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Abstract
The non-linear evolution of tearing modes with multiple rational
surfaces is discussed. It is demonstrated that, in the presence of
small differential rotation, the non-linear growth might be faster
than exponential. This growth occurs as the rotation frequencies
of the plasma at the different rational surfaces equilibrate.
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There is increasing evidence, both from experiments1-2 and
numerical simulations3, that coupling and interaction between
tearing modes play an important role during tokamak disruptions.
It has been observed that the m=2/n=1 and the m=1/n=1 Fourier
components, where m and n are the poloidal and toroidal mode
numbers, tend to lock in phase prior to disruptions1'3. It has
recently been observed4 that disruptions sometimes can be
avoided or delayed if the inner part of plasma is made to rotate
with respect to the outer region. In these situations the outer
region is associated with a wall-locked m=2/n=1 magnetic island
resulting in differential plasma rotation.

Within the resistive magnetohydrodynamic (MHD) model
linearly unstable tearing modes tend to lock to the flow at the
rational surface at which the mode is resonating. For a mode
resonating at two or more magnetic surfaces, in relative
rotation, this is not possible. As a result, the mode will then
rotate with a rotation frequency close to that of the plasma at
one rational surface while the other resonant surfaces respond
according to ideal MHD. The growth rate will then be smaller than
would be the case without a differential rotation.

In this letter we present the first study of the non-linear
evolution of tearing modes for such a case with two rational
surfaces in relative rotation. We demonstrate that as the
evolution of the tearing modes becomes non-linear the growth
changes from exponential to a non-linear self-reinforced growth.
This goes on until the rotation frequencies of the plasma at the
two rational surfaces are approximately equal.

The basic non-linear mechanism is associated with the
slowing down of the relative rotation of the rational surfaces.
As the magnetic islands grow, the drag between the two rational
surfaces increases and the plasma around the slower rational
surface speeds up and vice versa. Initially this will have no
direct effect on the mode growth since the resonance condition,
the condition for increased growth, is quite restrictive. However,



as the differential rotation frequency of the two rational
surfaces decreases, the progressive locking of the modes
increases the growth, which in turn enhances the locking process.
This non-linear self-reinforcing process is similar to the locking
of magnetic islands to the wall when the rational surfaces is
close to the wall5'6.

The simulations analysed in this paper are based on
the straight cylinder low p model7. There are two obvious
limitations of this model. Firstly, the toroidal rotation does not
couple to the dynamics. Secondly there is no toroidal coupling in
the model. Hence, the results presented in the following are not
directly applicable to the case with toroidally coupled Fourier
components with their respectively rational magnetic surfaces in
relative rotation. In a cylinder the coupling between magnetic
surfaces occurs linearly only when there are two surfaces with
equal and rational q, the safety factor. In the following we will
limit our study to one such case with a double set of q=2
surfaces. Such hollow current profiles occur during the start-up8

and possibly also during disruptions9'2 in tokamak experiments.
Up till now the non-linear evolution of tearing modes in a plasma
with a double set of q=m/n resonant magnetic surfaces has only
been studied in the limit of zero plasma rotation10-11.9. The
effect of plasma rotation has been limited to linear studies12'14.

While the simulations presented are cylindrical and hence
not strictly applicable to the case of toroidal coupling we still
hope that we are catching some of the basic physics involved for
this case. We base this optimism on the observation that the
outer part of the linear singular boundary layer theory for the
toroidal case, is structurally the same as the cylindrical one,
with the toroidal coupling being replaced by the linear coupling
due to the multivalued q-profile14. Furthermore, the role of the
flow is to introduce a shift in the rotation between the two
rational surfaces. This is performed equally well by a poloidal or
toroidal rotation. For the simulations, we use a standard, semi-
implicit, mixed finite difference Fourier technique with 440
equally spaced grid points, the resistivity profile is kept



constant in time and the electric field is adjusted continuously to
keep the total current constant. We use only the m=2/n=1 Fourier
mode component. The basic non-linear interaction is between the
mode and the equilibrium flow and higher mode numbers with
m/n=2 are quite stable. If included they do not play a role during
the phase of the evolution considered in the following. The q-
profile and associated current profile is shown in Figure 1. The
current profile has been adjusted to reduce the linear growth of
the mode to a small value for large differential rotation and
hence to increase the importance the coupling between the two
rational surfaces. For more details on the equilibrium and the
linear theory see Réf. 14. The radial profile of the plasma
rotation is chosen such as to have zero initial velocity at the
inner q=2 surface at r=0.21 and with the outer rational surface at
r=0.83 rotating locally as a rigid body. Within the model we can
add or subtract an arbitrary solid body rotation without changing
the dynamics. By adding this type of rotation we simply get a
contribution to the real part of the frequency. Therefore, the fact
that the outer rather than the inner part of the plasma is
rotating, which might be more realistic for a tokamak
configuration, is not a limitation. This would of course not be the
case if the wall at the plasma boundary was not ideally
conducting. The plasma rotation is introduced in the initial
conditions and are thereafter evolved with a small source term to
balance the initial viscous dissipation.

