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ABSTRACT 

A non-degenerate 3-photon micromaser is analyzed. A 4-level atom is taken and 3 
modes of the field are considered. The model is solved for the case of resonance and 
the master equation for the density matrix is obtained. Semi-analytical solutions are 
obtained under specified approximations. The three modes can exist depending on the 
time of interaction. 
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Preface 

The ICTP-LAMP reports consist of manuscripts 
relevant to seminars and discussions held at ICTP in the field 
of Laser, Atomic and Molecular Physics (LAMP). 

These reports aim at informing LAMP researchers on 
the activity carried out at ICTP in their field of interest, with 
the specific purpose of stimulating scientific contacts and 
collaboration of physicists from Third World Countries. 

If you are interested in receiving additional 
information on the Laser and Optical Fibre activities at ICTP, 
kindly contact Professor Gallieno Denardo, ICTP. 



1 Introduction 
New methods of atomic physics, in particular high resolution laser spectroscopy have 
opened the field of matter-radiation interaction for experimental investigations, when it 
became possible to prepare simple physical systems with extremely large polarizabilities. 
Those include highly-excited states, the so-called Rydberg atoms, which can be strongly 
coupled to the radiation field, and can usually be treated as one-electron system [1]. The 
operation of micromasers [2] requires not only resonance of an atomic transition, and a low 
order cavity resonance, but also negligible damping of the cavity field. The coupled phys
ical system of atom and field evolves without perturbation during observation time, and 
the radiation energy can be many times exchanged with the atomic system. Micromasers 
are operated with Rydberg atoms and resonators reaching very high-Q values. This situ
ation realizes one of the fundamental theoretical models of radiation-matter interaction, 
namely the Jaynes-Cummings Model (JCM) [3]. In this model the cavity field retains 
only one degree of freedom, and the atom is a two-level system. In the rotating wave^ 
approximation (RWA), it allows exact solutions. The fluctuations of the micromaser field 
at low intensities are dominated by its discrete nature. Predicted properties of this model 
such as collapses and revivals [4] have been observed [5]. Also vacuum Rabi splitting for 
a single atom in an optical cavity [6] has been observed [7]. Furthermore, excited atoms 
injected into the micromaser not only pump the cavity field but also serve as probes to 
measure field quantities [8]. 

Micromasers have been operated for single and degenerate two-photon transitions [2]. 
The case of non-degenerate two-photon transition has been discussed recently [9]. In this 
article we analyze the case of a three-photon micromaser. As usual, it is assumed that 
atomic decay is neglected while traversing the cavity, i.e. the atomic life-times are much 
longer than the time taken by the atom to traverse the cavity. 

The plan of the article as follows in Section 2, we introduce the model. The equation of 
motion for the density matrix is considered in Sec. 3. In Section 4, solutions to the mean 
photon numbers in the different modes are discussed under specified approximations. 
Some conclusions are drawn in Section 5. 

2 The Model 
We suppose an a tom of 4 energy levels with upper-state |e), ground state \g), and two 
intermediate states (|1) and |2)) with energies u>e > u>\ > UJ2 > <-L>g respectively (see Fig. 
1). The transitions |e) <-> |1), |1) <-> |2) and |2) <-> \g) are affected by single photons 
from different modes of the radiation field their energies are f ,̂ fi2

 a n d ^3 respectively. 
This system can be described in the rotating wave approximation (RWA) by the following 
Hamiltonian in 

3 

H = ue\e)(e\+u1\l)(l\+u2\2){2\+cjg\g){g\ + J2^j4aJ 

+ {A1a1 |e)(l | + A2a2 | l )(2| + A3a3 |2)(^| + h.c.} (1) 

where a,i(af) is the radiaiton field annihilation (creation) operator of the ith mode, and 
A; are the coupling constants between the atom and the field. These coupling constants 
are proportional to the expectation values for the dipole moment operator between the 
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states concerned. In what follows we assume exact resonance between the atom and the 
field, i.e. 

tti = u>e — u>i, tt2 = k>i — u>2 and fi3 = u2 — wg . (2) 

Due to the structure of the Hamiltonian, and its constants of motion, it is observed 
that the Hilbert space of the system splits into subspaces spanned by the states 

\e;NltN2,N3),\l]N1 + l,N2,N3),\2;N1 + l,N2 + l,N3) 

and 

Isr; ̂  + 1 , ^ + 1,^3 + 1) (3) 

where |iV,) is the Fock state having iV, photons of the ith. mode. In this subspace, we can 
expand the wavefunction of the system in the interaction picture, at any time t > 0 in 
the form 

\m) = ce(NuN2,N3,t)\e;NuN2,n3) 

+c1(Ni+l,N2,N3,t)\l;N1 + l,N2,N3) 

+c2(N1 + 1, N2 + 1, N3, <)|2; K + 1,N2 + 1, N3) 

+Cg(N1+l,N2 + l,N3 + l,t)\9;Nl + l,N2 + l,N3 + l) (4) 

where the c's stand for the time-dependent amplitudes. Their time evolution can be 
obtained from solving the Schrodinger in the interaction picture. The following set of 
simultaneous differential equations is obtained 

d 
i—C = M C 
dt 

(5) 

where C is the column matrix 

LCg 

with the arguments suppressed for brevity and M is the square matrix 

M 

0 AiV^Vi + 1 0 

XiVNT+T o x2^/I^TT 
o 
o 

0 A2VA 2̂ + 1 0 A3//V3TT 
0 0 x3^/N3~TT 0 

The eigenvalues of M in this case are 

ul = l-nR ± y^-AXixK^ + i^Ns + i) 

with 
n2

R = Xl(N! + 1) + X2
2(N2 + 1) + X2

3(N3 + 1) . 

