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ABSTRACT

A multi—region approach to modeling subsurface flow is presented. In the
approach, the media are assumed to contain n pore-regions at any physical point.
Each region has different pore size and hydrologic parameters. Inter-region
exchange is approximated by a linear transfer process. Based on the mass balance
principle, a system of equations governing the flow and mass exchange in
structured or aggregated soils is derived. This system of equations are coupled
through linear transfer terms representing the interchange among different pore
regions. A numerical MUlti-Region Flow (MURF) model, using the Galerkin finite
element method to facilitate the treatment of local- and field-scale
heterogeneities is developed to solve the system of equations. A sparse matrix
solver is used to solve the resulting matrix equation, which makes the
application of MURF to large field problems feasible in terms of CPU time and
storage limitations. MURF is first verified by applying it to a ponding
infiltration problem over a hill slope, which is a single—region problem and has
been previously simulated by a single—region model. Very good agreement is
obtained between the results from the two different models. The MURF code is
thus partially verified. It is then applied to a two-region fractured medium to
investigate the effects of multi-region approach on the flow field. The results
are comparable to that obtained by other investigators.

INTRODUCTION

The heterogeneities in natural soil systems have been one of the major concerns
in subsurface fluid flow modeling. Whereas field scale heterogeneities have been
implemented in the subsurface flow and transport models by most of the modelers,
the local scale heterogeneities have not received much attention in the modeling
community. Because of the occurrence and extent of macropores in aggregated
soils (Beven and Germann, 1982) or the preferential flow path in structured soil
systems, it has been suggested that both local— and field—scale heterogeneities
must be accounted for hydrological transport processes (Watson and Luxmoore,
1986). This in turn requires data on the local effects of macropores and their
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1986). This in turn requires data on the local effects of macropores and their
spatial distribution, which are responsible for local-scale and field—scale
heterogeneities, respectively.

In their recent studies of natural soil systems (Luxmoore et al.,1990; Jardine
et al., 1990; Wilson et al., 1990), they suggested that the preferential flow
path predominates the subsurface flow processes during rainfall events. The
hydrologically active macroporosities (pores larger than 1 mm diameter, Luxmoore
et al., 1990), which contain a relatively small fraction of soil volume, are
capable of conducting the majority of ponded infiltration. The mesopores (pores
less than 1 mm diameter that are generally drained at field capacity, Luxmoore
et al., 1990) are sufficient to conduct the total infiltration during the
majority of rain events and have a much higher surface area than macropores.
Watson and Luxmoore (1986) reported a 73% of flux being conducted through
macropores and estimated that 96% of the water flux was transmitted through only
0.32% of the soil volume in a proposed disposal site in the Oak Ridge National
Lab, Tennessee. Modeling efforts have been dedicated to account the groundwater
flow processes in a soil system having different pore regions and pore velocities
during water quality studies (van Genuchten and Wierenga, 1976; Skopp et
al.,1981; Jury, 1982). In their study of an aggregated tropical soil, Seyfried
and Rao (1987) concluded that two region model proposed by van Genuchten and
Wierenga (1976) is insufficient to account for the range of pore water velocities
observed. The dispersion caused by the wide range of pore water velocities
suggests the need of multi-region flow and transport models to account for the
preferential flow path mechanism.

The fractured porous media flow model proposed by Duguid and Lee (1977) divides
the media into primary and secondary pores. The primary pores, which constitute
approximately 30% of the volume of the medium, only transport a rather small
portion of water. The secondary pores, which constitute only 1—3% of the volume
of the medium, transport a large portion of the flow through the medium. This
fractured porous media model is essentially similar to a two—region model which
divides the pore regions into two classes, and could be used to compare the
simulation result from the multi-region flow model MURF.

It is the objective of this report to formulate a multi—region flow model and
apply the Galerkin finite element method to solve the system of governing
equations. It is assumed that n different pore—regions exist at any physical
point in the problem domain. Each pore—region has its own hydraulic and soil
properties. A linear transfer term in each of the governing equations is used
to couple the n governing equations for the n different pore regions. The model
is verified by comparinng its simulations with those obtained from a single-
region model (Yeh, 1987a) and a fractured porous media flow model (Duguid and
Abel, 1974).
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THEORETICAL STATEMENTS

The derivation of Darcy's law and the conservation of mass have been described
in detail by Bear(1972). Through the use of (1) the continuity of a fluid. (2)
the continuity of solid, (3) the motion of a fluid (Darcy's law), (4) the
equation of state of a fluid, and (5) the law of consolidation of porous media,
one can derive a combined governing equation for the distribution of pressure
head in porous media (Yeh, 1987a, 1987b). This governing equation, which
considers single-region subsurface flow system, is as follows

