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\l ABSTRACT

We argue the validity of a mean-field approximation for a boson-based free anyon gas

near Bose statistics and show that the anyon gas does not exhibit a Meissner effect in the

domain of validity the approximation.
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Several authors have studied the properties of the free anyon gas [1] in a mean-field

(MF) approximation near Fermi statistics [2]. Anyons were described by fundamental

fermions (a starting point known as fermion-based anyons) interacting with a weak statis-

tical interaction, equivalent to endowing each particle with a fictitious "statistical" mag-

netic flux and electric charge. In the MF approximation, the statistical magnetic field is

replaced by a uniform background magnetic field. This led to the demonstration that a

charged anyon gas is superconducting when the strength of the statistical interaction (de-

fined below) has the values a = \/N.* The magnetic properties.of the system are related

to the Fermi statistics of the particles and the existence of a gap at the Fermi surface for

the special values of a given above.

We will show that a similar approximation is valid near Bose statistics, i.e., for boson-

based anyons with a small statistical interaction. One treats the anyons as non-interacting

bosons in a constant magnetic field, the bosonic MF approximation. The novel conse-

quences of this approximation have not been emphasized by other authors [3].

We start by explaining the MF approximation. The Hamiltonian of the free anyon

model [4] is:

where

(16)

and 0 < a < 1. The statistical magnetic field, B, satisfies B(x) = 2icp(x). The mean-field

* To avoid confusion, we noce that this quantity does not include the inherent Fermi statistics
of the underlying particles; i.e., a = 0 corresponds to fermions for fermion-based anyons,
while for boson-based anyons, to be discussed below, a - 0 corresponds to bosons.
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approximation consists in replacing the magnetic field, which is a sum of magnetic flux

tubes (1), by a constant magnetic field. That is to say, one replaces the density operator,

p, by its average constant value in the definition of B. (It is implicitly assumed that p is

constant in the ground state.)

The MF approximation is reasonable only if the averaged effects of interactions are

more important than individual interactions. This requires a gas at high density. More

precisely, the validity of the approximation rests on the fact that the wavefunction of each

anyon is delocalized into a region containing many anyons. A self-consistent criterion for

the validity of the MF approximation is devised as follows. One assumes a uniform back-

ground magnetic field, in which the anyons, now truly non-interacting, move. Classically,

the anyons move along circular orbits. The radius of the orbit provides a length scale,

which is to be compared to the length scale given by the average particle separation. If

the orbit radius is much larger than the mean particle separation, the MF approximation

is declared to be good. Equivalently, the approximation is good if the cyclotron orbit of

an anyon contains many anyons.

VVe will see below that the cyclotron orbit sets both the quantum mechanical and the

classical scale and, thus, the validity of both the quantum and the classical MF approxi-

mation.

The area of the cyclotron orbit ft(R2) can be found from the equations of motion:

or integrating once in time:

m—- = a V x (B)
at

mV = aRB.

(2)

(3)

t.
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The number of anyons in the cyclotron orbit, Q, can be rewritten in terms of (V2):

= pn(R2) =
{aBf (4)

Now we study the quantum MF problem to find (V2), thus obtaining a semiclassical

estimate of Q. A gas of noninteracting bosons or fermions in a constant magnetic field B

has as energy eigenstates the well-known Landau levels. The levels have energies

and degeneracy

D = -BA = apA,

(5a)

(56)

where A is the area of the system.

It is at this point that the difference between the fermionic and bosonic MF calcula-

tions of Q appears. It arises purely due to the exclusion principle. In the fermionic MF,

an estimate of y^V2) entering in (4) would be the velocity at the Fermi energy. From

the form of the degeneracy, D, one can see that the Fermi level is at n ~ a"1 , leading to

Q ~ a"2 [2].

As an aside, it is worth mentioning that the special values of the statistical parameter

a = 1/JV are indeed special in the fermionic MF approximation [2]; at these values of a

the ground state is unique, having N completely filled Landau levels. For a generic value

of a, in contrast, the highest occupied Landau level is only partially filled, and there is a

large degeneracy of ground states. This is to be contrasted with the situation for bosons.

In the bosonic case, multiple occupation of single-particle states is permitted and the

ground-state will have all bosons in the lowest Landau level, n = 0. The MF value of (V2)
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will therefore be obtained from the single-particle ground state energy. This is the only

difference in the calculation of Q in the two approaches.

