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1. Introduction.

Electronic properties of the carbon cluster Ceo have been extensively studied

in the last few years both theoretically and experimentally . It is now clear

that the Ceo molecule has a truncated icosahedron structure where the four

valence electrons are hybridized in a sp2 configuration leading to three strong a

bonds and a weaker 7r bond1. The TT electrons form a system of 60 interacting

electrons on the inner and outer surfaces of the soccerball-like carbon cluster.

They determine important properties of the fuilerene molecule as for example

ionization energy and conductivity.

Collective excitations related to n electrons have been recently1'2 observed

in crystalline Ceo around 6-7 eV exhausting about 1/2 of the total integrated ir

oscillator strength. Beyond this IT plasrnon resonance, another broad resonance

at about 25 eV has been observed and interpreted as a plasmon of all the valence

electrons (it + a electrons). This high energy collective state has been also

observed in photon ionization experiments3 on free Ceo clusters where the photon

yield is dominated by a strong resonance at about 20 eV. The n plasmon in free

Ceo has been observed only very recently4 in electron energy-loss studies and

turns out to be exactly at the same energy as the TT plasmon in crystalline

fullerene.

The plasmon of all the valence electrons has been theoretically5 studied

in Ceo by using linear response theory together with a tight-binding model for

the single-particle excitation spectrum. Only a hydrodynamical calculation6 is

presently available for the low energy n collective state in the fullerene molecule.

In this paper we study the effects of RPA correlations on the excitations of
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7T electrons in COO by using two microscopic approaches: the sum rule approach

and linear response theory. In our approach the charges of the nuclei and the

core electrons (including the 180 deeply bound a electrons) are assumed to be

uniformly distributed inside a spherical shell of finite thickness. The 60 weakly

bound electrons move in a self-consistent potential resulting from the external

potential generated by the above charge distribution and from the electron-

electron interactions. Of course we do not expect in this model that the single-

particle wave functions of the 60 active electrons will have a node in the surface

region as happens for the TT electrons in the free carbon atoms. However, this

should have little consequence in the excitations we study here since these involve

only transitions among the active electrons and not those deeply bound. A

similar model has been used in ref.[7] to study ground state properties of Ceo in

the framework of the Thomas-Fermi theory. Our model reproduces reasonably

well the measured3 value of the ionization potential of Ceo and provides a direct

estimate of the electron density which is the key quantity for the evaluation

of sum rules. The RPA response function is then obtained by solving the RPA

equations in the space of electron particle-hole configurations. The results of this

diagonalization are compared with experimental results and with the findings of

the hydrodynamical model.

2. The sum rule approach.

The sum rule approach provides a useful tool to investigate the structure

of collective modes in many-body systems8 . In alkali clusters it has been used9

to predict the splitting of the dipole surface resonance due to the cluster defor-

mation. In the following we apply the sum rule approach to the study of the n

3



• J*t"

. • • *

• i

' %

i 1 '

À

plasmon in CW We assume that the Hamiltonian for the N=60 active electrons

can be written in the following form (we use atomic units):

,•=1 - - • «-CJ i * * — -•-,- I TT ]

The first term in (1) is the kinetic energy term including an effective mass mc,

the second one is the Coulomb interaction between the active electrons, whereas

the last one is a local external potential generated by the charge Z of the nuclei

and core electrons (including a electrons). If the fullerene molecule is neutral

then Z is equal to N . The quantity mc is the so called crystalline effective

mass10. It simulates possible non-local effects in the external potential arising

from the non-uniformity of the ionic charge distribution. The potential Vext

obeys the Poisson equation

(2)V2Vezt(r) =

where pi is the ionic density.

Using the Hamiltonian (1), one can evaluate the two sum rules

TTi1 = f S(u>)u;du> = \<0\ [D1[H, D]] | 0 >

m3 = J S(u>)u>3du, = \ < 0 \ [[D, H], [H, [H, D]]] \ 0 >

where |0 > is the ground state , 5(w) is the strength function

S(u) =

and D is the dipole excitation operator

N

(3)

(4)
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In eq.(4), the states | n > with corresponding excitation energies wno = un -u>0,

are eigenstates of the interacting many-body system described by the Hamilto-

nian H. Explicit evaluation of the commutators in eqs.(3) leads to

N
mi =

2mc

(6)

where /?o(r)iS the ground state electronic density and in deriving eq.(6) we have

assumed spherical symmetry for the Cao ground state and used eq.(2).

One can estimate with the help of eq.(6) an average excitation energy of the

dipole strength distribution induced by the operator D. This energy is defined

as the ratio:

'• (7)

If one assumes that the ionic density is uniform inside a spherical layer of finite

thickness, then one finds the following result for uiy.