Thus £IR is the stimulated Rabi frequency for this model. 

(5a) 

(5b) 

(5c) 
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When the atomic system starts from its excited state |e) and the field modes in vacuo 

i.e. 
ce(Ni,N2,N3,0) = <5;v,o<W<W, Ci = C2 = ca = 0 

the set of equations (5) admits the solution 

ce(Ni,N2,N3,t) = A+cosu+t + A_ cosu_t 

(6) 

c 1 (^ i + i , ^ 2 , ^ 3 ; < ) = 

0 2 ( ^ + 1,^2 + 1; ^ 3 , <> 

—I 

1 

AiA2V/(iVi + l)(iV2 + l) 

+A-(u2_ - A?(JVj + l))cosco_t} 

(A+u+ smu>+t — A_u_ smuj_t) 

{A+(u\ -\\{Ni + l))coscc>+£ 

and 

c3(iVi + i,iV2 + i,iV3 + i , 0 = 
AiA2A3V/(M + l ) ( ^ 2 + 1 ) ^ 3 + 1) 

A+u+fal - A^JVj + 1) - Xl(N2 + 1)) sinu+t 
+A_u.{u2_ - \\{NX + 1) - \\{N2 + 1)) sin u_t 

w here 

A± = ±-
Ul — W-

;[u>l - \2
2(N2 + 1) - \2

3(N3 + I)] 

(7) 

(7a) 

When we let A3 —• 0, we find that u>- —• 0 and u>+ —• (IR of the 3-level atom and 2 modes 
and the formulae (7) coincide with those of Refs.[9]. 

3 The Density Matrix 
With these amplitudes calculated, we can write down the equation of motion for the 
density matrix operator. When the time of flight (£,-nt) for the atom across the cavity is 
much shorter than the cavity damping time r,- = — for the mode i, the density matrix 
equation of motion takes the form [9], [10]. 

7 t 

dp dp 

~dt ~ ~dt 
+ Lp (8) 

gam 

where the dissipation in the cavity with nt thermal photons present is represented by 

Lp = (nt + 1) ] T -^{2aipal - af^p - pafa{} 

(8a) 

When we take the pumping rate for the atoms to be r , and the distribution for the 
atoms traversing the cavity at time t to be g(t), then the equation of motion for the 
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probability distribution function P(N\, N2, N3, t) which is the diagonal term in the density 
matrix in the Fock state representation, is given by 

jtP(NuN2,N3,t). = r[Jg(t)dt{(-l + \ce(NuN2,N3,t)\
2)P(NuN2,N3) 

+\ci(NuN2,N3,t)\
2P(N1-l,N2,N3) 

+\c2(Nl,N2,N3,t)\
2P(Nl -1,N2- 1,7V3) 

+\cg{Nl,N2,N3,t)\
2P(N1 -1,N2- 1,N3 - 1)}] 

+ K + l)[7i{(M + l)^(^i + l,N2,N3) - NiP^N^Ns)} 
+^{(N2 + 1)P{NUN2 + 1,N3) - N2P(Nlt N2, N3)} 

+73{(A^3 + l)P(NuN2, N3 + l)- N3P(NU N2, N3)}} 

+nthi{N1P{N1 - 1, N2, N3) - (N + 1)P(N,N2, N3)} 

+-/2{N2P(NUN2 - 1,7V3) - (7V2 + 1)P(NUN2,N3)} 

+f3{N3P(NuN2,N3 - 1) - (7V3 + l)P{NuN2,N3)}) (9) 

This equation gives the time evolution of the probability distribution function. The 
structure is rather complicated, we shall apply some approximations in order to handle 
it. 

4 The Mean Photon Number; and Steady State So
lutions 

Once the probability distribution function is evaluated, it is easy to calculate the equation 
of motion for any function of the field photon numbers. In effect we find that the mean 
photon number in the different modes of the field obey the following equations of motion: 

(Ni) = 1i(rh-W)+rj9(t)dt(l-\ce(NuN2,N3;t)\
2) 

(N2) = 7 2 (nt-( iV2)) + r y ^ ) ^ ( | C 2 ( i V 1 + l,iV2 + l,7V3;t)|2) 

+ |c3(7V1 + l , iV+l ,JV 3 + l;*)|2> 

(Ns) = 73 (n t - ( iV 3 ) )+ ry^ (0^ ( | C 3 (7V 1 +l , iV 2 + l,iV3 + l ;0 | 2 ) (10) 

where ((...)) =
 12NUN2,N3(' • -)P(Ni,N2,N3) is the average over the photon numbers. The 

integral in these formulae represents the rate of gain of photons in the field mode due to 
the emission from the pumped atoms in the cavity. The first term represents the rate of 
loss of the photons from the cavity due to coupling with the thermal bath. This process 
depends on the excess of the number of the photons in each mode over the thermal photons 
in the cavity. 

