = div(Cgradh) • i W

where C=kc=diffusivity of concrete. The assumption of constant slope k, however,
is not very accurate for many concretes, and it is then preferable to use separate k
and c (Eq. 5.38) instead of their product, C (Eq. 5.41). Especially at h-»l , the slope
k may vary between the mean slope of isotherm and an almost infinite value.

An important fact about moisture transport in concrete is that it is essentially
uncoupled from the stress-deformation problem. However, an exception is the
formation of large cracks due to stress, which were experimentally observed to
increase permeability diffusivity significantly (Baiant, Sener and Kim, 1987). In that
case, there is a two-way coupling with the stress-deformation problem.

The diffusion equation of moisture transfer (Eqs. 5.38, 5.40 or 5.41) is
strongly non-linear because of the dependence of X (or C) on p (or h). It has been
found (Baiant and Najjar, 1971, 1972) that X (or C) decreases to about 1/20 as h
drops from 0.95 to 0.50 (Fig. 5.13). This is probably due to the fact that at a high
degree of saturation the moisture transfer occurs mainly in the capillary phase of
water, while at a low degree of saturation the moisture transfer probably involves
surface diffusion along adsorption layers of water on the pore walls, as well as vapor
movements. A suitable empirical expression, which was determined from drying
data (Fig. 5.14) under the assumption of a constant value of k and was used by many
authors in finite element analysis, is as follows (Ba2ant and Najjar, 1972) (Fig. 5.13):

C = k>. - C1(T,t(){o.O5 + 0.95[l + 3(1 -h)4]'1} ( 5 ' 4 2 )

in which C, is the diffusivity value at h=l; C depends strongly on temperature and
the degree of hydration, which may be described by the semi-empirical formula
(Bazant, 1975):

C,(T,te) = Cc 0.3 • I J i
(5.43)

in which Q=activation energy of diffusion, R=gas constant, T=absolute temperature;
Q/R-4700 K. Under 100°C, drying of concrete is a very slow process, orders of
magnitude slower than heating or cooling. A standard 6 in. diameter cylinder of
normal concrete requires over ten years to almost equilibrate pore humidity with a
constant environment.

Because of the non-linearity of the diffusion equation, solutions must be
obtained numerically. This is accomplished by using a finite element formulation
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in space and step-by-step integration in time. For the latter, the Crank-Nicolson
algorithm appears to be most efficient (Bazant and Thonguthai, 1978, 1979; Bazant
et al. 1981). The finite element formulation may be developed using the Galerkin-
type variational procedure (Bazant and Thonguthai, 1978, 1979).

The basic physical consequences for shrinkage and creep is the diffusion
theory for geometrically similar specimens or structures of different sizes have
similar distributions and time histories of pore humidity h. Using linear as well as
non-linear diffusion equations, it may be shown (e.g. Bazant, 1982b) that, at the
same relative location in geometrically similar bodies of different sizes, the pore
humidity is a function of the non-dimensional time:

9 = (t-t^yi. with T, = D2/C1 (5.44)

in which ttf=age at the start of drying, D=characteristic dimension of the body (e.g.
thickness), and x,=a coefficient which may be called the drying half-time. The time
required for drying to reach the same pore humidity at the same relative location is
proportional to T,, which in turn is proportional to the square of the dimension
(thickness) of the concrete specimen or structure. Generally, the drying (or wetting)
times of geometrically similar bodies are proportional to their size (dimension,
thickness) squared.

The basic property which follows from the diffusion theory characterizes the
rate of penetration of the drying front into concrete from the surface. Bazant,
Wittmann, Kim, and Alou (1987) have shown that the penetration depth 6p of the
drying front is initially (for short t-to) given by

8p .

So, the penetration depth 8p is proportional to the square root of the drying time, t-t,,.
This property is again exactly true only if the self-desiccation and the age
dependencies of permeability and of the slope of the sorption diagram are neglected.

The consequence of non-uniform humidity distributions, the shrinkage strains,
as well as the creep strains at drying, are non-uniformly distributed throughout the
specimen. Consequently, additional elastic and creep deformations are always
produced such that the total strains become compatible. For the drying of a wall, the
pore humidity distributions at various times, the associated free shrinkage strains, and
the stress distributions produced are illustrated in Fig. 5.15. The strains produced by
non-uniform drying normally greatly exceed the strain value for the tensile strength
limit of concrete (i.e., f /E) . Therefore, they cause tensile strain softening and
cracking. This means that the deformations measured in the standard tests of
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shrinkage and creep at drying or wetting merely represent the apparent shrinkage and
creep of the specimen but not the true shrinkage and creep.

5.4.2 Temperature and Humidity Dependence of Creep

Temperature T and pore relative humidity h affect creep and shrinkage
in two ways: (1) directly, by altering the viscosity coefficient T]v, and (2) indirectly,
through the effect on the rate of aging (hydration).

The rate of hydration strongly decreases as h decreases; at h=0.3 the
hydration rate is almost zero, and then there is no aging. This may be conveniently
described by means of a change of the time-scale, considering that the age-dependent
material parameters, i.e. E,, and r|H, rather than being functions of the actual age of
concrete t, are functions of a certain equivalent hydration period te; thus

(5-46)

in which (^ is an empirical function of h, which may be approximately considered

as ph=[l +(a-ah)4J (Ba2ant and Najjar, 1972). Calibration by test data yields a-5.
For h=l, we have 1^=1 and tj=t.

Similarly, an increase of temperature accelerates hydration, provided the
temperature is below 100°C. Because the rate of chemical reactions follows the
activation energy concept or rate-process theory, the rate of hydration or aging, can
be defined by the equivalent hydration period (or maturity) as

te =te <5-47>

in which

= e x p _ _ (5-48)

Here T is the absolute temperature (in kelvin), To is the reference temperature (in
kelvin, normally 296 K) (for T=T0, Px=l), R is a gas constant, and Uh=activation
energy of hydration; Bazant and Wu (1974a) found i y R - 2 7 0 0 K (Fig. 5.16).
Strictly speaking, Eq. (5.48) ignores the fact that hydration consists of several
simultaneous chemical reactions, each governed by a different activation energy. So
deviations from Eq. (5.48) may be expected, and Jonasson (1984) finds that the
empirical relation Uh/R=4600[30/(T-263)]°39 agrees with the test data better.

