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Abstract

Â consistent approximation is set up to solve the following general problem. Let
the state of a many-body system at an initial time be specified, completely or partly;
find the expectation values, correlations and fluctuations of single-particle observables
at a late? time. To this aim the characteristic function of these observables is opti-
mized within a general variational scheme. The trial objects are akin to an initial
density operator, to a time-dependent one, and to a time-dependent operator associ-
ated with the observables of interest. We take an independent-particle form for the
trial density operators and a similar ansatz for the trial operators. The variational
equations couple the (approximate) initial conditions with the (approximate) evolu-
tions of the operator and of the state. The expansion of the optimal characteristic
function provides the same results as the conventional mean-Held approaches for the
thermodynamic potentials and the expectation values: for fermions the best initial
state is then the Hartree-Fock (HF) solution and the evolution is described by the
time-dependent Hartree-Fock (TDHF) equation. However, these approximations be-
come inadequate for correlations and fluctuations, and new expressions come out from
our mean-field variational treatment.

Two special cases are investigated as preliminary steps. The first case deals with
the evaluation of correlations (or Kubo correlations) for static problems, where the
initial and final times coincide. Then the variational outcome deviates significantly
from the trivial correlations given by the HF approximation, despite our restriction to
independent-particle trial states. The result is analyzed perturbatively and shown to
be related to the random-phase approximation (RPA) diagrams. It involves a matrix
that is identified as a metric tensor generated by the HF entropy. In the second
special case, the exact initial state is assumed to be an independent-particle one. The
correlations between single-particle observables are then given by a simple formula
where all quantities are brought back to the initial time; this requires solving a time-
dependent RPA-like equation. Some deficiencies of the TDHF approaches are also
cured: the single-particle conservation laws and the spreading of the wave-packet are
restored. Systems in pure states are treated by taking a zero-temperature limit.
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1 INTRODUCTION
Mean-field approaches play a key rôle in many-body physics. Their common feature is
the use of "uncorrelated" states. By this, we mean that the statistical operator is approx-
imated by anvindependent-particle or an independent-quasi-particle one; only correlations
associated with the Pauli principle or with the definition of the quasi-particles are included.
Mean-field approximations provide a simple and intuitive understanding of a large vari-
ety of phenomena, ranging from atomic, molecular and nuclear physics to plasma and
condensed matter physics, from magnetism to superconductivity and superfluidity, etc...
In many instances they lead to quantitative agreement with experiments and account for
the existence of different phases. They may even provide, in some limiting cases, exact
solutions to physical models. For complicated finite systems such as nuclei they are almost
the only tool accessible to computation.

There are of course phenomena which lie beyond the realm of the mean-field approach.
Notorious examples are critical phenomena, highly correlated systems and disordered mat-
ter. Nonetheless, even there an unsatisfactory but simple mean-field treatment may give
qualitative insight, or be used as a starting point towards more refined descriptions. It
is therefore of considerable interest to explore all the potentialities of the mean-field ap-
proximations before turning to more sophisticated treatments.

In the present work, we show how the mean-field scheme can be extended to evalu-
ate consistently the correlations and the fluctuations of single-particle operators. This
programme may look paradoxical since the approximate independent-particle states in-
herent in the mean-field approaches seem to yield trivial correlations and fluctuations.
We shall overcome this apparent contradiction by means of an unconventional variationai
treatment.

As a seminal case, let us first discuss a simple and well-known example that illustrates
the possibility of obtaining sensible results on correlations without going beyond the mean-
field ansatz[l]. Consider an Ising system of JV interacting spins <T{ = ±1 in an external
magnetic field, with the Hamiltonian

JT = *£>,- -X)^o- , - . (1-1)
» %>j

The exact density operator at equilibrium,

D = \<Tm , (1.2)

is simulated in the elementary mean-field treatment of Weiss by a density operator of
independent spins,

\ TT exP(a:»<r>) Z1 o\

in which the x< are variational parameters. We shall find it more convenient in the following
to parametrize the trial state V by the variables />; = tanhx,-. By maximizing the trial
Massieu potential

= S(V) - /3E(V) = -TrPIn V - 0TiVH , (1.4)



which satisfies *$ < InZ, we find the coupled equations

tanh"1
 Pi = -/3B + /? £ VijPj , (1.5)

3

= Pi, (1.6)

for the /?'s and thence the best value for In Z. The existence of the ferromagnetic transition,
its gross features and the behaviour of (ai) are well reproduced by the Weiss approach,
but the spin correlations

CiJ = ((Ti(Tj) - ((Ti)(Vj) (1.7)

vanish for i ^ j .
A slight change is, however, sufficient to obtain a non-trivial and rather satisfactory

expression for Qj. Let us introduce the function <p of the variables &,

¥>(£) = l n T r e - ^ ^ e ' ^ , (1.8)

which, within a constant, is the characteristic function for the probability distribution
(1.2) of the spins at. Its expansion in powers of the £'s,

