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Abstract 
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ШЕР Preprint 92149.  Pcotvino, 1992.  p. 14, refe.; 12. 

The QCD sum rule scheme, which allows one effectively to take into account the heavy 
quarkonium pecularities such as nonrelativistic motion and large mass values of the quarks is 
considered. The phenomenological scaling law is derived for the leptonic constants with the 
use of the heavy quarkonium mass spectra. The law describes the data on the values of /ф, j^. 
and /T rather good and predicts / p c . 
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Introduction 

The description of the quark bound states, hadrons is closely connected with 
the study of the QCD behaviour at large distances (r ~ 1/AQCD, ^QCD « 200 
MeV) and with the coloured particle confinement. The inapplicability of the 
QCD perturbative theory in the infrared region leads to the necessity to search 
for some nonperturbative approaches to the strong interaction studies. 

Considering the heavy quarks (m<j 3> AQCO), one is faced with some con

ditions, which through certain simplifications allow one to make an essential 
progress in the investigation of the large distance QCD behaviour. 

First, the heavy quarks may be considered as stationary sources with the 
colour charges. For such sources, one has formulated the square law [1], which 
implies, actually, a linear increase of the quark interaction energy with the 
increasing distance between the quarks. This fact gives, at least, a conceptual 
understanding of the confinement phenomenon. 

Second, the nonrelativistic motion of the heavy quarks in the bound state, 
in combination with the linearly growing potential at large distances and the 
coulomblike potential at small distances due to asymptotic freedom in QCD, 
allows one to develop a phenomenological approach to the description of the 
bound states of the heavy quarks (heavy quarkonia) in the framework of the 
nonrelativistic potential models [2]. These models describe successfully the ex

perimental data on the charmonium and bottomoniuni spectroscopy. Although 
in the consideration of the leptonic decays of the heavy quarkonia, for instance, 
there is a significant dependence of the Ф(0) value (the quarkonium wave func

tion at the origin) on the potential type. Moreover, fitting independently the 
potential parameters over the data on the quarkonium mass spectrum and on 
the leptonic decay widths of different states one obtained a deep discrepancy 
in the parameters values. There are types of the potentials, describing well the 
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mass spectra but imprecisely the quarkonium wave functions, and, vice versa, 
there are potentials, which are applicable for precise description of the widths 
and not applicable for the spectra. Thus, the nonrelativistic potential models 
of the heavy quarkonia give, in average only, a quantitatively true picture of 
the heavy quark interaction at large distances. 

Third, recently the limit of the infinitely large heavy quark mass TTIQ —> oo 
allowed one to state the effective heavy quark theory (EHQT) [3] for the descrip

tion of the mesons, composed of a heavy and light valence quarks. In addition 
to the purely theoretical advantages, such as, for example, the determination 
of the asymptotic behaviour of the leptonic constants / for the pseudoscalar 
mesons with an accuracy up to the twoloop calculations [1], EHQT is a suc

cess in the description of a number of practical problems, such as studies of the 
6 —» с transition in the beauty meson and baryon decays. 

Fourth, the powerful tool in the study of the heavy quark bound state 
properties, is the QCD sum rules [4], allowing one to express some observable 
quantities (fp, for instance) through the values, determined unambiguously by 
different contributions: the manyloop calculations in the QCD perturbation 
theory and the contribution of such nonperturbative quantities as the quark 
and gluon condensates < фф >, < as/vG^G^" > and so on. However, as the 
calculations are made with the truncated set of the QCD perturbation theory 
(so, one takes into account the oneloop corrections only, for instance), there 
is a dependence of the physical quantities on the external parameter in the 
sum rule approach. For example, the result depends on the number "n" in 
the scheme of the spectral function II(Q2) moments or on the Borel transform 
parameter a = 1/M2 in the sum rule .Tormulation with the Borel transforma

tion. Moreover, an additional parameter is a threshold So, discriminating the 
narrow nonoverlapping resonance region from the continuum one, where the 
broad overlapping resonances cause the breaking of the resonant picture and 
lead to the smooth behaviour of the spectral function. In addition, there is a 
dependence on the current quark mass choice. Thus, alongside with the explicit 
discrimination of the perturbative and nonperturbative contributions, the QCD 
sum rules have to reconcile themselves with the dependence of the result on the 
externa] parameters, so that this dependence essentially breaks the predictive 
power of the approach. Nevertheless, one shows reliably that, in the considera

tion of the heavy quarks, the nonperturbative contribution into f^, for example, 
is not significant and is of the order of less than 10%. 