5.19 Pfeiffer



According to studies of non-linear creep (Bazant et al., 1983), it seems that
the rate of hydration (or aging) might also depend on stress, as if compression
promoted the rate of formation of new bonds. In particular, Eq. (5.47) would thus
be generalized as

_dt (5-49)

in which p0 is a function of the hydrostatic pressure component in concrete, such that
Po increases with the magnitude of pressure. This effect might be even more
complex in that each principal stress could affect the rate of hydration separately for
each direction.

Next consider the direct effect of temperature and pore humidity on the rate
of creep. This effect may be described as (Bazant et al., 1981; Bazant and Chcrn,
1985a)

(u = 1,2 N) (5.50)

<|>T and <|>h are functions of T and h, which increase when T or h increase. The effect
of temperature may again be based on the fundamental concept of activation energy,
which implies that

(5.51)
= exp

uc 1

X\

V

1

f
p

in which Uc is the activation energy of creep; Uo/R-5000 K. The activation energy
of creep could have different values for different TM (i.e. for components of different
relaxation or retardation times); however, the existing data do not indicate any need
for such a refinement.

5.4.3 Shrinkage and Thermal Expansion Stress Dependence

In structures, shrinkage always occurs simultaneously with elastic
deformations and creep. The previously given constitutive equation for linear aging
creep at various humidities and temperatures may then be generalized as
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Bo, = e - Kh - a t (5.52)o,

in which K and a are the column matrices of the shrinkage coefficients and thermal

expansion coefficients, defined as K=(KU, K^, KJJ, K12, K^, ^ , ) T , oc=(<xn,...)
T. If the

shrinkage and thermal expansion coefficients were independent of stress, they would

be expressed as K..=efy8i.,ccim=a05r. However, these coefficients are not independent
of stress, as has been recently established.

In the presence of stress, the shrinkage and thermal expansion coefficients
may be approximately considered as linear functions of the stress tensor defined as
follows (Ba2ant and Chern, 1985a)

ay

in which r and p are material constants and H=h+cT where c is a positive constant.
A general linear dependence would also include terms o05|j (where
Go=0kk/3=volumetric stress); however, these terms appear to be negligible.
Coefficient r is normally between 0.1// ' t and 0.6/ ' t , and coefficient p is about,
2.5//', (BaZant and Chern, 1985a). Equation (5.53) means that at constant T the
drying shrinkage is increased by compression stress and decreased by tensile stress,
while the opposite is true of swelling (BaXant and Chern, 1985c).

The stress dependence of the shrinkage coefficient and the thermal expansion
coefficient was introduced by BaZant and Chern (1985a). Modeling creep of
concrete at temperatures over 100°C, Thelandersson (1983) independently deduced
the stress dependence of the thermal expansion coefficient on the basis of the test
data of Schneider et al., BaSant and Chern fitted with their theory the test data of
L'Hermite et al., (1965), L'Hennite and Mamillan (1968a, b), Troxell et al., (1958),
Hansen and Mattock (1966), McDonald (1972), Brooks and Neville (1977), Ward
and Cook (1969), Pickett (1946), Domone (1974), Bafcint et al. (1976), and others.
Some of the fits of these data are exhibited in Fig. 5.17.

5.4.4 Cracking Effect

The residual stresses produced by shrinkage (as well as non-uniform
creep) are large enough to produce tensile cracking.

The constitutive relation for creep with tensile strain-softening must satisfy
three requirements:
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1. In the absence of strain-softening (cracking), it must reduce to linear
viscoelasticity with aging, augmented by shrinkage and thermal expansion
terms.

2. In the absence of creep (as approximately true for very fast deformations), the
constitutive relation must reduce to a strain-softening law, which is best
described by an algebraic relation.

3. Irrespective of creep, aging, shrinkage, and the loading path and history, the
maximum principal tensile stress must reduce at very large tensile strain
exactly to zero.

The third requirement is essential. It makes it difficult to use various
incremental laws, such as those patterned after the theory of plasticity with loading
surfaces. The reason is that such laws are path-dependent, whereas the final value
of stress must be exactly zero regardless of the path. The uniqueness and path-
independence of the zero final stress value can be easily achieved if the stress-strain
relation for the part of strain, £,, which is due to strain softening is algebraic, i.e.

o =

in which C(£) is the variable secant modulus for strain-softening (Fig. 5.18). In
particular, the simple expression C=B,2jqlexp(-C£') is found to give a reasonably
shaped curve (Bt, q, s, c=constants, s^l, 0<q<l).

A special case of strain-softening is an abrupt stress drop, which has been
extensively used in finite element simulation of cracking. Gradual strain-softening,
however, describes the real behavior of concrete much better than an abrupt stress
drop.

A difficult aspect is the modeling of progressive cracking under general stress
histories. A simple approach, which gives reasonable results if the principal stress
directions do not significantly rotate during cracking, is to permit only certain fixed
orthogonal crack directions which are fixed for each numerical integration point of
each finite element when its maximum principal tensile stress first exceeds the tensile
strength. A more realistic, but more complicated approach is the microplanc model,
an analogue of the slip theory of plasticity, in which cracking is modeled separately
for all spatial directions and interaction of various directions is handled by
kinematically constraining the strain for each crack direction to the same
macroscopic strain (Bazant and Chern, 1985a).

When strain-softening occurs, particular attention must be paid to numerical
approximation. Incremental quasi-elastic stress-strain relations may be based on
central difference time-step formulas. However, such formulas require very small
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time steps, especially during strain-softening. A much more efficient procedure
is possible using the same idea as in the exponential algorithm for rate-type creep
based on Maxwell or Kelvin chain, and applying that idea separately to the cracking
strain £;. An incremental stress-strain relation given by Bastant and Chern (1985a)
adresses this procedure.

When strain-softening (or an abrupt stress drop) for tensile cracking is
considered, questions arise with regard to localization of deformation, stability,
sensitivity to the mesh size, and convergence as the mesh is refined. These questions
border on fracture mechanics and are beyond the scope of this chapter.

