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SPIN-POLARON THEORY OF HIGH-TC SUPERCONDUCTIVITY

I. SPIN POLARONS AND HIGH-TC PAIRING

R. F. Wood
Solid State Division, Oak Ridge National Laboratory

Oak Ridge, TN 37831-6032

ABSTRACT

The concept of a spin polaron is introduced ard contrasted with the
more familiar ionic polaron picture. A brief review of aspects of ionic
bipolaronic superconductivity is given with particular emphasis on the real-
space pairing and true Bose condensation characteristics. The formation
energy of spin polarons is then calculated in analogy with ionic polarons.
The spin-flip energy of a Cu spin in an antiferromagnetically aligned CuO2
plane is discussed, it is shown that the introduction of holes into the
CuO2 planes will always lead to the destruction of long-range AF ordering
due to the formation of spin polarons. The pairing of two spin polarons
can be expected because of the reestablishment of local (short-range) AF
ordering; the magnitude of the pairing energy is estimated using a simplified
model. The paper closes with a brief discussion of the formal theory of spin
polarons.

I. INTRODUCTION

A carrier (electron or hole) moving through an ionic lattice may be accompanied by

displacements of the ions, as illustrated in Fig. la. Under certain conditions, the carrier

plus ionic displacements can form a good quasi-particle, i.e., the ionic polaron.1 In an

analagous manner, a spin polaron is a spin 1/2 carrier moving in a magnetic medium

accompanied by deviations of localized ionic spins. This is shown schematically in Fig. lb

where a mobile up-spin particle in an antiferromagnetic (AF) lattice has flipped a localized

f-spin to the j.-spin orientation indicated by the dashed arrow.

Ionic bipolarons are pairs of polarons bound in real space. That is to say, two polarons

may move through the lattice bound together on the same or nearby lattice sites. The

energy associated with the ionic displacements of the bound pair is enough to overcome the

electrostatic repulsive energy. The possibility that bipolarons can lead to superconductivity

has been discussed at length in the literature and some aspects of this discussion will be

reviewed shortly.



First, however, the question arises as to whether or not the pairing of spin polarons can

also lead to superconductivity. This question is of obvious relevance to the CuO2-based

high-Tc superconductors because of the well-established fact that there is long-range AF

ordering of the Cu spins on the CuO2 planes of, e.g.. La2CuOt. While the introduction

of holes into the CuC>2 planes by doping, nonstoichiometry. etc. destroys the long-range

AF ordering, short-range order persists and may serve as a basis for superconducting

pairing. In this paper, the possibility of spin-polaron mediated superconductivity will be

considered and some of the work done on it to date will be reviewed. The plan of the

paper is as follows. In the next section, a brief review of ionic bipolarons and bipolaronic

superconductivity will be given. In Sec. Ill, the development of the spin polaron concept

will be traced and evidence for their existence in certain materials will be discussed. An

elementary calculation of the spin-polaron formation energy is provided in Sec. IV, the

origins of the pairing mechanism are discussed, and the pairing energy estimated. In the

final section a brief review of two approaches to a formal theory of spin polarons are

sketched. The material in Sees. IV and V is taken, with very few changes, from a recent

paper by Wood and Cooke.2

(a)

/

(b)

Fig. 1. Schematic illustration of (a) ionic polarons and (b) spin polarons.
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II. BIPOLARONIC SUPERCONDUCTIVITY

Early ideas3 about the possible existence of ionic bipolarons were soon confirmed

experimentally.4 Subsequently, Anderson5 showed that if the electron-phonon coupling

is strong enough one can even expect localization of two polnnms on the same lattice

site, while the bipolarons of Chakraverty and Shlenker6 reside on several neighboring sites.

Apparently the possibility that a system of bipolarons could undergo a Bose condensation

into a superconducting state was first discussed by Alexandrov and Ranninger" and

by Alexandrov.8 Alexandrov et al.9 have provided a comprehensive discussion of the

approach that had been developed up to about 19S5. Since the advent of the high-Tc era

many authors have explored the possibility that the CuO2-based materials are

bipolaronic superconductors. Space does not permit an extended discussion of bipolaronic

superconductivity here, but it will be useful to list several of its more interesting features.