Figure 2.a shows the total (magnetic and kinetic) mode
energies of the m=2/n=1 mode versus time with the associated
growth rate shown in Fig. 2b. Note that, after the initial phase
with small growth, there is a period in time when the growth rate
is an increasing function in time. The increasing growth is
associated with the change in the relative rotation frequency of
the two rational surfaces shown in Fig. 2c. The increasing
growth phase comes to an halt at t=4.105. Then the stabilising
differential rotation is annihilated and the mode grows for a
short while with the linear growth rate of the flow-less
equilibrium. However, the non-linear growth of the flow less
equilibrium is even higher and shortly afterwards the growth rate



is again increased. The second phase of increasing growth is
associated with the local structure of the current profile and
does not depend directly on the flow. It is interesting, but
perhaps not surprising given the tailoring of the current profile,
that the non-linear growth, without flows, is larger than the
linear growth. Since the mode can be completely stabilised by
the rotation, the ratio of the initial growth to the growth after
the annihilation of the relative rotation can be chosen by varying
the differential plasma rotation. The mode will eventually
saturate with the magnetic islands extending over a large part of
the cross section or reconnect all the flux inside the outer
rational surface. A realistic treatment of this part of the
evolution is outside the scope of the present work and would need
to include self consistent modelling of the temperature evolution
including a large number of Fourier modes of different helicities.

Figure 3 shows the evolution of the equilibrium velocity as
a function of time. Note that, as the rotation frequencies
equilibrate only the regions around the rational surfaces are
immediately affected. The rotation frequencies across the
plasma are equilibrated on the slower diffusion time scale. This
is in agreement with experimental observation during wall
locking15. The flow needed for stabilisation is relatively sma..
This is due to the fact that the mode is quite close to marginal in
the flow-less limit. This also implies that other, non-MHD
effects might play a role in the process. It is worth pointing out
that while the rotation frequency of the plasma changes
drastically during the non-linear growth the frequency of the
mode is relatively constant at a value of slightly less than the
rotation frequency of the outer rational surface. This is partly
due to the large distance between the rational surfaces.
Considerably more torque is needed to slow down the plasma
around the outer rational surface than is required to accelerate
the plasma at the inner rational surface. It also depends on which
rational surface is most unstable in the flow-less limit.

In this letter we have discussed the effect of differential
rotation on the coupling of tearing modes and demonstrated that



this rotation might result in a non-linear growth larger than the
linear growth. We suggest that plasma rotation could be used to
destroy the toroidal coupling between tearing modes in tokamak
experiments. This, which is in agreements with recent
experimental observation4, would provide a method to avoid or
delay tokamak disruptions.

It is interesting to note that the type of observed behaviour,
with a large increase in the growthrate during the non-linear
evolution of the mode is what is required to resolve the problems
with the rapid onset of the saw-teeth crash. Recently some
promising results have been presented16-17 on this problem.
These are based on collision less models and draws heavily on
dynamics in very thin layers. The present study has been limited
to a current profile with two q=2 surfaces, in the collisional
limit and therefore does not directly address the more
complicated sawtooth problem. However, the enhanced non-linear
growth obtained might suggest that a process similar to that
studied here could also be of importance for the onset of the
sawtooth crash. At this stage this is at best speculative, but it
would imply that the growth of a mode with a dominating
m=1/n=1 component is inhibited in its growth by the destroyed
coupling to another Fourier component, presumably m=2/n=1.
During the phase leading up to the sawtooth crash the m=1/n=1
mode is driven in to the unstable region by the contracting
temperature profile and the associated change in the current
profile. The effect of the flow would then be to allow the mode
to be driven further into the unstable region before the growth
occurs. At a sufficient, but small amplitude, the toroidal
coupling is restored during a non-linear process similar to that
discussed above. For this process to be realistic the linear
growth should be weak, which is the case at the transition. The
coupling between the m=1 and m=2 components should also be
relatively strong. It has been suggested that this might be the
case when the shear around the q=1 surface is small18»19. There
are some early experimental observations20 of the coupling
between the m=1/n=1 and the m=2/n=1 in association with the
sawtooth crash. A prediction of the scenario is that the crash



could be delayed by the introduction of externally driven
differential rotation.

The calculations presented in the paper where partly
carried out using the Fujitsu VP-2200 at the Australian National
University Supercomputer Facility
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Figure captions

Figure 1. Initial current profile and q-profile. The q-profile has
two q=2 surfaces and it has been tailored to decrease the linear
growth.

Figure 2. (a)Total (magnetic and kinetic) mode energies of the
m=2/n=1 mode, (b) instantaneous growth rate, and (c) the plasma
rotation frequency at the two rational surfaces, versus time.
i

Figure 3. The evolution of the equilibrium velocity as a function
of time. Note that the plasma rotation frequencies around the
rational surfaces equilibrate faster than for the rest of the
plasma.
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