5.4.5 Pickett Effect or Drying Creep

The Pickett effect consists of the fact that, at simultaneous drying, the
deformation of a concrete specimen under sustained load exceeds, usually by a large
amount, the sum of the drying shrinkage deformation of a load-free specimen and
of the deformation of a specimen that does not dry, i.e. is sealed (Fig. 5.19). The
excess deformation may be regarded either as drying-induced creep (in short, drying
creep) or as stress-induced shrinkage. The Pickett effect is also called the drying
creep, or the stress-induced shrinkage.

An extensive analyses of numerous test data pertaining to this phenomenon
by Bafcant and Chern (1985a), it now appears that there are essentially four
mechanisms causing the Pickett effect. They are, in the order of decreasing
significance, as follows:

1. Stress-induced shrinkage (representing a thermodynamic cross effect).

2. Tensile strain softening due to cracking.

3. Irreversibility of unloading (i.e. resistance to contraction) after tensile
cracking.

4. Increase of material stiffness with age.

Fits of numerous test data pertaining to these effects are given by Ba2ant and
Chem (1985a) along with plots of residual stress distributions in test specimens at
various times.

5.4.6 Behavior at High Temperatures

Due to applications of concrete in nuclear power plants and concern
about their safety in regard to various hypothetical nuclear accidents, behavior of
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concrete at temperatures over 100°C has recently been in the forefront of interest.
Predictions of response require a realistic constitutive relation for high-temperature
creep, shrinkage and swelling, as well as a realistic model for the coupled heat and
water transport through concrete. A reasonable mathematical model is now
emerging.

It appears that the formulations for normal temperatures can mostly be
extended to high temperatures, with some significant differences. For moisture
transfer, the most significant difference is that the permeability as well as diffusivity
of concrete for water increases about two hundred times as the temperature exceeds
100°C. Another important aspect, not quite well understood at present, is the
interchange of water between the capillary, adsorbed, and chemically bound
(hydrated) states, along with the description of dehydration and the consequent
release of free water into the pores of concrete.

Furthermore, significant difference is found at high temperatures between the
creep at constant water content and the creep in water immersion (BaZant et al.,
1976; Baiant and Prasannan, 1986). Apparently, the latter condition causes a sort
of microstructure conversion similar to autoclaving which is known to reduce creep.

The phenomenon of stress-induced thermal expansion, mentioned above, has
been detected for temperatures above 100°C and mathematically formulated by
Thelandersson (1983), based on the test data of Schneider and Kordina (1975),
Schneider (1982) and others (Bafcant et al., 1982). A logical conclusion from this
result is that stress-induced shrinkage must also exist at high temperatures above
100°C, and the stress-induced thermal expansion at temperatures below 100°C.

Mathematical models for concrete creep at high temperature and the
associated coupled heat and mass transport have been developed and implemented
in computer programs at Northwestern University (BaSant and Chern, 1985a; BaZant
et al., 1981), Argonne National Laboratory (Pfeiffer et al., 1985; Lau, Acker et al.,
1986; Lazic", 1985), Technical University of Lund (Thelandersson, 1983), and
Gesamthochschule Kassel (Schneider, 1982, 1986).

5.5 Additional Topics

Due to the space limitations some additional topics since 1982 will be briefly
described here.

5.5.1 Improvement of Compliance Function

Among simple formulas, the creep of concrete t constant moisture and
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thermal state (also called the basic creep) may be well described by power curves of
load durations t-t\ and by inverse power curves of age t' at loading. This leads to
the double power law (Bazant, 1975; Bazant and Osman, 1976; Bazant and Panula,
1978)

J(t,t') = _L + l i (t'-m + a)(t - t')n (5-55)
E o E o

Approximately, n-Vfe, m«%, a-0.05, <J),«3 to 6 (if t' and t are in days), and
E0=asymptotic modulus (for log(t-t')—>-°°). E0~1.5 times the conventional elastic
modulus for concrete 28 days old. These coefficients can be relatively simply
determined from test data. For example, by using the foregoing estimates for E<,, m,

and a, and plotting y=logj(E0J-iy(t'"m+a)| versus log(t-t'), one gets a straight-line
plot whose slope is n and y-intercept is §v Comparisons with test data are
exemplified in BaXant and Panula (1978, 1980).

Since (t-t')n=enx where x=ln(t-t'), the power curves of (t-t') appear on a log-
time scale as curves of ever-increasing slope and with no bounded final value (Fig.
5.1). The question whether there exists a bounded final value of creep (at t-»«>) has
been debated for a long time and no consensus has yet been reached. It is
nevertheless clear that if a final value exists it would be reached at times far beyond
those of lifetimes of structures. All measurements of creep of sealed or immersed
specimens indicate, except for what appears to be statistical scatter, a non-decreasing
slope on a log-time scale for the entire test duration. There is no evidence of a final
value.

Improvements of the double power law are given by the recently proposed
triple power law (Bazant and Chern, 1985d), which specifies the unit creep rate, i.e.
the time derivative of the compliance function, as follows:

= j ( t ,0 = ^L l''m * * (5.56)
Eo ( t - t ) "(t/t)n

This formula contains one more constant than the double power law. Some optimum
fits of test data from literature obtained with the triple power law are given by
Bazant and Chern (1985d).

Although numerical evaluation of the binomial integral is easy, its use may
be avoided by another formula which also represents a smooth transition from the
double power law to the logarithmic law and is called the log-double power law
(Bazant and Chern, 1985b):
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J(t.t') = _L + ¥l lnfl+\(/,(t'-m+a)(t-t')n] (5-57)
Eo Eo l J

in which Yo^i/Vi- Compared to the triple power law, however, Eq. (5.57) has the
disadvantage that it is not applicable for very short loading times (below about 0.1
day). Especially, it is not applicable for the dynamic range, because the plot in the
log-time scale has initially much too high a curvature, thus yielding too high
compliance values-.