[TT SN. (8)

In eq.(8), u>c = J\^P = J,Hi1 Ri\ is the "classical Mie frequency", Ry and R2

are the radii of the layer and 6N = /P < f i .r>R drpo{r) is the number of electrons

outside the volume of the ionic layer. Equation (8) reveals in an explicit way the

role of the effective mass and of the spillout of the conduction electrons across

the inner and outer surfaces of the ionic layer in changing the frequency of the

dipole mode with respect to the classical value uc. We can compare the result

(8) with the predictions of the hydrodynamical model by rewriting W3 in the

following form:

w» = _Lw»h _ l ( i + Cl* (9)

I .-
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On the other hand the hydrodynamical model gives two solutions11'12

(10)

with » = jjL. The solution w_ (w.f) corresponds to oscillations of the electrons

on the outer (inner) surface of the layer. It has been shown that the solution

w+ exhausts much less strength than the w- solution12. The sum rule result (9)

follows qualitatively the behaviour of w_ as one can readily see by noting that

when x = l then Ri = R2 and ^ = I whereas for x = 0 then ^ 1 = 0 and ^

becomes very small so that u>3 ̂  W-.

In the next section we shall explicitly evaluate the number of spilled out

electrons in Ceo clusters by calculating the electron density in the local density

approximation (LDA). Knowledge of the electron density allows the evaluation

of the sum rule ma and of the average energy ui^. The sum rules mi and /713 are

also used as a check of the dynamic RPA (the so-called TDLDA) calculations

which, as it is well known8, conserve these two sum rules.

3.Static and dynamic calculations.

The energy density functional associated with the Hamiltonian (1) is written

+ J v"{p, r)dr + J Vet(r)p(r)dr + E1

where r = J^ ,-=1 I ̂ Vi |2» P = 53i=i I Vi |2 a n d ^ e <fi are electron single-particle

wave functions. The sums run over the occupied states. The contributions

to E(p,r) are respectively a kinetic energy term with an effective crystalline
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mass, a direct Coulomb term, an exchange-correlation term vxc of Slater and

Gunnarsson-Lundqvist types13, the interaction with the external potential VKX

and the ion-ion potential energy Ei. For an ionic density (including the deeply

bound <T electrons) uniformly distributed in a layer having a mean radius equal ,,..

to the experimental radius R=3.50 A and of thickness t one has(i2i = R — t/2,

R2 = R + t/2)

-
r

Rl)
Ri) T-Rl

yielding

From the energy functional and from the variational principle subject to the

normalisation condition J" | (pi |2 dr = 1:

S(E - Y^1 e, \<Pi I2 dr) = 0 (14)
i

one gets the equations

V2

[-—-- + v(p,r)dr]<pi(r) = e,-p,-(r),

which are solved self-consistently by the usual iteration procedure.

The thickness t of the jellium layer has been fixed equal to 1 A which is

• • 'f , approximatively the size of carbon atoms. Results for the limiting case 1 = 0 will
i • • •

.i
be also presented and discussed. An effective crystalline mass mc = l.5me for the ^-

fx
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active electrons has been used throughout. This value is close to the findings of

pseudopotential calculations14 and is consistent with the experimental1 finding

that the 7r electrons integrated oscillator strength is lower than 60.

We have calculated the C ô ionization potential $ through the formula

= [E(Z = 60, N = 59) - E(Z = 60, N = 60)] (16)

where E(Z,N) is the total energy of the fullerene molecule with N active electrons

and Z ions (including cr electrons). We find $=6.9 eV to be compared with

the experimental value3 of 7.54±0.04 eV. In the case of zero thickness eq.(16)

gives $=8 eV. From the obtained results for $ one can conclude that the 60

weakly bound electrons play an important role in determining the ground state

properties of the Ceo cluster.

The self-consistent potential ( with the single-particle energy levels) and

density are reported in figs. 1 and 2, respectively for the t = 1 A case. They are

both peaked at the surface, but the electron density extends outside the jellium

volume. There is an important spillout effect which is calculated to be j ^ - =0.33,

so that about 20 electrons are outside the jellium layer. This effect together with

that of the effective mass , strongly decreases the average excitation energy 0*3

with respect to the classical value. One gets W3=8.9 eV to be compared with

wc = 13.3 eV. In the t=0 case one gets W3=IO eV.

The spillout of the active electrons outside the jellium layer has an impor-

tant consequence for the static polarizability of Ceo- This can be easily seen by

using the inequality8 ^ - < ^ and the relation a = 2m_i yielding

— 1 6N x I

K'
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With the values of Ri and R2 adopted in this work and our calculated spillout,

this leads to a > 60 Â3 to be compared to the best theoretical estimate a ~ 64

Â3 calculated in ref.[14].