FJjl » V[jr(V/j+Vz) ] * q (1)

where F = a'-$- * p'6 + - ^ , a'

« - fluid compressibility (LT2/M)
p - fluid density (M/L3)
g — gravitational acceleration (L/T2)
P - coefficient of consolidation of the medium (LT2/M)
8 - moisture content
n0- effective porosity

dfi/dh - fluid capacity of the medium (IT1)
h - pressure head (L)
t - time (T)
V - del operator (L"1)
K - hydraulic conductivity tensor (L/T)
z - potential head (L)
q - source/sink intensity (T"1)

with the initial condition given as

h » hT (x.y.z) (2)

and the boundary conditions given as

h = hD ix.y.z.t) (3)

for Dirichelet boundary, where hD is the prescribed Dirichelet functional value;

-rf.JCVA = qN (x.y.z, t) (4)

for Neumann boundary, where qv is the prescribed Neumann flux;
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z) - qc (x.y.z.t) <5>

for Cauchy boundary, where qc is the prescribed Cauchy flux;

h - hp (x.y.z.t) (6a)

or

(x.y.z, t)

for variable boundary in precipitation period, where h^ is the allowed ponding
depth and qp is the throughfall of precipitation; and

h = hp (x.y.z.t) (7a)

or

h " hm (x.y.z.t) (7b)

or

-fi-K{Vh+Vz) = <?# [x.y, z, t) (7c)

for variable boundary in evaporation (dry) period, where h^ is the allowed
minimum pressure head at the air—soil interface and ge is the allowed maximum
evaporation rate.

The use of effective porosity implicitly neglects the effect of the regions where
fluid is relatively stagnant in the porous media. In draining processes,
however, these stagnant regions could serve as a storage of fluid which supply
the already drained larger pore regions. A different aquifer response is thus
expectable. Duguid and Lee (1977) estimated the interaction between primary
pores and fractures and had shown a slower response in the two—region case.
Therefore, the consideration of interaction between different pore regions is
necessary.

For a n—region subsurface flow system, we assume that the governing equation for
single region case is applicable to each of the regions in the n—region domain.
The interaction between regions is assumed to be a simple linear transfer
process, which can be represented by a summation term taking into account the
transfer from the other regions to the current region. The appropriate system
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of governing equations is thus

(8)

with the initial condition given as

hi - hn (x,y, z), i'1,2, n (9)

and boundary conditions given as

hi = hDi (x.y, z. t), i=l,2, ,n (10)

for Dirichelet boundary, where hDi is the prescribed Dirichelet functional value
for region i;

{x.y.z.t),

for Neumann boundary, where qHi is the prescribed Neumann flux for region i

-rf-JC^Vhi+Vzj) = qcl (x,y.z,t), i=l,2 ,n

for Cauchy boundary, where qci is the prescribed Cauchy flux for region i;

Ai •= hPl(x,y, z, t), i'1,2, ,n (13a)

or

,y,z, t) , i=1.2 ,n (13b)

for variable boundary in precipitation period, where h^ is the allowed ponding
depth and qpi is the throughfall of precipitation for region i; and

hi = hPl(x,y, z, t) , i=l,2, ,n (14a)
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or

ht =» hmi(x,y.z,t), i-l,2, n

or

,y,z, t), i=i,2

for variable boundary in evaporation period, where fc^ is the allowed minimum
pressure head at the air—soil interface and qmi is the allowed maximum
evaporation rate for region i.

This system of equations is thus used to describe the fluid flow in a multi-
region subsurface flow system.

IMPLEMENTATION OF GALERKIN FINITE ELEMENT METHOD

To apply finite element method (FEM) to the system of equations Eq.(8), we first
subdivide the problem domain into M elements, which are interconnected by N
nodes.

A systematic way of applying finite element method is to construct element
matrices and then assembly over the entire domain, by which we can establish the
global mass matrix. To use this approach, we define the approximated pressure
head in element e and region i as

for quadrilateral element, or

for a triangular element in region i, where B± is the basis function for node I,
and h^ is the pressure head at node 2 in region i.
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Using this approach and for the governing equation for pore region i, we can
define the residue as

i'i

Substitute Eq.(15) into (17) and set the weighted residue to zero by using the
weighting function

W2 . B2 (18)

we have

2=1 4

Eq.(19) can be written in matrix form as,

• T li • [17]

(20)

where [dh/dc )^ and (hĵ - are the column vectors containing the values of dh^/dc
and hi , respectively; [M]£ is the mass matrix of pore region i resulting from
the storage terms; [S]i is the stiffness matrix of pore region i from the
integration of conductivity term; and [G]} , [Q)i , [h]i , are the load vectors
from gravity force, internal source/sink, and boundary conditions for pore region
i, respectively. Because of the interchange terms in Eq.(8), exchange
coefficient matrices [E]^ results.