Compared to the double power law, the triple power law, as well the log-
double power law, offers only a relatively modest improvement, as measured by the
reduction of the coefficient of variation of the deviations from the bulk of
experimental data in the literature. However, this is partly due to the fact that very
long loading periods are scant among the existing data. Statistics of the final slope
of long-time creep curves compared to the existing observations indicate a significant
improvement. The creep law given in Section 5.3 on Solidification Theory is
superior to the triple-power and log-double power laws and is recommended at this
time.

Other important factors are discussed in more detail in "Mathematical"
(1986), "ASCE" (1982) and Balant (1982b), such as the mean cross-section behavior
at drying and its effect on the compliance function.

5.5.2 Practical Creep Prediction Models

A very good review of the ACI 1971 and 1982, CEB-FIP 1978 and the BP
(Bazant and Panula, 1978 and 1984) is given in "Mathematical" (1986). Similar
reviews are given in "ASCE" (1982) and BaSant (1982b). Each model is discussed
along with its advantages and disadvantages. A comparison with available test data
in literature is also given for each model.

5.6 Conclusion

The mathematical model for the constitutive relations of creep and shrinkage
for concrete is available. These models are both comprehensive and detailed, and
exist in computer programs which are practically useful. In recent years the
improvements of the constitutive relations yield reasonable results for existing data.

Further improvements are needed in the effect of variable temperature and
humidity, nonlinear and triaxial effects, and aging of concrete. The predictions by the
available models compare well with controlled laboratory data, however these
comparisons do not do as well when compared to structural observations. The two
main reasons for this are 1) the random statistical scatter of properties and 2) the
environmental history of structure is usually very hard to determine. Recent work has
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indicated that these models need to be supplemented by probabilistic and statistical
analysis for creep and shrinkage behavior of structures.
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Japanese Research

Introduction

This part contains the brief review of Japanese research results related to
time dependent behavior of concrete in past five years. The topics which have
been extensively investigated during the period are mainly the thermal stress
problems. Hence, a greater part of the report focused on the problem while creep
and shrinkage problems are treated relating to only featuring research results.

5.7 Thermal Stress Problems Due to Hydration Heat

The problem is one of the long standing subjects of concrete construction
since the beginning of its history. However, rapid increase of massive concrete
constructions in recent years and severe cracking problems in Japan again drew
greater attention of concrete engineers to the problem.

5.7.1 Generation of Heat During Hydration Period

In Japan, we have set up the code regulations which define the method to cal-
culate heat generation of cement of various types considering the environmental
conditions. However, there has been an argument that the code gives somewhat
smaller heat generation than the real concrete and the Committee on Massive
Concrete Construction performed research into this problem and finally proposed
the following adiabatic heat generation rate for the use of temperature calcula-
tion as shown in Table 5.-1 (JSCE 1991).

While the temperature distribution of massive concrete may well be predicted
by the use of the proposed adiabatic heat generation curve, there also have been
the argument that the use of adiabatic heat generation curve to thin concrete
structures is not appropriate giving maximum about 20 percent error since en-
vironmental temperature is quite different from adiabatic condition. For this
problem, Suzuki et al. (1990) has recently proposed the method to calculate
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the heat generation of concrete which is applicable to any varying temperature
history. It consists of two processes. Their fundamental theory is that the heat
generation follows Arrhenius Law which is expressed as

LogH = logHn - | ( i ) (5.58)

consists for any concrete mix as shown in Fig. 5.20 from their experiment where
E and R denote
activation energy of concrete and Gas constant respectively while H and //«,
denote rate of heat generation at temperature T and one at infinitely large tem-
perature. In Fig. 5.20, the tangents of each curve show the value of E(Q)/R and
the cross point with the coordinate axis shows the Hoc values. Uchida (1987) also
showed that the Eq. (5.59) consists for the case in which temperature maintained
constant, T3.

H(T3, Q) = H0O(Q)exp ( - f ^ r ) (5-59)

From Eq. (5.58) and Eq. (5.59), the next equation can be obtained.

H = H(Ta, Q)exp J - ^ (± - 1 ) ] (5.60)

Since E(Q)/R for arbitrary temperature pass and reference heat generation
H(Ts, Q) is obtained from an experiment for a single constant reference temper-
ature, E(Q)/R and the rate of heat generation for arbitrary temperature history
will be obtained as a function of absolute temperature and accumulated heat gen-
eration. As one of the example to show its applicability, prediction of adiabatic
heat generation was shown with experimental values as shown in Fig. 5.21.

Using the proposed heat generation formula, Harada et al. (1990) formulated
the coupled heat transfer problem in following manner.

Using the proper discretization method the nonlinear governing equations of
heat transfer may be obtained as

[K]{T} - [C]{dT/dt] + {H(Q, T)} = 0 (5.61)

where [K] is the heat conduction matrix, [C] is the heat capacity matrix and
{H(Q, T)} is the heat generation vector defined by

{H(Q, T)} = j[L]TH(Q, T)dV (5.62)

Introducing the time difference scheme by Crank-Nicolson method, the follow-
ing nonlinear equation is obtained in terms of {T} which is the nodal temperature
vector at the time (t0 -f 0At).
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R = l[K]" m[c]]{T] + Wt{c]{Tto] + { m T)} (5'63)
Here, the nodal temperature vector {Tto} at to is a known value corresponding
to the initial temperature at the first step.

Since {H(Q, T)} is a nonlinear function of the unknown {T}, and the solution
{T} which satisfies Eq. (5.63) can not be obtained explicitly, they employed an
iterative procedure. By partially differentiating Eq. (5.63) with respect to {X1},

dR = [D]d{T}

J] (5-64)
Consequently, if the convergence condition (R < 0) with a nodal vector of

is not satisfied, calculation is repeated in the following procedure until the
result is converged.

jj.i+1} = {j*} + [D]-ldR (5.65)

From the obtained nonlinear solution {T} at (to+0At), the nodal temperature
vector at (*o + At) is given by linear interpolation as,

{Tt} = {Tt0} + [{T} - {Tto}}/0 (5.66)

In the similar way,

Qt = Qto + A< • H(T) (5.67)

Fig. 5.22 shows the activation energy E and the reference heat generation
rate H3 of the cement in concrete which were obtained by Suzuki's method based
upon the results of an adiabatic temperature rise test of 283°/^, 293°K and 303°K
of initial temperature. E and H(Ta, Q) of Eq. (5.60) are approximated by spline
interpolation of the quantified data derived from the adiabatic temperature rise
tests and used for analysis.