Real Space Pairing: As already mentioned, the two polarons comprising the bipolaron

are believed to be bound together in real space. This real space pairing can persist well

above the apparent critical transition temperature so that even in the normal state the

carriers are bosons with a charge of twice the electronic charge. In the case of singlet spin

bipolarons moving through a background of local spins there will be an apparent separation

of charge and spin, which is a feature of some theories of high-T"c superconductivity.

Strong Coupling: Noziere and Schmidt-Rinke10 have shown how real space pairing

implies strong coupling while exclusively k-sps.ee pairing implies weak coupling of the type

underlying the simplified BCS theory. However, these authors emphasize that the BCS

algebra holds in general and that the transition from weak to strong couping, and therefore

from fc-space to real space pairing, is a gradual but continuous process. Bipolaronic

superconductivity is at the extreme strong-coupling limit.

Gapless Superconductivity: It is widely believed that there is no gap in bipolaronic

superconductivity because the transition to the superconducting state corresponds to a

true Bose condensation of all the charge carriers. Since a gap is observed in the high-

Tc superconductors (the question of whether there are states in the gap is still unresolved

experimentally) a way around this feature must be found. It has been suggested by Mott11

that an apparent gap is observed because the bipolaron boson band is split off from the

conduction band of the materials.

Isotope Effect: Since ionic polarons intimately involve the ions of the lattice, a strong

isotope effect is expected, although exactly how it will be manifested is not completely

clear at this time. Also, it would seem that any short-range pairing mechanism might give



an isotope effect since changes in the electronic and spin eigenfunctions will act on the ions

if the electron-lattice or spin-lattice interactions are strong enough.

III. SPIN POLARON CONCEPT

The concept of spin polarons seems to have originated with ZOIUT'S early work12 on

the "double exchange" mechanism in which an effective exchange interaction between two

localized spins in a transition metal oxide is mediated by an intervening 0 ion. This conies

about because, in addition to configurations in which the 0 2p shell is closed to give 02~,

it is also necessary to include configurations in which an electron from an O2~ ion is placed

in a degenerate d orbital on the transition metal site. Anderson and Hasegawa13 extended

the work of Zener and demonstrated that double exchange is fundamentally different from

the ordinary S, • 5 / Heisenberg-type exchange.

The double exchange concept was first applied to certain types of antiferromagnetic

crystals by de Gennes14 who recognized that it led to a polarization of the localized spins of

the lattice by the spin of the mobile carrier. Nagaev15 studied mobile ferromagnetic clusters

induced by carriers in semiconducting antiferromagnets and introduced the terminology

"magnetic polarons" and also the term "ferron." Mott and Davis16 provided a clear and

concise formulation of the spin polaron concept while Brinkman and Rice1' studied the

electronic band states in magnetic insulators. The latter authors, however, did not accept

the idea of spin polarons. Nagaev,18 who has perhaps written more extensively than anyone

else on the concept of spin polarons, has provided useful review articles on the theory.

On the experimental side, evidence for the existence of spin polarons is not difficult to

find. For example, Mott19 cites the work of Shapira et al.20 who measured the temperature

dependence of the resistivity, p, of EuTe as a function of magnetic field. They found that

with no magnetic field on the sample p was very high at low T but decreased rapidly with

increasing T. With a field of 84 kOe on the sample p (4 K) dropped more than two orders

of magnitude. The interpretation is that with the strong magnetic field on, spin polarons

with their high effective mass cannot form since the localized Eu spins are ferromagnetically

aligned.

Torrance et al.21 suggested that the metal-insulator transition in Eu-rich EuO is due to

the formation of bound magnetic polarons. They argued that above Tc, the ferromagnetic

ordering temperature of the Eu spins, an electron associated with an 0 vacancy can polarize

the neighboring spins, thereby increasing its binding energy to the vacancy. Below Tc when

the Eu spins are ferromagnetically aligned spin polarons cannot form and the energy of the



electron is raised to the point where it is no longer bound to the vacancy and the material

becomes metallic like.