By repeating the above procedures to each of the pore regions, a set of
(Nxn)x(Nxn) algebra equations results. The subsystem of the linearized equations
describing subsurface flow in region i is essentially the same as that of a
single region flow system, except that an exchange term in multi—region model is
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used to represent the exchanges among different regions. Implicit time
integration of Eq.(20) would result in a very sparse matrix equation. Direct
banded matrix solver in this case will require a huge amount of computer storage
and CPU time. A sparse matrix solver MA28 (Duff, 1980) is thus introduced into
the model to alleviate the problem of CPU memory and time. Although the use of
sparse matrix solvers increases the coding efforts and the program size, it
allows the applications of MURF to realistic problems involving complicated
ciomains and several pore regions.

MODEL VERIFICATION

(1) ponding infiltration

A hillslope ponding-infiltration problem, which is a single—region problem
(Fig.l), is first simulated to partially verify the model and also justify che
use of the sparse matrix solver MA28. The soil properties used in the simulation
are given in Fig.2 and material properties in Table 1. The boundary conditions

Table 1. material properties for the ponding—infiltration problem

p - 1 . 0 g/cm3

g - 980.6 cm/s2

a - 0.0
P - 0.0
n9 - 0.3

Ksx - O.437xlO"2 cm/s
Ksz - 0.437xl0"2 cm/s

Ksxz - 0 . 0 cm/s

where Ksx - saturated conductivity in x direction
Ksz - saturated conductivity in z direction
ksxz - saturated conductivity in x-z direction

are given in Table 2. The pressure head in the entire problem domain is assumed
to be zero at time t - 0. This problem involved the seepage of water from a pond
into the underlying aquifer and the stream downslope of the hill. This pond
provides the source of water which drains into the aquifer and thus seepage into
the stream. The water from rainfall in this problem is considered to be
relatively small compared to the seepage from the pond. This example typifies
a class of problems involving leaching of waste water from storage lagoons. The
result of simulation (Fig. 3) is compared to that by FEMWATER. Due to the
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different matrix solver used in MURF, the simulated result has a slight
difference (less than 0.5%) from that of FEMWATER, which is not shown here.
Because a full pivoting in the sparse matrix solver MA28 is used, the result of
MURF is believed to be more accurate than that of FEMWATER.

Table 2. boundary conditions for ponding infiltration problem

(1) F-G", variable boundary with

h£ - 0.0 cm for t2 0

hs - -15000.0 cm for tz 0

qz and qe — 0.0 cm3/s/cm2 for ti 0

(2) G-H-I*, Dirichelet boundary with

hD - 650.0 cm for ta 0

(3) D-E*, Cauchy boundary with

qc - 4.0xl0"4 cm3 /s/cm2

*see Fig. 1

(2) step drawdown

In their numerical model for flow in fractured porous media, Duguid and Abel
(1974) proposed a system of equations to describe the subsurface flow in
fractured porous media with two different pore regions,

' H / f | £ , -q.-Q (21a)

X - Kj>h2 - g2 - 0 (21b)

An exchange term F is also incorporated in their equations to represent: the
exchange process between different pore regions. Because the computer program
of Duguid and Abel is not available to us, we mimic Duguid and Abel's model using
a slightly modified MURF, in which the cross storage terms are included.
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For the step drawdown problem a fractured porous aquifer is assumed to be
intersected by a surface stream (Fig.4). The aquifer is initially in equilibrium
with the stream, that is, the initial condition is

ht(x,y) ' 0, i=l,2 (22)

At time t — 0, the stream level is assumed to drop instantaneously by 30 ft. The
aquifer is confined by an impermeable aquiclurie above and is semi-confined by an

- / , • • / / ' / / ' / . '

FRACTURED aOROUS LEflKY

Fig 4 problem domain for step draw down problem

aquitard below. The leakage along the contact between the aquifer and the
aquitard is assumed to occur in both the fractures and the primary pores and
takes the form of a Neumann boundary condition. The material properties used in
these simulations are given in Table 3.