In order to get some semi-analytical solutions for the non-linear coupled set of equa
tions (10), we shall resort to some approximations. When the semi-classical approximation 
(Ni + 1) — (Ni) and the decoupling approximation [9,10] 

(Nf'N^Ni*) = ( iVi ) 5 l (^ 2 ) 5 a ^ 3 ) 5 3 (11a) 
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are used, the latter equations become tractable. When we further neglect the variation 
in the time of flight of the atoms across the cavity, i.e. 

g(t) = 6(t-tint) ( l i b ) 

we arrive at the following set of equation in the steady state case (i.e. (Ni) = 0) 

"3 = — nt + \cg(ni,ri2,ri3,T)\2 

r 

"2 = -(72 -73)™* + ™3 + |c2(ni, barn2,n3,T)\2 

r 

"1 = - ( 7 1 - 7 2 ) ^ + ^ 2 + | c i ( n i , n 2 , n 3 , T | 2 (12) 
r 

where n,- = y(Ni)s is the scaled photon number in the steady state, and the scaled time 

T = \,f^-iint is used (it is usually termed the tipping angle 0 for the atom in the cavity 

[9]), with A and 7 as idealized coupling and damping factors respectively. The ratio 

( r ) (usually termed Nex [9]) represents the average number of atoms pumped during the 

cavity damping time. The amplitudes appearing in (12) are now given by 

ce = A+ cos u+T + A- cosu-T 
—1 

c\ = _ [A+u+sin u+T + A-s'm u-T] 
y/aiUi 

c2 = , _ =.[A+(u2, — aifii) cosu+T -f A-Uij. — aifii) cosu-71] 
-v/a1a2nin2 

and 

cg = , _ {A+u+ju2, — a in , — a2n2) sin u+T (13) 
y ^ l « 2 « 3 ^ 1 ^ 2 ^ 3 

-fA_u_(u_ — a\hi — 0,2112) sin u_T] 

A? 

with a; = -fi— parametrizing the difference in coupling constants and damping factors for 
the different transitions and modes; while 

2u2± — axni -f a2ri2 -f 03^3 ± y ( a i n i + °2"2 + 03"3)2 — 4a i a 3 n in 3 

and 

A± = ± - 2 2-{t4 - («2«2 - 0 3 ^ 3 ) } (14) 

We look at solutions to the set (12) in what follows in the case of a very cold cavity 
(i.e. nt = 0) and equal coupling constants (A,- = A for i — 1,2,3) and equal damping 
factors for the different modes (7; = 7 for i = 1,2,3) (i.e. a,- = 1). It is easy to show 
that the set of equations (12) under the above mentioned conditions admits the following 
solutions: 

(i) ni = n2 = n3 = 0 for 0 < T < T0 

where T0 is the threshold, in this regime the upper state |e) is populated while the 
rest are empty 

(ii) nx = sin2 ^/n[T n2 = 0 = n3 T0 < T < T^ = f . 
Only the first mode is excited during this regime, and the level |e) starts to depopulate 

until it is empty at T — 7\ when the state |1) starts to be populated 
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(iii) n i = 1, n2 = - cos V I + n2T and n 3 = 0; 7\ < T < T2 = ^ - . 
Here we have photons in the two modes and the level |e) is depopulated along this 

period, the level |1) s tarts to depopulate until it is empty at T2, thence level |2) s tarts to 
populate 

( iv . )m ^ 0, n2 ^ 0, n3 ^ 0 for T > T2. 
Now the three modes are present in the cavity and other levels start to repopulate 

until 
(v) At the special value T3 = -yrr, we have hi = h2 = h3 = h = 0.973, a local 

minimum for hi and h2 at which the two intermediate levels 1 and 2 are empty while 
most of the population rests in the ground level \g) with very small population in the 
uppermost excited level |e), see Fig.2. 

This lat ter case has no counterpart in the two-photon micromaser [9]. After that the 
number of photons in the three modes fall down rather slowly as shown in figure 2. 

5 Conclusions 

A three non degenerate photon micromaser has been investigated. The equation of motion 
for the density matrix is obtained, and the probability distribution function is calculated. 
The mean-photon numbers in the different modes are obtained. The equations are coupled 
and highly non-linear. The steady state solutions are obtained. When semi classical and 
decoupling approximations are considered, the set of equations become tractable and a set 
of semi-analytical solutions are discussed. Depending on the interaction time t{nt (through 
the scaled time T) the three modes can be present at the same time. The mean photon 
number in the two modes 1 and 2, show local minimum at T3 = -M? with h = 0.973 which 
is not present in the two-photon micromaser [9]. 
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