The mechanism for the formation of spin polarons is readily understood by considering

the simple case discussed by Mott.19 Figure 2a, like Fig. lb, shows a ID array of atoms with

their spins antifeiToinagnetically aligned. Assume that the spins occupy noudegencrate

spatial orbitals, e.g.. the 3d (x2-y2) orbital s of the Cu d9 ions in the CuO_> planes of the

high-Tc superconductors. Let one additional f-spin (or o-spin) electron be added to this

array at site 1. Since this electron is on a |-spin (or ^-spin) site it can occupy the 3d

(x2-y2) orbital to form a d10 configuration, but it cannot move to the neighboring f-spin

site at 2 unless it goes into a highly excited state. Note that the onsite coulomb repulsion

term is the same for each site to a first approximation. Since it is energetically unfavorable

to go into the excited state, there is a strong tendency for the electron to be localized at

j-spin site 1. However, if the energy to flip an f-spin to a j-spin orientation (dashed arrow)

is small, the electron may gain more than enough delocalization energy (reduced kinetic

energy) to compensate for the spin-flip energy. Thus, within some small region, the spins

of the Cu ions may become F aligned with one another and AF aligned with the spin of

the added electron to form the spin polaron. In Fig. 2a, the single spin flip at 2 allows the

electron to spread over sites 1-3. Two points should be emphasized here. First, the

interaction that produces the spin alignment is a kinetic energy effect and is not directly

related to any particular quantum mechanical exchange integral. It would, however, be

described within the context of effective spin interactions in terms of an effective exchange

integral, much as in spin-wave theory. Secondly, with reference to Fig. 2a, complete initial

AF alignment of the localized spins is not necessary for the formation of spin polarons since

(a)

I1 1 f
If f I Fig. 2. Illustration of spin-polaron formation,

(a) elemental antiferromagnet; (b) linear AF
2 3 CuO array.



the tendenccy for alignment of the spins of the carrier and of the ions will persist even

when the localized spins are disordered (but not when they are ferromagnetic-ally aligned).

Mott has alluded to both of these points in his discussion of spin polarons in Ref. 19.

IV. SPIN POLARON FORMATION AND PAIRING ENERGIES

(a) Formation Energy
These considerations can be made more quantitative in the manner often used in ionic

polaron theory. Still following the development in Mott, we consider the 3D analogue of

Fig. 2a and express the kinetic energy associated with the confinement of the carrier to

a region of radius R as 7r2/2m*R2, in which m* is the band effective mass. Within this

region there are (47r/3)(R/a*)3 spins where a* is the nearest neighbor distance (in a.u.)

in the magnetic unit cell. One half of these spins must be reversed at a cost in energy of

J.v per reversed spin. The gain in delocalization energy is zl where z is the coordination

number and I is the hopping integral in the band calculation. The total energy of the spin

polaron as a function of R is given by

The last term on the right does not depend on R because only a single electron is involved.

At any one site the delocalization energy is weighted by the probability that the electron

is there, but then a spatial integration over R must be made giving back :I. Minimizing

£{R) with respect to R, gives the radius of the spin polaron, Rp. If the polaron is to form,

£{RP) must be negative. A very rough estimate of the effective mass of the spin polaron,

m* can be obtained from an equation given by Mott and Davis,16'19 i.e., m* = m*exp

{"jRp/a*) in which 7 ~ 1.

We now want to apply these ideas to holes moving on the C11O2 planes and to do this

we will again consider first a ID array, as in Fig. 2b. This shows the same array as that

in panel a but with doubly occupied 02~ ions (indicated by the short arrows) inserted

between the Cu sites. At the 0 3 site the {-spin electron has been removed to form a hole.