Based upon E and H(Ta, Q) as shown in Fig. 5.22, adiabatic temperature
rise was predicted as shown in Fig. 5.23 through the path-integration of Eq.
(5.61) under the condition of no heat flow. Predicted curve of temperature rise
looks almost same with the measured one.

He reports finally that in case of heat conduction subjected to environmental
temperature which is quite different from concrete with a wall thickness of lm or
more, almost same temperature rise and distribution are obtained by both the
proposed method assuming that the heat generation varies with the location and
by the conventional method assuming that the same heat generation occurs in the
adiabatic condition in any of the parts of the structures. It is observed however,
that in the case of a wall structure of 0.25m to 0.5m in thickness which is most
frequently used, the maximum difference of about 20% appears in relation to the
maximum temperature rise, between them.
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5.7.2 Modeling of Concrete in Early Ages

In the analysis of early age concrete structures affected by thermal stresses
caused by hydration heat of cement, suitable constitutive relations are necessary
so that time dependent characteristics of material properties of early age concrete
is incorporated. Lokuliyana et al. (1991) modeled concrete of early age as two
phase material consisting of aggregates having elastic behavior and cement paste
having visco elasto hardening and softening plastic behavior which fills the voids
between aggregates together with water as shown in Fig. 5.24

In view of the conceptual structure of early age concrete shown in Fig. 5.24,
the relation of effective stress a' and total stress <r will be written with presence
of pore water pressure p,

{a1} = {a} + {m}p (5.68)

where the sign of tensile stress is taken as positive and {m} = [ 1 1 1 0 0 0 ] .
Since concrete is modeled as two phase material of aggregates and cement

paste, the total strain is expressible by the summation of weighted strains of in-
dividual component. When the volume and incremental total strain for concrete,
is denoted as V and d{eT} respectively, the total strain is written as

d{sT} = ^d{el) + ̂ -d{sT
c} (5.69)

where VA, and Vc are volumes of aggregate and cement paste which satisfy
V — VA + Vc, while rfje^l an<^ ^{£c) a r e strains of aggregate and of cement
paste respectively.
Each strain components satisfy d{e\} = d{eA] + d{eA

r] + d{eA] and d{ec} =
d{ee

c}+d{ec} +d{ec
r} +d{et

c}. Here, superscripts 'e','p','pr' and 't' refer to elas-
tic, plastic, pore pressure and temperature components of strain while subscripts
'A' and 'C refer to aggregates and cement paste.

The effective stress d{er'}, can be rewritten as,

d{ai} = {DA]d{eA} = [Dg)d{ee
c + ep

c] = [D%]d{ect} (5.70)

With inversion,

d{£A} = [D'AT1^'}
 and d{ecf} = [Dc\~ld{(jt} (5-71)

With some manipulation, following equation is obtained

d{ei} = [y-f^]"1 -I- -^PcT1] d{fft) = \Df\-xd{a'} (5.72)

where
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Total strain is expressed again from Eq. (5.69) in the form

\TIT+f £]dp+<"> I T - + I H- «« f \TITA
+f

where {m}T = [ 1 1 1 0 0 0 ] , KA and Kc are coefficient of compressibility and
a A , ac are the coefficient of thermal expansion of aggregate and cement paste
respectively.

In deriving of D'Q of cement paste, he used elastic hardening and softening
plastic model which was developed by Wu and Tanabe (1990).

Since, the principle of virtual work is written as

/ S{e}T{a}dn - J 8{u)T{b}dQ. - j 6{u}T{g}dT = 0 (5.75)

where, vector {&}, {g} show the internal and external force vectors and, ft, T
denote the volume and surface area of concrete body, the equilibrium can be
derived in differential form as Eq. (5.76) using the appropriate shape function.

d{u} d{p} d{f} d{f}_
KT~dT ~ L-dT ~ A~dt dT ~ ° ( 5 J 6 )

where matrices KT,L,A are the matrices which express tangent stiffness, effect
of pore water pressure and volume change of solid phase, effect of temperature
respectively. The vector {/} denotes the effect of external force on displacement.
These can be defined as

KT = I
Jo

j 1 ^ ) (5.77)

A = jf BTDe
T

p{m} (j£aA + ̂ -ac) NdQ

f= f NT{b}dn+ fNT{g}dT
JQ Jr

Here, N, N and B is the shape functions for displacement, pore pressure and
temperature, and displacement respectively.

Beside the equilibrium above mentioned, the continuity equations are neces-
sary.

Total volume change is decomposed into several components in the following
form if inflow and outflow from a reference unit volume is not considered

dt ot ha ot Ke ot
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+3(1 - C) ($.„ +
 Vf«c) f + W f + J L M ' ^ (5.78,

The term (1 — Q f—) | j - is the change of volume of aggregates caused by changes
of hydrostatic pressure where £ is the porosity which depends on the rate of
hydration of cement and £ = (£1 . J - + &. . JL), The term C (j^) |? is the

change of fluid volume where kj is the bulk modulus of fluid. The term 3^/3^ is
the change of fluid volume caused by temperature and 3(1 — Q (J?-<XA + ̂ ac) ff
is the change of volume caused by temperature as well, where /?, a^ and ac are the
thermal expansion coefficient of water, aggregate and cement paste respectively.
The term, 3fc~{"t}r / / *s ̂ ne amount of volume change due to effective stress.

Substituting the value of effective stress from Eq. (5.72), the last term of Eq.
(5.78) is written as

M ^ ( + { m } ( i ) | ( m ) ( ^ + f a c ) * ) ( , 7 9 )

The flow of pore water is considered to follow Darcy's Law and if the fluid
having coefficient of permeability of k flows with velocity of v under head h, we
have

t; = -kVh = -JfcV I H ± P I (5.80)

where 7 is the specific gravity of the fluid, z is the vertical coordinate of the point
considered and VT = {6/dx, d/dy, d/dz}.