The present paper is devoted to state the QCD sum rules in a form, which 
allows one to use effectively the simplifications mentioned, characterizing the 
system, composed of two heavy quarks. These simplifications are: 
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i) nonrelativistic motion, 
ii) limit of infinitely heavy quark mass, TUQ —» oo, 
iii) inessential value of the nonperturbative contribution. 

The scheme of the sum rules proposed here does not contain any additional 
external parameters, such as "л" or ra", though it needs, in addition to the 
knowledge of the considered state mass, an additional phenomenological param

eter, which is the average mass difference for the nearest states with identical 
quantum numbers, i.e. the value, which is inverse to the state density. 

A phenomenological analysis of tho heavy quarkonium sum rules results in 
a simple scaling law for the lightest Swave meson: 

f 
— — const . 
M 

Thi: obtained values of ff, f$, /т are in a very good agreement with the 
data on the widths of the leptonic decays for ф-, ф- and Tmesons, respectively. 
The value of /BJ. for the undiscovered beautycharmed meson Bc is predicted. 

Thus, the proposed scheme of the QCD sum rules allows one to predict the 
leptonic decay widths of the heavy quarkouia on the base of the mass spectrum 
data. 

1. Heavy Quarkonium Sum Rules 

Let us consider the twopoint correlator functions of the quark currents 

П„„( ?

2) = i J'dW < 0|Г7„(х)^(0)|0 > , (1) 

П Р ( 9

2 ) = ijexe"' <0\TJb(x)4{0)\0>, (2) 

where 

J„(x) = Qi(x)i„Qi(x) , (3) 
Mx) = <3i(zhiQj(*) • (4) 

(5) 

Qi is spinor field of the heavy quark with i = c, 6. 
Further, write down 

П„„ = («?„„ + ^ ) n , ( ?

2 ) + ^ n s ( 9 2 ) , (6) 
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where Пу and lis are &e vector and scalar correlator functions, respectively. In 
the following we will consider the vector and pseudoscalar correlators: Пу(?2) 
and llptf). 

Define the leptonic constants /y and fp 

< 0\J„(x)\V(\) > = ieWfvMve**, (7) 
<Q\hll(x)\P> = ik„fpe*x, (8) 

where 

so that 
•*>,(*) = <3i(*)l57,.QsOO. (9) 

< 0 | J 5 ( x ) | P > = i  ^  e ^ , (10) 

where \V > and \P > are the state vectors of the 1" and 0" quarkonia, and A 
is the vector quarkonium polarization, к is 4momentum of the meson, kpv = 
MPy. 

Considering the charmonium (ф, ф' ...) and bottomonium (T, T', Y" ...), 
one can easily show that the relation between the width of the leptonic decay 
V —* e+e~ and /y has the form 

Г 0 ^ е * О « ? * 4 . $ , (П) 
where e, is the electric charge of the quark i. 

In the region of the narrow nonoverlapping resonances, it follows from 
Eqs.(l)  (10) that 

ЫтП<ГЧ<,2) = E ИЖУЛЯ2  M 2

n ) , (12) 
7Г ti 

i3mn<,""( 9

2 ) = £ ? P n M P n j—±-^stf - MPn), (13) 

Thus, for the observed spectral function one has 

^ З т П ^ ? 2 ) = i s m r r & ' V ) + PrAMp) . ( " ) 
7Г 7Г 

where p(g2, /*2) is the continuum contribution, which is not equal to zero at 
> "

2

. 

Moreover, the operator product expansion gives 

n < « c i V ) = П0""( ?

2 ) + CG{q2) < -G2 > +Q(« 2) < m&Qi > + . . . , 
7Г 

(15) 

?
2

> "
2 
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where the perturbative contribution П' р е г 1 '(д 2) is labled, and the nonperturba

tive one is expressed in the form of the quarkgluon condensate sum with the 
Wilson's coefficients, which may be calculated in the QCD perturbative theory. 