Let us assume that, as in the real high-Tc materials, the Cu d8 configuration does not occur

or does so with very low probability. Then for the hole at O3 to move to O9, an {-spin

electron at O2 must move to O3. If no spin flip were to occur, it would be necessary for

the electron to go into a highly excited state on the intervening Cu site already occupied

by an f-spin 3d(x2-y2) electron. However, if a spin flip is allowed, thus forming a spin

polaron, the hole may move more readily just as in the case represented in Fig. 2a. Again,



a single reversed spin allows the ho)e to spread over three sites, as indicated. One difference

between the two cases arises because the coulomb repulsion experienced by the election is

not likely to be the same at the O and Cu sites. Hence, the delocalization energy includes

a term accounting for this difference as well as the term that gives the lowering of the

kinetic energy due to the hybridization of the 0 2pa a-spin orbital with the now empty

Cu 3d(x2-y2) a-spin orbital.

The difficulty with the real case of the CuC>2 planes is that the overlapping of the 0

2p orbitals on different sites produces significant dispersion in the bands and thus greatly

complicates the situation. The 2D analogue of Eq. (1) is

in which £j is the delocalization energy corresponding to zl in Eq. (1) and b (=0.7653) is

the numerical factor arising from the confinement of the carrier in two dimensions.2 Likely

values of Si will be considered shortly and in the band calculations of the second paper in

this series. We continue here with further discussion of the spin-flip energy and the effects

of holes on the 0 sublattice.

(b) Spin-Flip Energy
Consider a CuC>2 plane in La2Cu04, which is an insulator (or semiconductor). The

total Hartree-Fock (restricted or unrestricted) energy EHF for a solid with filled bands can

be expressed in either a band or a localized representation. Thus,

E l v̂  v̂
< fin\h\fin > —— y^ y . ^ ^ n ' vm\fin,isrn > — < /.in, vm\vm, fin >] (3)

in which fin labels a localized function wn(r - R^) formed by BZ summation over the

n-th occupied spin band and centered at the fi-th crystalline site, h is the effective one-

electron HF Hamiltonian and a common notation has been used for two-electron coulomb

and exchange integrals. The w's can be Wannier functions, atomic-like orbitals, or (in an

extended notation) symmetrized combinations of site orbitals. Here we will assume they

are atomic-like orbitals, restrict our attention to the small cluster shown in Fig. 3a, and

make the following assumptions. First, the Cu 3d(x2-y2) orbitals are very well localized

and contain a single electron to form the Cu d9 configuration. Secondly, the O2~ 2p<7

orbitals with a and $ spins have been Schmidt orthogonalized to the Cuj and C112 orbitals,

respectively, to give wpaa and wp(T^. It is important to note that wpcro is orthogonal to the

CU2 orbital through the spin function and to force spatial orthogonality would introduce

an unnecessary constraint. Finally, all ions outside of the Cu-O-Cu cluster of Fig. 3a are



treated as point ions. It will be useful later to have separated out the exchange energy by

writing the HF energies of the two orbitals as

AD + Eex(l) = Sp,* + Eet(l) . (4fl)

= e'p<rJ + EeA2) • (4fc)

E e r( l ) and ECJ(2) are the exchange energies with the Cuj and C112 d orbitals. respectively.

Now let the spin on the CU2 site be reversed (J —> a) and consider the change in
epaa + epa0, while keeping all of the other orbitals frozen. The flipped spin has two primary

effects. First, it destroys the spin orthogonality of vtp(,a to d2 and secondly it shifts E£r(2)

from ep(Tj} to epaQ. To establish orthogonality again, the per a orbital must also be spatially

orthogonalized to d2- Similarly, the spatial orthogonality of wpap to d2 is no longer needed

and should be removed because it introduces an unnecessary constraint. The energies of

the new orbitals can be written approximately as

A2) + E0V(2)] (5a)

Eov{2)] , (56)

where Eov are "overlap" energies associated with the orthogonalization procedure and S is

the overlap integral.