Now, from the mass conservation law, the amount of fluid accumulation in
an unit volume is equal to the difference of the amount of inflow to and outflow
from this volume.

The continuity equation for the fluid with the consideration of mass conser-
vation law, then, can be obtained as

[(7* + P)] + ({mf - (JL) {m}TD?)

- 3 ( 1 - < ) « , f ^ - 3 0 3 ^ - 5 = 0 (5.81)

and is reduced to the form

f(p) + q = 0 (5.S2)
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where q is the amount of flow to the controlled volume from an external source
and k' = k/f. Applying the method of weighted residual, Eq. (5.82) becomes

^ f , . . (,83,

where

H = / (VNfk/VNdil, S= I NTsNdQ,
j£l JQ

LT=IRT ({m}T ~ ( i ) imiTD?)Bd^ (5-84)

w=iNT (db){

3(1 -

Finally from the Eqs. (5.76) and (5.83), the matrix representation of the
coupled equilibrium and flow continuity equations can be written as

[0] [0] 1 f {«} 1 f [KT] ~[L] 1 f d{n}/dt 1
[0] W) J \ {p} I + I -\LT) -[S] \ \ d{p}/dt }

_ / d{f)/dt + Ad{T}/dt 1

In this equation, all of the matrices do not violate the symetricity and hence
if the initial conditions are known it can be solved for the displacement. The
same equation can be transformed to the following form for the time increment
At.

[KT] -[L]

\ [KT] -[L] ] f {u} 1
I - [ 2 7 ] -f[H] - [ S } \ \ {p} )(0
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_ f d{f}/dt + Ad{?}/dt \

Standard Newton Raphson method is applied to obtain the convergence in
solving Eq. (5.86).

In these modeling, several material parameters should be determined. Among
them, determination of cohesion and angle of friction of cement paste portion
of concrete which varies with ages are most important to derive elasto plastic
stiffness, D%.

For that purposes, they performed triaxial compressive test at the age of
12hrs.,24:hrs.,36hrs. and 48hrs. using a cylindrical test specimen having diam-
eter of 5.0cm and height of 10.0cm. The water cement ratio used was 0.35 and
the test was carried out under 25° C of room temperature.

The experimental results obtained for cohesion of the cement paste of early
age from triaxial compressive test is shown in Fig. 5.25 in terms of the maturity
factor, te. The value of maturity, te, is calculated according to the concept of
activating energy and can be expressed as follows.

where, K = the temperature of test specimen by Kelvin, Eh = activating energy
of hydration (J/mol) and R = general gas constant (J/mol.K) and Eh/R is taken
as 2700/^.

Since cement paste becomes hardened with the increase of hydration, the
obtained results for cohesion which increases with maturity are reasonable. It
can be seen that the development of cohesion during the first 12hrs. after casting
is far less than that of the development during other time intervals.

The variation of angle of internal friction is also shown in Fig. 5.26. It can
be seen that the angle of internal friction does not vary much with time and has
the values in the range of 25 degrees to 35 degrees.

Uniaxial compressive test was performed at the different ages of 12hrs.,24hrs.,
36hrs. and 48hrs. to verify the validity of the proposed model which predicts de-
formational characteristic of early age concrete. The mix proportions of the test
specimen used in the test is shown in the Table 5.2. The obtained compres-
sive strength of concrete at 12/ir\s.,24/iT\s.,36/irs. and 48hrs. are 10kgf/cm2,
51kgf/cm2, 73kgf/cm2 and 99kgf/cm2 respectively as shown in Fig. 5.27

Numerical calculation was performed to predict the observed values in the
experiment. The combined elastic stiffness in the initial elastic range for ce-
ment paste with water filled voids is calculated giving 4.0 x l05kgf/cm2 for
Young's Modulus of aggregate and measured values for Young's modulus of ce-
ment paste. The permeability at the age of 12 hours is assumed to be almost
equal to soil permeability while it is assumed to be almost equal to the one
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for hardened concrete at the age of 48 hours. The values inbetween are inter-
polated between them. With these considerations, coefficients of permeability
were taken as 5.0 X lQ~7cm/min, 5.0 x 10~8cm/min, 5.0 x 10~9cm/min and
5.0 x 10~9cm/min for the concrete of the ages, 12/irs.,24Ars.,36/irs. and AShrs.
respectively. The initial value of porosity may be obtained from the mix propor-
tions in which water is assumed to fill voids. Porosity may be reduced to consid-
erable extent with hardening of concrete and we have substantial experimental
data for porosity. With these consideration, the values of porosity for the con-
crete of the ages, 12hrs.,2Ahrs.,^6hrs. and 48/ms. were taken as 0.15,0.14,0.12
and 0.10 respectively.

The numerical results obtained for the uniaxial compression test, show good
agreement with the experimental values. They pointed out that the values of the
plastic parameter of the cement paste model such as the angle of internal friction
and cohesion which is time dependent and has much influence on the yield point,
are further to be investigated and experimental information for permeability of
concrete in early age is definitely needed.

5.7.3 Modeling of Boundary Behavior Between the Fresh Concrete and

Restraining Bodies

There have been various trials to clarify the mechanical behavior of the bound-
ary between fresh concrete and pre- existing bodies such as concrete or soil or
rock on which fresh concrete is placed. The slippage and vertical cleavage has
been observed in the joints in the experiment (Ishikawa et al. 1988). Hence, it
is clear now that the magnitude of the stress, can never be predicted correctly
if the proper mathematical expression is not given to the boundary layer, none
the less so the stress pattern. In relation to it, Takatsuji (1991) recently reported
that behavior of boundary layer may be modeled with the analogy to the Mohr
Coulomb failure criteria. The stiffness formulation for a rectangular element in
which an elastic plastic boundary layer is inserted, is derived in the mixed form

as
- 1

where

1
0
0

0
_1 -M

0

0
0

i Ad
1 hi

, V-
0
0
0

0
Ad
h
0

0
0

Ad
h

(5.88)

(5.89)

in which D^ayeT is the elastic plastic material stiffness being, however, different
in the point that the yield surface is transformed so that the specific boundary
layer properties to be taken into account and Dep is the stiffness of the rest part
at an element. In due consideration to the fact that the boundary layer has the
predominant direction to which slippage occurs, he adopted the modified Drucker
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Prager yielding surface, though it has the fixed coordinates. Hence, taking a fixed
coordinate systems as shown in Fig. 5.28, the yielding surface was expressed as

The parameter of k\ for an and k2 for rnt are calibrated so that the maximum
predictability be obtained. These parameters decide the transformed shape of the"
yielding surface in such a way that the increase of kt values for crn is to transform
the ellipse to flatter shape while the increase of fc2 values for rni transforms the
vertical slope of the surface to more inclined one.
The angle of friction and the cohesion coefficient to determine a and K of Eq.
(5.90) were adopted basing on Inoue's experiments.