The energy w^ gives only an upper limit for the dipole n plasmon excitation

energy in Ceo- In fact, as one can see from their definitions, both 7713 and m\ can

have important contributions from the high energy tail of the strength function

S(w) due to the energy factors w and w3, respectively. The strength distribu-

tion S(u) can be calculated in the framework of the RPA, by diagonalizing the

residual particle-hole (p-h) interaction

J QPyZC
Vp^T1 - T2) = — — + -^J-S[T1 - T2) (18)

in the space of one-particle one-hole excitations built on the single-particle spec-

trum resulting from the self-consistent, static calculation discussed above. This

standard procedure yields the RPA eigenfrequencies wn and the corresponding

transition probabilities | < 0|£)|n > |2 from which the strength function (4) is

obtained. We have discretized the single-particle spectrum, obtained by solving

eqs.(15), in a spherical box of radius 2.5 R (R=3.5 A is the jellium mean radius).

The p-h space includes single-particle states with energies up to 25 eV. With

this choice the energy-weighted sum rule mi is fulfilled within 0.1% and the

cubic one 7713 within 2-5%. We have also checked the insensitivity of the results

against changes of the box radius .

In fig.3 we present the RPA oscillator strength:

/(w) = 2mewS{u3) (19)

as a function of the excitation energy, together with the results of the free

(uncorrelated) case. For the sake of presentation, the discrete distributions have

9
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been folded with a Lorentzian factor of width 7=0.4 eV. From fig. 3 one can see

that the effect of RPA correlations is crucial in shifting the dipole strength from

the region around 2-3 eV to the one around 7 eV. The RPA polarizability turns

out to be 82 Â3. Our calculation compares very well with the experimental

7T plasmon spectrum observed1-2'4 both in free and crystalline Ceo around 6.5

eV. The measured oscillator strength1, obtained by integrating the observed

strength up to 8 eV, is equal to 20. In fig.4 is also shown the RPA integrated

oscillator strength. The RPA integrated strength at a>=8 eV is 29, in reasonable

agreement with the above quoted experimental value. Note that the theoretical

value of 40 corresponding to mc = 1.5me (see eq.(6)) is reached in the region

u ~ 30 eV.

In fig. 4 we present the corresponding results for the limiting case of zero

thickness for the jellium layer. From the comparison with fig. 3 one can see only

minor changes which do not affect the general tendency. The polarizability is

slightly changed to the value 72 Â3 thus indicating that the low energy excitation

spectrum is a little bit shifted towards high energy with respect to the t= l case.

The present calculation compares well also with the hydrodynamical result

of ref.6 where a single state (ir plasmon) is predicted at 6.5 eV exhausting an

oscillator strength of 40. The RPA-tight-binding calculation of ref.5 also gives

a low energy excitation around 5 eV which however does not resemble to a

collective excitation since it exhausts a very small fraction of the total oscillator

strength. On the other hand it predicts some other low-energy states and the

(T plasmon excitation in good agreement with experiment . The tight-binding

model fails however in reproducing the energy-weighted sum rule and gives a very

10
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low value of polarizability at 37 Â3 according to ref.5. Clearly, our calculation

cannot reproduce the a plasmon since from the beginning it applies only to the

weakly bound (n) electrons for which the idea of a mean field makes sense.

4. Conclusion

In this paper we have studied static and dynamic properties of the Ceo

cluster by using local density functional theory within a simplified model for the

ionic potential in which we have smeared out the charges of the nuclei and of

the strongly bound a electrons inside a spherical layer with a finite thickness.

Though this model is clearly oversimplified in comparison with other microscopic

calculations15'1617, it provides a direct estimate of the electron self-consistent

potential and density. The calculated ionization potential are reasonably good

and differ only by~ 0.5 eV from the results of more sophisticated calculations

and from experiment. Even the predicted static polarizability is remarkably

close to the values obtained in more refined calculations.

Within our model one can straightforwardly calculate the excitation spec-

trum of the active electrons by including the effects of RPA correlations. Our

detailed calculation reproduces within a few percent not only the usual inte-

grated oscillator strength but also the cubic energy-weighted sum rule which is

determined by the self-consistent density. The obtained dipole spectrum shows a

collective state centered around 7 eV which agrees quite well with the 7r plasmon

recently observed in electron energy-loss studies.

The present results show that the model is able to take into account the

main properties of the fullerene molecule and point at the relevance of the self-

11
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consistent LDA approach and to the central role played by the 60 weakly bound

electrons in Cgo-
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FIGURE CAPTIONS

Fig. 1. Self-consistent potential and energy levels of Coo • Occupied

(unoccupied) levels are shown by solid (dashed) horizontal lines. The jellium

layer has a thickness t = I A.

Fig.2 . Electron density in the spherical Ceo cluster. The jellium density

(dashed line) is also shown for comparison.

Fig. 3. Calculated oscillator strength distributions of Ceo cluster submit-

ted to an external dipole field. Solid and dotted curves correspond to RPA and

free responses, respectively (l.h.s. scale). The dot-dashed curve shows the RPA

integrated oscillator strength (r.h.s. scale). The thickness of the jellium layer is

K'

1

Fig. 4. Same as in fig.3 for the t=0 limiting case.
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