In our frozen orbital approximation, the energy to flip the spin of a single Cu atom is

given by U3/ = (epaa + ep<ri) - ^Jpaa + epa3)- It is apparent from Eqs. (4) and (5) that the

terms in this expression very nearly cancel. Indeed, as is well known, the calculation of U3/

from first principles is exceedingly difficult because it is the difference between two large,

nearly equal, numbers. Extensive quantum mechanical calculations, including an accurate

treatment of the exchange and correlation energies, on large clusters would be required. It

is fortunate therefore that the experimental results22 for the value of the Cu-Cu exchange

parameter J are now available. These show that J ~ 120 meV, so that for a Cu ion of spin

S = \ in the 2D CuO2 plane

Usf = 8JS2 = 2J ~ 0.24 eV , (6)

if we assume Inn interactions only. The spin-flip energy per "bond" is Usf/4 = J/2.

(c) Effects of Holes on Oxygen Sublattice

Continuing to study for a moment the small cluster shown in Fig. 3a, we consider

what happens when a hole is located in a 2pa orbital on the bridging O ion. Three spin



configurations can be distinguished (using an obvious notation) with the following energies

for the electron remaining in the 0 2p<7 a-spin orbital:

Eez(l) (TT1) (7o)

e 3 . - ( l - 5 2 ) - 1 [ e ; ' a o + JE:er(l) + i;er(2) + £'fJl.(2)] (TTT) (7c)

(The results would, of course, be the same for a /?-spin electron.) The first configuration,

which has the two Cu spins antiparallel, leaves the orthogonality of the 2paa function

intact (if the effects of electronic polarization and relaxation on the orbitals are neglected)

and hence no overlap terms are introduced. The site diagonal term fll
paa differs from e'paa

of Eqs. (5a) and (5b) primarily because the repulsive interaction between two electrons on

the O site is no longer present. The other two configurations represent spin flips relative

to the first one and so overlap terms are introduced, as discussed above. We need now

only establish that at least one of the spin-flipped configurations is lower in energy than

the first configuration. In other words, that the hole does indeed tend to induce a spin

deviation. To do this we observe that Eer is negative for the orbitals involved while EOI,

is always positive. Then if \Eez\ > \E0V\,e3 < e\, whereas if |irot,| > |£>
ex.|.e2 < t\- Thus,

the presence of a hole in a 2pa orbital on an 02~ site will always tend to flip a Cu spin

and destroy the AF alignment. Eov should be given approximately by S2e</ where ê  is the

energy of the Cu 3d(x2-y2) orbital in the crystal. To estimate the values of E01, and Eex

the results of Hartree-Fock atomic calculations were used. The energy of the Cu d orbital

in a d9 configuration is ~ -40 eV and after corrections for crystal field effects (including

the Madelung potential) we estimate ej ~ -15 eV. The value of S was found to be < 0.10

so that Eov is ~ 0.15 eV, while Eex ~ 0.20 eV was found. If the energy driving a Cu spin

reversal by an O 2p<7 hole were no larger than these numbers suggest, there would be little

likelihood of forming spin polarons. (For an O 2p7r hole the numbers are even smaller.)

The smallest cluster that can yield a spin-polaron effect of the type we are interested in

here is shown in Fig. 3b. Here we can see that the energy o{ the O 2pa f-spin electron will

be lowered if it can be covalently shared among the two O sites. However, this process must

involve an orbital on the central Cu site since we assume there is no direct overlap of the O

2p<7 functions on opposite sides of the central site. If the spin of the Cu 3d(x2-y2) orbital

is up, as shown, the first available orbital will lie very high in energy and hybridization

with it will result in an insignificant lowering of the energy. On the other hand, if the
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Fig. 3. Small clusters used in discussions
of (a) the energy to flip a Cu spin in a
perfect CuC>2 plane and (b) the formation
of a spin polaron when a hole is present.
In the latter case, the t - sPm electron
in the 2p<7 orbital on Oi can be shared
with the Cu and O2 sites in a bonding
molecular orbital if the Cu spin is reversed
from f to | .