5.7.4 Verification of the Analysis Method in Comparison with Experiments

Ishikawa et al. (1988) performed thermal stress experiment using the real size
specimen with the dimension of length 15m and the section of \m by 30cm making
different conditions in joining fresh concrete to pre-existing concrete rectangular
prism block. Special consideration was paid to cut the ground restraint providing
slip device between the ground and the bottom of the restraining block. All of
the fresh concrete in different specimens were cast on the same harden concrete
block as shown in Fig. 5.30. The dimensions and the condition of the joint of
the tested specimen are given in Table 5.3. For each specimen, stresses, strains
and displacements were measured from the time of casting to the age of 15 days.
From their report, typical comparison is introduced.

The temperature history, stress and strain histories are shown in comparison
with the calculation for M4 specimen in which Takatsuji's plastic model was used.
The good agreement between the observed values and the calculated values can
be seen in the same figure which can never been attained if the proper boundary
behavior modeling is not attained.

5.8 Creep

5.8.1 Creep Data of Concrete Subjected Multi Directional Stresses and

Varying Temperature

Investigations related to creep of concrete are rather scarce in past 5 years in
Japan. Among them, however, Okajima (1976) performed torsional compression,
pure torsional and pure compression test using the testing setup shown in the
Fig. 5.32 to obtain multiaxial creep data.
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Some of the experimental results are shown in Fig. 5.33. Deviatoric creep
strain and volumetric creep strain measured are shown for three kinds of loading
patterns,i.e. pure compression, compression and torsion and pure torsion. He re-
ports that the three dimensional rate of the flow method assuming the constant
creep Poison's ratio give good prediction of the obtained creep data and also that
the no dilatational creep has occurred in the case of pure shear loading.

They (Okajima et al. 1988) also reported about the deformation of concrete
subjected to thermal expansion and multiaxial compression loadings. Their tri-
axial creep testing setup under the varying thermal environment were shown in
Fig. 5.34

Their specimens are cubes with the eight edges cut off so that the tips of
displacement censers be attached to the edge without making interference with
loading attachment. Multi axial stress condition has first attained and then
environmental temperature increased with the speed of 8 degrees per hour to the
maximum temperature, and decreased with almost same speed. Testing results
are shown in Fig. 5.35 and Fig. 5.36

They reported the time shift principle is applicable to creep effect calculation
for multiaxial loading condition with a constant creep Poison's ratio assumed as
same with the elastic Poison's ratio.

Relating to a creep prediction formula, Sakata (1988) reported that the bet-
ter prediction can be obtained by the following updated formula for constant
environmental temperature of 20° C through the statistical analysis for the recent
creep data base of wide range. His fundamental expression for unit creep function
CR(t) is written as

CR(t) = (1 - ae^CRoo (5.91)

where CRQO denotes the ultimate unit creep strain(xlO~5crn2/%/) and a, b are
coefficients to adjust creep velocity ranging from 0.33 to 0.92 for a and —0.022
to -0.004 for 6. However, he suggests that a - 0.78 and 6 = -0.0084 will give
reasonable prediction. The applicability of Eq. (5.91) was calibrated as shown in
Fig. 5.37

The ultimate unit creep function is separated to the basic creep component
and drying creep component DCao. Statistically identified expression for BC,*, is
written as

= 1.5 x 10~5(C + W)2A(£nT)-°-67 (5.92)

where (C + W) is the amount of cement paste (%/m3), W/C is the water cement
ratio and T is the age of concrete at loading. Eq. (5.92) was identified with the
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coefficient of multiple correlation =0.819 and the number of conditions =12.6
with his recent creep data. For the drying creep function, DCoc, the identified
expression is written as

DC* = 0.0045(^)4-2(C + Wy-Mj)-22 x (1 - ^)°-36(r)-°-3 (5.93)

He adopted (W/C), (C + W) and r as one of the explaining variables of
the function to consider the amount of water hydrated at certain time point,
(1 —RH/100) to consider relative humidity and (V/S) to consider the movability
of water to outside from inside of concrete. It's applicability is shown in Fig.
5.38.

Mihashi (Zhu et al. 1991) recently developed a creep model subjected arbi-
trary changes of both environmental temperature and relative humidity basing
on the rate theory of Bazant (1983).

The creep function J{t,t') due to Bazant is written as

J(t, 0 = ~ [l + g(h) • *(D • f(h) • * • (t;m + a){i - tT] (5.94)

where te denotes effective ages of concrete while g(h) is a function of relative
humidity, h, f(h) is a function to consider Pickett effect and

[ ( ) ][ ( ) ]
For the cases where humidity changes, J(t,t') is modified to Eq. (5.95) as-

suming g(h) = 1.0 and n is the function of humidity.