Wt&Cv + ... , (1.9)
i z ij

generates the expectation values ((Ti) and the correlations Ci3- as the first and second
derivatives at t, = 0, respectively. From (1.8), we can also interpret & as a source coupled
to the spin <r,- and tp(£) as a generating function. Since (1.8) is the logarithm of the
partition function of a spin system in a space-dependent magnetic field B + /3"1^i, the
function </?(£) is the upper bound of

*{/>,£} = -TrPInP - TrV((3H + Çfc*) (1.10)
i

with respect to the p variables. Thus, (1.10) generalizes (1.4). The maximization of $
now provides

tanh"1 pi = -0B + /3 £ VijPj - fc , (1.11)
3

instead of (1.5), (1.6), and we get for <p the approximation

}- (1-12)

To simplify the subsequent calculations, we note that we have

at the stationary point since, when taking the partial derivative of (1.12) with respect to
£i, the dependence of the right hand side on the /?'s vanishes there. Using (1.9), (1.10) and



(1.13), we can thus determine the (o-)'s and C s by expanding Eq. (1.11) together with
the identity

Y a + ... =-/H, (1.14)

in powers of/£. For £ = 0, we find the same result (1.5), (1.6) for (o-j) as in Weiss's
model. Things change at higher orders since pi, as given by (1.11), depends on the £'s. In
particular, (1.14) yields

"
(1.15)

The partial derivative d£i/dpj is obtained from (1.11) as

This leads to the non-trivial result

in which we recognize the Ornstein-Zernike approximation for correlations. Formula (1.17)
proves to be satisfactory for sufficiently long range interactions, or sufficiently far from
the Curie point.

We have dwelt on this example since it displays on an elementary model several ideas
that will become our guide-lines in the present paper. We shall focus on systems of
interacting fermions, but the method will be more general. Part of our work is devoted
to equilibrium problems and part to dynamical ones. Before we outline the contents of
the various Sections, let us collect the basic ingredients that will be combined to work out
each of our problems.

In order to generate, within an unified framework, expectation values (Qi) of the single-
particle (s.p.) observables Qj and the correlations Cy between them (or the fluctuations
y/Cïi), we shall try to determine beforehand a characteristic function <p(£) = ln{e~S&<*'),
where the expectation value will be either static or time-dependent. The function <p(£) will
depend on variables & conjugate to the observables Qj, exactly as in (1.8). It will be used
as a generating function to determine the quantities of interest through an expansion in
powers of the source variables &. Working with the second rather than the first character-
istic function, that is, taking a logarithm, will enable us to reach directly the fluctuations.
We shall thus avoid subtracting (Qj)2 from (Q?) with separate approximations on these
quantities.

Our strategy will rely on a variational determination of ¥>(£)• The above example has
illustrated the fact that, for the same system, depending on the question that is asked, the
answer is provided by different variational principles. Thus, (1.4) was variationally suited
to the determination of In Z whereas (1.10) was suited to the determination of <p(£)- The
approximate state V obtained in the first case was therefore adapted to the evaluation of
InZ but not to that of Qj. On the other hand, the approximate state V obtained in the
second case, which contains the parameters &, was adapted to the evaluation of <p{£). It



is therefore not surprising that for C^, better results were attained in this second case,
see Eq. (1.17). •

For the Ising system it was easy to guess the expression (1.10) whose extremum is
<p(£). For more general problems such as those we shall deal with in this paper, variational
principles are not as readily available. Nevertheless, a general method [2,3] exists that
allows the systematic construction of variational principles optimizing the desired quantity.
Following Ref.[3], we shall rely on this method to write down functionals $ that have as
stationaiy values the characteristic functions we are seeking for.

Two types of variational quantities may appear; in static problems they will be of
the nature of density operators, while variational objects of the nature of observables will
appear concomitantly in dynamical problems. In order to be able to calculate explicitly $
and its variations, one should use sufficiently simple trial states (and trial observables). As
in (1.3), we shall build mean-Held approximations by restricting ourselves to independent-
particle trial states. When computing partition functions or expectation values (Qi) [either
static or depending on time], we shall retrieve variationally either the Hartree-Fock or
TDHF. (The Hartree-Fock approximation plays the same rôle for fermions as the Weiss
approximation for spins.) When computing correlations, however, we shall obtain more
elaborate mean-field theories, along the lines of Eq. (1.11). The new features arise from the
^-dependence of the approximate variational state, a dependence introduced by forcing
this state to stay in the trial class. Of course the exact state does not depend on the
£'s, but the characteristic function <p(£) may be sensitive to different components of this
state when £ takes different values. This is simulated in our approximation by the £-
dependence of the optimal independent-particle state, as determined by the variational
principle. Likewise, the non-trivial outcome (1.17) for the Cu arose from the ^-dependence
of the approximate state (1.3) through the parameters x{.