Cu spin is reversed, the 3d(x2-y2) orbital becomes available and the electron can occupy a

bonding orbital of the form 0 2pa - Cu 3d(x2-y2) - 0 2pa. To obtain an estimate of

the energy lowering, we will consider a 2D extension of the cluster in Fig. 3b in which

four O ions surround the Cu site, and carry out a simplified band calculation. A function

u(Bi) having d(x2-y2) symmetry can be formed from the 0 2p<7 orbitals and some results

from the more extensive band calculations of Ref. 2 used. The diagonal energy of u(Bi)

is raised well above that of the individual 2pcr orbitals, e(a, <r), because of the overlapping

charge distribution on the nearest neighbor 0-0 sites. Using values from parameter set B

of Table 2 of Ref. 2, at the F point e(Bi,Bi) = 0.2 eV. As already noted, we can assume

that when the Cu spin is up, the energy of the empty 4d(x2-y2) a-spin orbital is so far

above that of the 3d(x2-y2) orbital that hybridization with u(Bi) is negligible. Now let the

Cu spin be reversed so that the 3d(x2-y2) orbital becomes available for hybridization, and

denote the energy of this orbital by e(d,d) and that of the hybridization integral by ((d,a).

To e(d,d) must be added U, the coulomb repulsion due to the 3d(x2-y2) electron now in the

!-spin state. Taking values from Table II of Ref. 2 and solving the 2x2 secular equation,

we find for the bonding orbital an energy of ~1.3 eV. Since e(Bi ,Bi) is 0.2 e \ \ a lowering

of ~1.5 eV is obtained by reversal of the Cu spin. To complete the calculation, the other

energy changes when the Cu spin is flipped must also be considered. The changes in the

energy of the /3-spin electrons on the 0 sites is small because both 0 2pa .^-spin orbitals

are occupied and well localized. Exchange and overlap energy terms are introduced but,

as we have seen, in the preceding paragraph these are expected to be small. Also, the total
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coulomb repulsion energy should be lowered as the f-spin electron's wave function becomes

more delocalized and this should further aid spin-polaron formation. We conclude that

the energy driving the spin reversal of Fig. 3b is ~ 2 eV and this gives a first estimate of

the quantity fj of Eq. 2. Another estimate along similar lines is given in Sec. Ill of Ref. 2

and in paper II of this series.

Our simplified band calculation yields m* ~ 1.3 to be used in Eq. (2). With a value of

m* determined, the radius of the polaron can be calculated and then the energy terms. We

find Rp ~ 1.2a* and the energy of the first two terms of Eq. (2) to be ~ 1.0 eV. Therefore,

with £d — 2 eV, the spin polaron should form readily and have an effective mass ~ 4 m*.

(d) Pairing of Spin Polarons

The basic idea behind the spin-polaron pairing mechanism of Ref. 2 is illustrated in
Fig. 4 where we use the simple case of two electrons added to the linear array of AF-
aligned copper ions of Fig. 2a. The curves on this figure are schematic representations of
the localized wave functions of each of the electrons. The solid curve on panel (a) gives
the wave function for an electron before the Cu spin reversal, while the dashed curves
hold after the spin reversals indicated by the dashed arrows. It can be understood from
the form of the wave functions how the kinetic energy of the added carrier is reduced by
reversing one of the Cu spins. If more of the spins were reversed, the kinetic energy would
be reduced further but the increase in spin-reversal energy would rapidly limit the process,
as already discussed above.

< -f" T > t

t i
Fig. 4. On the left of panel (a) w'ave functions of an added f-spin electron before (solid

curve) and after (dashed curve) spin-polaron formation are illustrated. The second dashed
curve to the right shows a |-spin polaron. In panel (b) the spin polarons are allowed to
interact. Pairing will occur if the energy associated with the recovery of the AF alignment
is sufficient to overcome any increase in coulomb repulsion energy relative to the unpaired
configuration.
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Let us assume each polaron has only one reversed spin associated with it. Then two

polarons may experience an attractive interaction if their associated spin reversals re-

establish an AF alignment. How this might come about is illustrated on panel (b) of Fig. 4

where the localized polarons are arranged so that their accompanying Cu spin reversals are

adjacent to one another. For this to happen, the lowering of the em-rgy product-d by the

indicated AF alignment (dashed arrows) must be greater than any increase in kinetic and

coulomb repulsive energy associated with the alignment. From a more general standpoint.

we believe this process should be viewed within the context of band-like polaron states in

which the many-body wave function has enough flexibility to utilize the pairing energy of

the AF alignments of many polarons; it will be assumed that such is the case.