J(t, t') = ~[l + MT) • f(h) • h • (t;m + a){t - t')n{h)] (5.95)

When temperature and humidity varies, the summation of creep and elastic
strain component can be written as

a

where

E j£ f(h) • 4>x • (G, + G2 + G3 + GA) (5.97)

Each term of Eq. (5.97) are written as

G, = Log(A0) • (b • h"-1) • ̂ (t;m + a)(t - i')n(/l) (5.98)

-X • ft

= ( -m • t .-"1 • exp ( | • ( ^ " j))) • (l + Ch • (1 + h)*)-1
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•(« - t')n(h) (5.100)

G< = (t;m + a) • ((« - i ' r 1 • n(fc) + ^ • M * - O) (5-101)

Detailed description of each function is found in Zhu et al. (1991).
He applied the model to the experiment by Schwesinger (1987) in which tem-

perature and humidity are varied.
The comparison is shown in Fig. 5.39

5.9 Shrinkage

5.9.1 Investigation of Shrinkage Stresses by the Successive Releasing Method

Tazawa (1988) performed an experiment to measure the stress due to shrink-
age using the the successive releasing method. The specimens were rectangular
prisms with the section of 60mm by 220mm and with the length of 400mm. After
drying the specimen from two opposite surfaces, a portion of the specimen was
detached by the splitting method through the sharp steel edge as shown in Fig.
5.40.

The released strain variation was measured instantly in the detached portion
as well as in the remaining portion. With those data and the measurement of
amount of lost water, W, they reported the relation of shrinkage strain and the
amount of lost water as

£o = -450 x 10~6W (W by percent) (5.102)

Mihashi (1991) reported the shrinkage model of concrete subjected to high
temperature. Basing on Bazant and Panula model (Bazant and Panula 1979) he
proposed a modified equation as shown in Eq. (5.103)

e* = e*(oo) • (1 - hal)

where

y 1
 jT (5.104)

Kh = 0.05 + 0.95{l + 4n(l - h)n}~1 (5.106)
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where Bx, C\ an Kh are shape factor of specimen, material constant and function
of relative humidity respectively.

71, To, Un and R are temperature in Kelvin, reference temperature, the acti-
vation energy and the gas constant respectively.

Modifications to BP model are the incorporation of KT and Kh into Tsh
expression and detailed consideration of humidity effects.

Some comparison with experiments are shown in Fig. 5.41 though the tem-
perature in these cases is constant and 20°C yet.

5.10 Conclusion

The research activities in Japan during the past 5 years relating time depen-
dent behavior of concrete were reviewed. The main part of the report was related
to the thermal stress problems which have been the topics in Japan in these years.
The creep and shrinkage problem were also treated but to less extent due to less
research activities, in the field.
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Type of Cement
(JIS)

Normal Portland
Cement

Moderate Heat
Portland Cement

Blast Furnace
Slag Cement, -B

Fly Ash
Cement, -B

Temperature at
Placement

(•c)
10
20
30
10
20
30
10
20
30
10
20
30

Adiabatic Temperature Rise Q{t) = Qoo(l - e1")
Qoo{C) = aC + b

a
0.12
0.11
0.11
0.11
0.10
0.11
0.11
0.10
0.10
0.15
0.12
0.11

6
11.0
13.0
12.0
6.0
9.0
9.0
14.0
15.0
15.0 .
-3.0
8.0
11.0

7(C) = dC + e
<f(xl0-J)

1.5
3.8
4.0
0.3
1.5
2.1
1.4
2.5
3.5
0.7
2.8
3.0

t

0.135
-0.036
0.337
0.303
0.279
0.299
0.073
0.207
0.332
0.141

-0.143
0.059

C:Kg/m3

Table S.I Proposed Adiabatic Heat Generation in JSCE Standard

Max. agg.
size {mm)

25

Slump
{cm)

7

Air
{%)
2

W/C
(%)
55.0

s/a
(%)
40.9

units kg/m3

W
189

C
344

5
724

G
1049

Table 5.2 Mix Proportion of Concrete Used in Uni-Axial Test

Ml
A/2
A/3

MA

Af5

Restraining
Concrete Block

Bo
{cm)

95

{cm)

100

{cm)

1500

Restrained Fresh
Concrete Block

B
(cm)
30
30
30

30

30

H
{cm)
100
100
100

100

200

L
{cm)
1500
1500
1500

500

500

L/H

15
15
15

5

2.5

Steel

X

X

0

X

X

Condition of Joint
Treatment

Vacuum Sand Blast
Teflon Sheet
Vertical Steel

Vacuum Sand Blast
+

Mortar
Same as A/4

Table 5.3 Dimensions of Thermal Stress Specimens
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J(t.t') J(t.t')

1 hour 30 years
log ( t - t ' )

Fig. 5.1 Creep Isochrones (top) and Creep Values for Various Ages at Loading t'
(bottom)
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Fig. 5.2 Compliance Data from Hanson (1953) and Hanson and Harboe (1958) and
Fit by Baiant and Wu (1974b)

do-(l')

fl]
0 tc f 0 t0

Fig. 5.3 Representation of Arbitrary Strain History by Stress Steps (left) or Stress
Impulses (right)
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R(t . t ' )

log ( t - t ' )

Fig. 5.4 Typical Relaxation Curves for Various Ages t' at Strain Imposition

11

Fig. 5.5 Kelvin Chain Model (left), Maxwell Chain Model (middle) and Maxwell
Chain Model with Cracking Element on Top and Shrinkage Element at Bottom

(right)

Fig. 5.6 Stress Histories Expressed as a Linear Combination of the Relaxation
Function
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Fig. 5.7 Model for Role of Solidification in Creep

Fig. 5.8 Function Q&O that Characterizes Aging Viscoelastic Strain
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Fig. 5.9 Optimum Fit of Test Data by Hanson (1953), and Hanson and Harboe
(1958) for Canyon Ferry Dam
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Fig. 5.10 Optimum Fit of Test Data by Hanson (1953), and Hanson and Harboe
(1958) for Ross Dam
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Fig. 5.15 Typical Distribution of Pore Humidity at Various Times During Drying
(a); Free Shrinkage and Creep at Various Points (b); and Internal Stresses (c)
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Fig. 5.16 Creep Curves for Various Temperatures According to Maxwell Chain
and Activation Energy Models by Ba2ant and Wu (1974a)
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Fig. 5.27 Stress-Strain Relation at Early Ages
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Fig. 5.28 An element with Boundary Layer
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Fig. 5,30 Ishikawa's Thermal Stress Test Specimens
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Fig. 5.31 Experimental Data for M4 Specimen with Calculated Values
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Fig. 5.34 Tri-Axial Thermal Expansion and Creep Test Setup
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