Instead of using transient exchange coefficients described by Duguid and Abel
(1974), a steady-state exchange coefficient is used for the problem, which is as
following,

(23)
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Table 3. material properties for step draw down problem

c - 1.6xlO"3 ft P - 2.5xlO"8 ft2/lb
1 - 1.0 ft \i - 2.74xlO"5 lb-s/ft2

d - 40.0 ft p - 1.94 Ib-s2/ft2

Kx - 0.34xl0"
7 ft/s 8, - 0.29

Ki - 0.63xl0"9 ft/s e( - 0.25
Kxx - 0.10x10"* ft/s 8, - 0.005
Kzz - 0.91xl0"5 ft/s d{ - 0.0025

Kzz' - O.62xlO"7 ft/s d' - 100 ft

where c - half spacing of parallel plates in the fractures
1 - characteristic half length of a primary block
d — thickness of the fractured aquifer

d' — thickness of the underlying aquitard
Kj — hydraulic conductivity of the primary pores of the

fractured aquifer
Kj/ - hydraulic conductivity of the primary pores of the

underlying aquitard
Kxx — hydraulic conductivity of the fractures in x

direction in the fractured aquifer
Kzz - hydraulic conductivity of the fractures in z

direction in the fractured aquifer
Kzz' - hydraulic conductivity of the fractures in z

direction in the underlying aquitard
li - water viscosity
Bj - moisture content of the primary pores in the

fractured aquifer
6{ - moisture content of the primary pores in the

underlying aquitard
62 - moisture content of the fractures in the fractured

aquifer
82 — moisture content of the fractures in the underlying

aquitard

The exchange term in Eqs. (21a) and (21b) thus becomes

The boundary conditions for the problem are listed as following,

at x - 0,
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at

at

at

X

z

2

hi - -15

h2 - -15

hi - 0 ft

ft

ft

h2 - 0 ft

- 40 ft,

• * * * * . -

- 0 ft,

0

0,

for t i 0 (25)

for t i 0 (26)

for tiO (27)

for

The total pressure head is assumed to be the sum of h2 and h2.

To compare the single region and multi-region results, the same problem is also
simulated using FEMWATER (Yeh, 1987a). The material and soil properties used in
the single region simulation are

Kxx - 0 >xir* ft/s
Kzz - .91x10 3 ft/s
Kzz' - O.62xlO'7 ft/s
6 - 0.005

P - 2.5OxlO"8 ft2/lb
ji - 2.74xlO"s lb-s/ft2

p - 1.94 Ib-s2/ft2

9' - 0.0025

where Kzz' and 8' are conductivity and moisture content in the aquitard,
respectively.

The fractured leaky aquifer is assumed to constitute only the fractures in the
single region simulation with initial condition given as

h(x,y) - 0 ft

and boundary conditions given as

(29)
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at x - 0,

hD - -30 ft for t z 0 (30)

at x - » ,

hD - 0 ft for t a 0 (31)

at z - 40 ft,

at z - 0 ft,

The solutions for incremental total pressure at a point 30 ft from the outflow
surface are shown in Fig.5. The total pressure for the single—region flow
reaches minimum pressure much more rapid as compared to those of fractured porous
media and multi-region models. The rapid response of single region model is
mainly due to the neglecting of storage effect in the smaller pores or primary
pores in this problem. The model of Duguid and Abel (1974), in which the storage
effect of one region on the other is explicitly given by the cross storage terms
in the governing equations, gives the slowest response behavior. The break—up
of total pressure head to pressure head in primary pores and fractures is shown
in Fig.6 for the simulation using MURF. The fractures response firstly for the
negative pressure change at the outflow position because of the higher
conductivity in the fractures. The negative pressure head in the fractures thus
create a pressure gradient to force the transfer of water from the primary pores
to the fractures. Because of the lower permeability in the primary pores, this
pore region responses slower than the fractures but eventually reaches the
pressure head value in the fractures.

CONCLUSION

The multi-region flow model MURF is first used to simulate a single region
ponding infiltration problem. Because of the different matrix solvers used in
models FEMWATER and MURF, the results of simulations have a slight difference,
which is considered negligible. This partially verifies the multi—region model
and justifies the incorporation of the sparse matrix solver MA28. For a step
drawdown in the outflow position of the fractured porous media the fractures
response aheed the primary pores because conductivity of the former is higher
than the later. The negative pressure head in the fractures creates a pressure
gradient between the fracture and the primary pores. Water thus moves from the
primary pores to the fractures. Physically, the primary pores serve as a storage
for water flowing out of aquifers via the fractures. A single-region model
simply neglects this storage effect due to the exchange of water between



588

fractures and primary pores. This in turn causes the much more rapid response
of the aquifer. The explicit consideration of storage effect of one region on
the other in the governing equations for fractured porous media by Duguid and
Abel (1974) gives the slowest response in the simulations. The multi—region flow
model MURF gives a response comparatively close but more rapid than that from the
model by Duguid and Abel (1974).
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DIMENSIONS IN METERS

Fig 1 problem domain of ponding infiltration problem
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Fig 2 soil properties for ponding infiltration problem
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Fig 3 hydraulic head contour for ponding Infiltration problem
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Fig 5 comparison of single-region model, two-region model (Duguid et. al.)
and multi-region model (current model)
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Fig 6 break-up of total pressure head to those in fractures and primary
pores using MURF