We turn now to a consideration of the corresponding effects in the CuOj plane and

consider first the schematic diagrams of Fig. 5. It was shown in IVc that a hole on an 0

site will tend to flip a spin, aj indicated in the first array, which represents two separated

holes. The flipped spin leads to a ferromagnetic "defect," denoted on the figure by F,

accompanying each hole. The energy E(F) of this defect corresponds to the second term

on the right of Eqs. (1) and (2), while E(F/,) corresponds roughly to the other terms.

Hence, the lD-polaron energy is given here by

WP(1D) = E{Fk) + E{F) . (S)

Now let the two holes approach each other. In array (b) it is seen that when they come to

within a second nearest neighbor (2nn) distance of one another in a singlet configuration,

the ferromagnetic defects accompanying the individual holes are eliminated or "healed"

and the AF pairing of the Cu spins regained. Neglecting any change in the coulomb

repulsion energy due to pairing, the ID hole-pairing energy V(1D) is given by

+ E(F)]-2E(Fh) = 2E(F) . (9)

E(F) is related to the spin-wave exchange parameter J by E(F) = Ua//4 = J/2 [see Eq.

(6)] so that

V(1D) = J . (10)

For a 2nn triplet alignment of the hole spins, array c, there is no repair and hence no

pairing energy.

When the two holes are in Inn O positions in a triplet configuration (d) the spin-pairing

energy is also given by Eq. (9), while in the singlet configuration (e), the shared Cu site is

frustrated and the spin-pairing energy, if any, is uncertain. In either case, the increase in

coulomb repulsion between holes in the Inn position should be greater than it is with the
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holes in the 2nn position, thus favoring the latter configuration. Occupation of the same

O site by two holes would be so energetically unfavorable that it will not be considered.

We conclude that the most likely configuration is singlet pairing with the holes at ~ 2nu

positions relative to one another.

(o) it | ti |i u

(b) I it |ttt|itfft| it I n
AF

(c)
ti | it ti

(d) u I it j tj) [®t j n\ it | u

(e) I "I it lS j ti | if | ti

Fig. 5. Schematic of ID pairing configurations. Panel (a) shows two well separated
holes and the induced Cu spin deviations; (b) two holes forming a singlet at 2nn separation;
(c) triplet pairing at 2nn; (d) Inn triplet pairing; (e) Inn singlet pairing. F(AF) stands
for ferromagnetic (antiferromagnetic) coupling with no hole on the bridging O2~ ion, F/,
stands for F-coupling with a hole on the O2~ ion, and ? means the indicated Cu spin is
frustrated.
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Fig. 6. Schematic of 2D singlet pairing. The light and shaded circles are 0 and Cu
sites, respectively. The two dark circles indicate reversed Cu spins between O hole sites
of up and down spins, corresponding to panel (h) of Fig. 4. Note that the hole shown
at position 1 could be at 2 or 3 and maintain the same spin configuration although the
coulomb repulsion might be somewhat higher.

In two dimensions1, it is found that similar considerations hold, as illustrated in Fig. 6.

In this case, careful inspection of the figure will show that the energy for an isolated polaron

is given by

Wp(2D) = E(Fh) + 3E{F) (11)

and the energy of the interacting pair by 2[E(FA) + 2E(F)]. Thus, the pairing energy is

again V(2D) = 2E(F) = J. however, it is readily seen from Fig. 6 that the hole at oxygen

site 1 could also be at either site 2 or 3 and still maintain the "healed" AF pairing; a similar

situation holds for the hole shown at site 4. Hence, at a modest cost in coulomb repulsion

energy, the pair wave function may gain additional flexibility and lower its kinetic energy.