In Eq.(15) we were restricted by the contribution of the vacuum expectation 
values for the operators with dimension d = 4. For Ca (o2) one has, for 
instance, [4] 

,P) 1 g2 /3(3ir»l)(l  v2? 1  v % 4 + 4„ 2 +Зч 
c° = 192^1^ ?\ bfi 1 л ГТ^ ? r <16) 

where 
j» = 9 » („ , ,  , „ , )» , „2 = 1   ^ . (17) 

9 
The analogous formulae for other Wilson's coefficients can be found in Ref.[4]. 
In the following it will be clear that the explicit lorm of the coefficients has no 
significant meaning for the present consideration. 

In the leading order of the QCD perturbation theory it was found for the 
imaginary part of the correlator that [4] 

ЭшП^ '^д 2 ) = ^-~(3ss - f + 6mim2s - 2m$s)e(s - (mi + m2)
2) {Щ 

й7ГЗ
г 

3mnirV) = ^(s-(mi-m^)9(s-(mi+m2f), (19) 

where s — s ~ m2 + m\, s2 = я2 — Am\s. 
The oneloop contribution into 3?гоП(д2) can be included into the consid

eration (see, for example, Ref.[4]). However, we note that the more essential 
correction is that of summing a set over the powers of (a,/v), where v is defined 
in Eq.(17) and is a relative quark velocity, and as is the QCD interaction con

stant. In Ref.[4] it has been shown that the account of the coulomblike gluonic 
interaction between the quarks leads to the factor 

so that the expansion of the F(v) over as/v C 1 restores, precisely, the oneloop 
0(2f) correction 

In accordance with the dispersion relation one has the QCD sum rules, which 
state that, in average, it is true that, at least, at q2 < 0 

1 / 3 m n ^ ( s ) d s = n ( Q C P ) 

7Г ' а — ч 
(22) 
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where the necessary subtractions are omitted. $$mlll-had>(ql) and Tl(QCD\q2) 
are defined by Eqs.(12)  (14) and Eqs.(15)  (21), respectively. Eq.(22) is the 
base to develop the sum rule approach in the forms of the correlator function 
moments and of the Borel transform analysis (see Ref.[4]). The truncation 
of the set in the right hand side of Eq.(22) leads to the mentioned unphysical 
dependence of the fpy values on the external parameter of the sum rule scheme. 

Further, let us use the conditions, simplifying the consideration due to the 
heavy quarkonium. 

1.1. Infinitely Heavy Quark Mass Limit and Nonperturbative 
Contribution 

We assume that, in the limit of the infinitely heavy quark mass, the power 
corrections of the nonperturbative contribution are small. From Eq.(16) one 
can see that, for example, 

Л ' ) ^ - 0 , m,.,-.oo, (23) 

where v, and m\ - таг are fixed, q2 ~ (mi + ГО2)2, when 3mII l '" r t )(? 2) ~ 
(mi + mif. It is evident that, due to the purely dimensional consideration, one 
can believe that the Wilson's coefficients tend to zero as l/m\2. 

Thus, the Emit of the infinitely heavy quark mass implies that one may 
neglect the quaikgluon condensate contribution. 

1.2. Nonrelativistic Quark Motion 

The nonrelativistic quark motion implies that, in the resonant region, one 
has, in accordance with Eq.(17), that 

v -> 0 . (24) 

So, one can easily find that in the leading order 

ЗтП5Г"(«) и ЭгоП{Г°(«)  ~ s , (25) 

so that with account of the coulomb factor 

т*тт-
 ( 2 6 ) 

one obtaines 
<XmTl%?\s)~fs. (27) 
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Therefore, in the limit of the nonrelativistically moving heavy quarks, one 
may write down 

3 m I I < ? C D V ) * S™n<?c o>(«2) ~ fq* . (28) 

1.3. "Smooth Average Value" Scheme of the Sum Rules 

As for the hadronic part of the correlator, one may write down for the narrow 
vector resonance contribution 

П0«>(,*) = / _ i l  £ / * , < , * ( .  . < ) , (29) 

П?" V) = / ^ E />.-J&^(, - MJ.) . (30) 

The integrals in Eqs.(29)(~0) are simply calculated, and this procedure is gen

erally used. 
In the presented scheme, let us introduce the function of the state number 

n(s), so that 
n(m\) = к . (31) 