The Ising example also involves a technical point which we shall analyze in a general
form in Sect. 3.2 and repeatedly encounter later. In principle the evaluation of (<Tj)
requires an expansion of <p(£) to first order, that of C^ an expansion to second order.
Nevertheless, we found that the Weiss field was sufficient to determine not only InZ,
the zeroth-order term of <p{£), but also (<7<); while the mean-field equations (1.11) contain
first-order corrections in the £'s, nevertheless the solution of (1-5) and (1.6) to zeroth order
already gives (<r,-). This simplification occurs because the stationarity of the functional
${/>,£} with respect to the />'s allows to gain one order in the £'s through the use of
(1.13). This explains why simple mean-field treatments (such as the Weiss theory), which
are designed to optimize only the free energy or the ground state energy, happen also to
optimize the single-particle quantities, such as (<Ti) above or (Q») below, within a more
elaborate variational scheme. Likewise, in (1.17) as well as all over this article, correlations
and fluctuations can be obtained by solving the extended mean-field equations only to first
order in the £'s. This remark will spare tedious second-order calculations.

It is worthwhile to note that the scheme just described presents some formal analogy
with the current partition function approach to field theory. In the latter case also, the
main tool is a generating functional <p(() similar to (1.8). Its argument £ denotes sources,
depending on space-time and coupled to the field; just as & is coupled to a spin <r» in (1.8)



or to a s.p. observables Q^ in our problem. The trace in (1.8) is replaced by a functional
integration and the exponent 0H by the action. The expansion, analogous to (1.9),
of <p around £ = 0 generates the n-point Green's functions. The analogue of the Weiss
approximation consists of evaluating (p(£) in a bare vacuum, which is defined in the absence
of sources. (It.some invariance is broken, this vacuum is determined variationally.) The
resulting Green's functions are trivial and contain nothing else than the terms produced by
Wick's theorem. On the other hand, the analogue of the above variational approximation
for spin correlations consists in treating the source terms as part of the action, and in
looking for a bare but source-dependent vacuum determined by optimization of ¥>(£), as
in (1.12). This procedure amounts to using the steepest descent method to evaluate the
functional integral over the fields. As is well known, the subsequent expansion of <p(£)
in powers of the sources yields for each Green's function the sum over the tree diagrams
- a result which, although simple, already accounts for many physical phenomena. Here
again, the dependence of the trial state on the sources partly compensates for its seemingly
trivial form. In spite of this analogy, we shall run into specific complications and our
results will go beyond the tree approximation. Indeed, our sources & are not coupled
to single field operators, but to (composite) s.p. observables Q; which involve pairs of
creation and annihilation operators. Moreover, starting from Sect. 5, we shall deal with
non-equilibrium questions.

Throughout this paper we work at non-zero temperatures, for static as well as for
dynamic problems; pure states are obtained by a limiting process. The noncommutation
of the s.p. observables Q< of interest brings in complications which were absent for the spin
variables <r<. In particular, we are led to discuss both the ordinary and Kubo correlations
(Sect. 3.5). The general procedure that we have just described will be used in all cases but,
according to their particular features, we shall have to take different variational principles
as starting points .

Sections 2, 3 and 4 treat problems at equilibrium. There, we start with a variational
principle, proposed in [3], that generates both the grand potential and the characteris-
tic function for the Q's at grand canonical equilibrium. Keeping an independent-particle
ansatz for the state, we find for correlations non-trivial results that lie beyond the Hartree-
Fock method (Sects. 3.3 and 3.4). They are given alternative interpretations in Sect. 4
which, however, is not necessary for the understanding of this paper. In Sect. 4.1 these
results are translated into the language of perturbation theory. This shows their close
connection with the random-phase approximation (RPA); thus the latter acquires now a
variational status. Such a connection already occurred with the Ornstein-Zemike approx-
imation (1.17). Another, geometric, interpretation is given in Sects. 4.2 and 4.3 where
the approach is set into the Liouville representation of quantum mechanics; a matrix ap-
pearing in many formulae, and related to the RPA, is identified with a natural metric
tensor.

Section 5 is independent of the previous ones and deals with dynamical problems. We
evaluate correlations of s.p. observables Qj at a time t\ when the initial state, given at
the earlier time time t0, has an independent-particle form. To calculate the corresponding
characteristic function, we start from a time-dependent variational principle[3,4] having a



density operator and an observable as trial quantities. The time-dependent Hartree-Fock
(TDHF) equation is recovered at zeroth order; but it is also adequate for the evaluation
of (Qi). A simple formula, Eq. (5.61), for the correlations at the time t\ is derived;
surprisingly, all the quantities entering this formula refer to the initial time to- One
attractive feature of the results is the restoration of conservation laws broken by the usual
TDHF approach.