Moreover, the configuration shown in Fig. 6 is degenerate with configurations in which the

f-spin Cu site migrates around the stationary central |-spin Cu site.

These considerations suggest how in 2D the pair wave function may gain a great deal

of flexibility relative to its ID counterpart. The pair wave function, though confined to a
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fairly small region (but virtually all of that shown in Fig. 6, if these ideas are correct) may

still be extremely complicated. As already indicated, we prefer to think of the pairing as

occurring in A'-space because this would seem to provide greater freedom for the pair wave

function and the entire many-body system to attain its minimum energy configuration.

Also, the experimental observation of a well-defined gap in the high-T"c materials i> usually

interpreted as evidence against real-space pairing.

V. FORMAL THEORY OF SPIN POLARONS
A formal theory of spin polarons is greatly complicated by the need to deal with

magnetic interactions. While a literature on the subject exists, it is modest compared to

the extensive literature on ionic- and electronic-polaron theory. A detailed consideration

of the formal theory is outside the scope of this paper, but we feel the analogy with the

small ionic polaron, suggested by some of the above results, warrants a few remarks here.

Following work of Sewell23 on ionic polarons, we write the Hamiltonian for a system

consisting of an extra carrier added to an AF insulator composed of localized spins as

Ti = Hc + Hmag + Hint (12a)

with
H< = e' Y. clc» + J2 h»clc» . (126)

Hmag = ^ ^ ? Q ? a ? > ( 12c)
q

and
Hint =

For notational convenience we have written Hmag in terms of a simple spin wave

Hamiltonian, suppressing all of the complexities associated with spin waves in an AF

lattice (e.g., the explicit introduction of two sublattices). c* and cM are the creation and

annihilation operators for a carrier with energy e' in the fi-th cell of the AF lattice while

at and a^ are the corresponding operators for the spin waves, with q restricted to the first

Brillouin zone. The first term in Htnt gives the interaction at site fi with the spin deviations

expressed in terms of spin waves, i.e.. the K^q are Fourier components of the interaction

energy. Correspondingly, the second term in Hint gives the energy associated with the

spin deviations accompanying transfer of the carrier from fj. to v—again decomposed by-

projection onto the unperturbed spin-wave spectrum.
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As with the phonon case, a canonical transformation can be carried out that eliminates

the first term of /f,n< to first order and transforms Hc to the Hamiltoniiui of a localized

spin polaron. From our earlier discussion we know that this involves the flipping of a spin

in the fi-th AF unit cell (Fig. 4). The transformed Hamiltonian can be written as

»C"®"»{a-a^ ' (13)

where e, ct and c now refer to the spin polarons. <$,,„( a, a*) is a very complicated function

in which are embedded a number of effects including the renormalization of the magnetic

excitations. For our present purposes we need note only that from it can be extracted

terms that give a renormalized transfer integral, /,,„. We expect /,,„ to involve a thermal

average of the expectation values of products of spin-excitation operators, i.e., a spin-

spin correlation function. This correlation function will presumably depend not only on

temperature but also on the large fluctuations inherent to a quasi-2D system and on the

presence of the spin polarons which tend to destroy the AF ordering. Thus the effect of

the I^u is to increase the effective mass of the spin polaron over the band effective mass

(determined by Itlil) and make it temperature dependent.

A second approach to a formal theory of spin polarons, developed extensively by

Nagaev, involves a transformation to a "spin polaron" representation. It is assumed that

when an electron is located on a magnetic ion site the intra-atomic exchange energy is

much greater than the width of the conduction band and both of these are much greater

than the exchange energy between the spins of the magnetic ions. As a consequence, it

is useful to transform to a representation in which the intra-atomic exchange part of the

Hamiltonian is diagonalized to generate a set of energies and eigenfunctions. A basis set

for the expansion of the wave function of the entire Hamiltonian is then constructed from

products of these eigenfunctions and spin eigenfunctions of the remaining magnetic ions of

the lattice. This approach, which with extensive modifications may be basically correct for

the high-Tc materials, is very complex and will not be discussed further here. Extensive

references to it can be found in Ref. 18.
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