This definition seems to be reasonable in the resonant region. Then one has, 
for example, that 

i ЗтП<Г'>(*) = *#«.) 5 £*( • - M

bk) • (32) 
Further, it is evident that 

and Eq.(29) may be rewritten as 

n("5)f„2\ f <fo ,2 <*n(s) d r^o, , , , , . , 
n

v <«> = У тг?»'".(.,-j-j-E^-*).
 ( 3 4 ) 

The "smooth average value" scheme means that 

n ("V)=<^E^^)> 1-^.uJOgL. (35) 
It is evident that, in average, the first derivative of the steplike function in the 
resonant region is equal to 

< ^ E 0 ( "  * ) > * ! • (36) 
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Thus, in the scheme one has 

<^V)>«/^/L W ^, (37) 

< n (

;-V) > * / *,/*}*> ^ . (за) 
" ' J s-q2 (mi + mi]2 ds ' 

Eqs.(37)(38) give the average correlators for the vector and pseudoscalar 
mesons, therefore, due to Eq.(22) we state that 

3m < П<4'"")(9

2) >= 3 m n « ^ V ) , (39) 

that gives with account of Eqs.(28), (37) and (38) at the physical points s„ = M2 

Мл к Ai ' ( 4 0 ) 

where we use in the limit of the heavy quarks, that for the lightest resonances 
one has 

m i + m i » W , (41) 

so that 
fv« a fPn = /„ . (42) 

Thus, one can conclude that the QCD sum rules give for the heavy quarkonia 
the identity of the fp and fy values for the lightest pseudoscalar and vector 
states. 

Eq.(40) differs from the ordinary sum rule scheme because it does not con

tain the parameters, which are external to QCD. The quantity dMn/dn is purely 
phenomenological. It defines the average mass difference between the nearest 
levels with the identical quantum numbers. 

Note, in the Borel sum rules, the derivative procedure over a gives the 
possibility to find both the constants / and the bound state mass versus the 
current quark mass choice. 

It must be noted, that the approximation made implies that we neglected 
the continuum contribution in the resonant region, and this assumption is valid 
for the lightest states only. 

The relations, connecting / with the dMn/dn value, were derived in some 
other ways, so in the quasiclassical approximation [5], in the sum rule analysis 
with the use of the EulerMcLohren transformation [6] and by the double action 
of the Borel transformation [7]. 



2. Sum Rule Analysis 
For the numerical estimates of the / values in Eq.(^O), it is necessary to 

find the phenomenological quantity dM„/dn. 
Let us consider the spectroscopy on the base of the experiment .ta for 

(V>, Ф'), (T, T', T") and (ф, ф') [8] and on the base of the nonrelativistic 
potential model predictions for the B+mesons [9]. 

One can ses from Table 1 that the mass difference of the vector states very 
slightly depends on the flavour of the heavy quarks composing the mesons. 

Table 1. The Mass Difference for the Lightest vector States with the 
Prescribed Valence Quark Contents. 

state mass difference in MeV 
Ф 660 
Ф 588 
Bc 600 
T 563 

Remember, that sum rules (40) are derived with the assumption of the 
smallncss of the meson pair continuum contribution (as В В for the Tparticles). 
The maximum number of the levels below the threshold is in the Tparticle 
family, so that 

< ^ r > - \ ^ M T ~ M T ) + ( M T " " M v ) ) • (43) 

This formula gives in the determination of the Tparticle masses the error of 
tbe order of 50 MeV, so 

< ^p- > ~ (450 ± ICO) MeV . (44) 

inerefore, in the definition of the / value the error is of the order of 10%. 
On the base of Table 1 data, we suggest in what follows that 

dM , ч 

< -г- >= const, (45) 

independently of the heavy quark flavours in the quarkonium. 
Let us prove that statement (45) h valid with an accuracy up to the cor

rections of the order of ln/i'/д in the heavy quark systems with the reduced 
masses y, and ц', if in the nonrelativistic description of the quarkonium one 
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has the condition, in accordance with which the average value of the kinetic 
quark energy in the bound state is significantly less than the average value of 
the potential energy 

f < V . (46) 
Assumption (46) implies that ae may neglect the heavy quark motion in com

parision with the potential energy, i.e. the energy of the bound state is deter

mined by the energy of the gluon field, binding two stationary sources of the 
colour charge. 