Thus, for bosons, we find that :

(F2) ~ 2mE0 ^aB = 2irap (Q)

From (4) and (6), we find for Q, the number of anyons enclosed by the cyclotron orbit of

a bosonic MF anyon:

Q = (v2)
2a (7)

We see that Q is large if the statistical parameter a is small. Therefore the bosonic MF

approximation is valid near Bose statistics (a ~ 0). We emphasize that our argument is

identical to the qualitative argument used to justify the fermionic MF approximation near

Fermi statistics (where, as mentioned above, Q was larger by an additional factor of a"1

[2])-

The above argument can also be given some justification quantum mechanically. The

MF one-particle solutions for the lowest Landau level have the form :

I (8)

We would expect the bosonic MF to give a reasonable approximation to these solutions

if the number of anyons in the region where the wavefunction varies importantly (both

the phase and the magnitude) is large. A fair estimate of the size of this region would be

a wedge centered at r = 0 with AO = w/m and radius r = rm, where rm is the radius

at which the magnitude of the wavefunction starts to decrease. One can easily see that

r2
n = 2m/aB. Thus, the number of anyons in the region where the wavefunction varies
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appreciably, Trpr2
rnl2m, is identical to Q in (7). This justifies our claim that the size of the

cyclotron orbit determines quantum scale.

*'•* •' ! It is interesting that the 'special values' of the statistical parameter a = 1/JV are, '

, I in a sense, more special for fermions than for bosons, at least in the MF approximation.

As noted above for fermions, at these values the fermionic ground state is the unique K-

state with N Landau levels filled. For bosons, in contrast, since the single-particle ground

state is degenerate, there are necessarily many degenerate multi-particle ground states, no

matter what the value of a. This will be commented upon below (see (13)). '

The two regimes near Bose and near Fermi statistics have very different physics, again

due to the exclusion principle. To see this we look at the ground-state energy in a constant

external magnetic field be. If anyons couple to be with a coupling q, the formulas for the

degeneracy D and the one-particle energies En become :

•4 /
«-4 In the fermionic MF approximation, it was shown in [2,5], for a = 1/N, that the
i

j . jfJ; ground-state energy is:

E(be) - E(O) = Hc\be\ with Hc > 0 (10)

From the fact that E depended on \be\ and not 6e the authors of [5] were able to show

not only that the state with be = 0 minimizes the energy (a necessary condition for the

Meissner effect) but also the actual existence of the Meissner effect (for applied fields of

magnitude less than Hc).

In the bosonic MF ground-state, in contrast, all the bosons will be in the lowest

Landau level whatever the value of a. Thus, we can write down the ground-state energy

'4
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without knowing the individual occupation numbers of the degenerate n = 0 states in the

ground-state:

1
E=—\aB + qbe\pA (11)

2m '

We are most interested in the form of E for small be as the dependence for small be

determines if there is magnetic shielding at zero temperature, i.e., the Meissner effect [5].

We find that:

E(be)-E(0)= ^ (12)

Notice that E is not even minimized for vanishing be. Thus, if be is now taken to be

dynamical, there is no energetic reason that the ground-state would be the state where b€

vanishes, the Meissner effect.

Thus, the anyon gas near Bose statistics (a -C 1), where we have argued that the

bosonic MF approximation is valid, is not superconducting. This does not contradict the

possibility of anyonic superconductivity for a ~ 1 where the fermionic and not the bosonic

MF approximation is valid [2].

It is worthwhile to compare (12) with the results of [6] where one found an exact

n-anyon solution (arbitrary a) in an external magnetic field interpolating to the bosonic

ground state at a = 0. This solution is the ground state until the first level crossing.

When OLB and qbe have opposite signs, the first level crossing occurs essentially at a = 0

as n ~* oo (See (18) in [6]; the exact solution interpolates to an excited fermionic state

whose energy grows like n2 with respect to the fermionic ground state). Ia this case, the

exact solution says nothing about the anyonic ground state. When aB and qbe have the

same sign this does not happen, and the exact solution is the ground state for an interval
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of a near Bose statistics. In the large volume limit is (a; = 0), the ground state energy

agrees with (12). The boson-based MF completes this result in also giving information

when qbe and aB have opposite signs.

Our arguments indicate that the anyon gas must have, at least, two different phases:

one for a ~ 0 without superconductivity and one for a ~ 1 with superconductivity for

special values of a. We have argued that the qualitative arguments for the existence of

both regimes are on equal footings.

This leads to several questions. First, where and how do the bosonic and fermionic

MF descriptions break down? In particular, is the semion model a = 1/2 which started the

interest in anyonic superconductivity in the fermionic or bosonic MF domain? Secondly,

we have concentrated on the ground-state energy in the bosonic approximation. What is

the form of the actual ground-state and correlation functions for fluctuations about this

state? This is considerably more subtle that in the fermionic MF for filled Landau levels

where one did not have to deal with the degeneracy [2]. The only constraints that one has

are that this state should have constant density and no current [3]. Candidates are easiest

to construct in an asymétrie gauge where the one-particle states have the form:

where yo = ^ . Any state with a macroscopically uniform occupation of k states in the

n = 0 Landau level gives a candidate constant density zero current ground-state. There

seem to be many states statisfying this condition.

Lastly, we remark that the bosonic ground-state is different from the superfluid state

of a Bose gas in the absence of a background magnetic field in that the occupation of any
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single fc state is not, here, macroscopic. This drastically changes the behavior of this gas,

in particular, the introduction of replusive interactions does not lead to superfluidity [7].

Thus, our conclusions about the magnetic properties of the bosonic MF phase are probably

stable under corrections to the MF approximation.
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