Then, assure ig that V[r) is the homogeneous function of the coordinate, 

V(r) = V0 (Ar)* , r = |f|, (47, 

one can easily find from the virial theorem that 

So, inequahty (46) may be rewritten as 

к « 1 . (50) 

Then the quantization of the Swave states by the BornOppenheimer procedure 
leads to the condition 

7„ = -fdrfirtEn-Vir), (51) 
Jn = n ft , (52) 

, 1 уКмГ/Ял«Г(3/2)Г(1 + 1/к) 
" ~ A > r V * M °\V0) Г(3/2 + 1/*) • 

(53) 

One can easily find that 

E n = V a ( ^ ) ™ . (54) 

So for the dependence of dM„/dn on the ц parameter, i.e. on the type of the 
quarks entering the meson, one has 

dM_ 
~dn 

- 2 * 1 /П
2

/* 0 Ч5& 
= ¥о

2Тк^Л~) ' ^ 
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so that at low к (see Eq.(47)) and at restricted fi, which is valid for s, с , 
bquarks, one gets for the mesons with different quark contents that 

•J*(l-|hJ). (56) 

One can see that the statics of the heavy quarks implies that the quantity 
dM„/dn is constant with the accuracy up to the logarithmic corrections over 
reduced mass (56). 

Note, that in the spectroscopy of the heavy quarkonia the dependence (47) 
is known to be the Martin's potential or power law (see Ref.[2]), where 

к ~ 0.1 , (57) 

so that the error in condition (45) is of the order of 10%, as it follows from 
Eq.(56) and Table 1. 

As for the value of as in Eq.(40), we believe that its value is determined 
by the characteristic virtuality of the gluons, which bind the quarks into the 
meson. As the typical size of the heavy quarkonium is approximately one and 
the same r ~ 0.3 fm, we state that 

a, = const. (58) 

This statement agrees with the flavour independence of the heavy quarkonium 
potential such as the Cornell model (see Ref.[2]), where 

a, = 0.36 . (59) 

From Eqs.(45) and (58) it follows that, in the limit of very heavy masses, one 
has the scaling law 

/
2 

4 T = const, (60) 
M-

independently of the heavy quark flavour. 
Note, Eq.(60) essentially differs from the result derived in EHQT for the 

mesons with a single heavy quark, where 
fM = const, (61) 

with the accuracy up to the loop corrections. 
The numerical estimates of the leptonic decay constants of the heavy quarko

nia are shown in Table 2 in comparision with the experimental data and other 
model values. One can easily see that the Borel sum rules [10] underestimate 
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the values of fa and fgc, so this underestination seems to be caused by the 
ambiguity of the choice for the a parameter and for the continuum threshold 
value /A 

Table 2. The Experimental Values of the Leptonic Constants for the 
Quarkonia in Comparision with the Estimates of Different Models. 

quantity exp. present [7] [101 [И] [12] 
/ • 232 ± 5 230 ± 25    
/ • 3S4 ± 13 400 ±40 365 ±40 320 ± 40 - 
/ T 714 ± 14 700 ±70 620 ±60 500 ± 100 - 
!BC  570 ± 60 375 ±40 360 ±60 510 ± 50 570 ± 60 

One can see from Table 2 that presented scaling law (60) is applicable very 
well to the b and cquarks. Surprisingly, one finds the agreement of the model 
with the experimental value of fф, because the squark is not so heavy (m5 « 
500 MeV) as с and b, and i^meson is placed in the region, where there is a 
continuum contribution of the К К pairs, which were neglected. 

Conclusion 

In the QCD sum rules for the constants of the leptonic decays of the heavy 
quarkonia the application of the assumption about the heavy nonrelativistic 
quarks allows one to describe rather precisely /^, /ф and / j and to predict 
fec- The phenomenological analysis of the sum rules, with the use of the heavy 
quarkonium mass spectra, leads to the scaling law 

f 
rrz = Const , 
M 

which implies that one may neglect the kinetic quark energy in comparision 
with the potential one, and this signifies the essential difference from the case 
of the mesons, containing the single heavy quark, where the account of the 
power and relativistic corrections are of importance. 
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