Section 6 deals with a problem mixing static and dynamic aspects. It is assumed in
Sects. 5.2 to 5.6 that the initial state is uncorrelated and given. For most systems, however,
the exact initial state involves intricate correlations. Its knowledge is moreover incomplete
since only the average values of some relevant observables are known. The optimal choice
of an approximate initial state should therefore be merged with the optimal choice of an
approximate evolution. This general problem has already been investigated in [3]; there a
variational principle was built that encompasses both the static variational principle used
in Sect. 2 and the time-independent one used in Sect. 5. In this way both the initial state
and the evolution are approximated simultaneously and consistently so as to optimize the
characteristic function at the time tj. Section 6, which constitutes a synthesis of Sects. 2
and 5, starts with that variational principle and works out the independent-particle ansatz
for the state. This leads to a variational justification of the HF approximation for the
initial state and of the TDHF approximation for the evolution when the expectation values
(Qi) at the time 1̂ are evaluated. However, for correlations and fluctuations the results
go beyond these approximations; they are non-trivial and extend those of Sects. 3 and 5.

In order to illustate the type of problems that we have in mind, let us consider a
collision between two complex systems, for example two heavy ions or two atoms. Our
aim is to evaluate after the collision not only the average values of some s.p. obsevables Qi
but also their fluctuations and correlations. These s.p. observables may be for instance
the number of nucléons, the charge and/or the momentum of the outgoing fragments.
The exact initial state of the global system is very complicated since it includes the many-
body intricacies of the target and projectile ground states. In the mean-field approaches
this initial state is approximated by an independent-particle ansatz. In the conventional
treatment [5], one chooses the static HF solution for each of the initial fragments which are
then boosted towards each other by means of a galilean transformation; the subsequent
evolution is described by the TDHF equation. As shown in Sect. 6, this procedure is
variationally justified so far as the expectation values (Qi) are concerned. However, it
also results from Sect. 6 that the independent-particle initial state best suited to the
evaluation of correlations (and fluctuations) is different from the state built with the HF
solutions of the two colliding objects. This deviation generates corrections closely related
to the RPA and, one hopes, these take into account some effects of the correlations in
the exact initial state. As a matter of fact, while TDHF calculations of nuclear collisions
seem to describe rather well the expectation values of the main s.p. observables, they
severely underestimate the experimental fluctuations, in particular the widths of the mass
distributions of the final fragments [5]. At the end of Sect. 5 we shall see how the dynamic
part of the corrections introduced by our formalism improves the situation. Up to now,
no calculation has been made for the corrections arising from an optimal choice of the



initial state.
The present paper can be viewed as an application of Ref. [3], where the basic varia-

tional principles are established and which we refer to as I. Section 5 is a continuation of
Ref. [4], referred to as II. For the sake of clarity, we have repeated the major results of I
and II. The reader is referred to these articles both for the derivation of these results and
for a more extensive, and less parochial, bibliography. Most of the forthcoming Sections
are long, due to the intricacy of the proofs. Moreover Sect. 6 relies heavily on Sects. 3
and 5. Nevertheless, our final results are not unduly complicated and, for convenience,
we gather most of them in Sect. 7 in a self-contained form. The reader who would wish
to apply these results to specific problems, and who is not interested by the proofs [nor
by the interpretations given in Sect. 4], can directly jump to this last Section.

10



2 STATIC MEAN-FIELD THEORIES

2.1 Hartree-Fock Approximation
This subsection has several purposes. First, we review the formalism of the well-known
Hartree-Fock (HF) approximation, which will be a prototype for the more elaborate vari-
ational mean-field theories we wish to investigate. To this end we obtain the HF approx-
imation fr' m a variant of the usual derivation, in accordance with the general method
described in I. The domain of applicability of the standard HF treatment is also displayed.
Last but not least, this subsection introduces the notation to be used throughout.

Consider a system of fermions with the Hamiltonian

H = £ B^clcp + J E < «P\V\i6 > clcfacs , (2.1)

where Ba0 is a matrix element of the kinetic energy plus possibly an external potential,
and

< af3\V\f6 >=< a(2)j8(l)|V(l,2)|7(l)«(2) > - < a(2)/3(l)|F(l,2)Ml)T(2) > , (2.2)

is an antisymmetrized matrix element of the two-body interaction V. As a shorthand
notation for the (antisymmetrized) interaction (2.2) we shall also use Vi2 ; the indices 1
and 2 refer to (/?,7) and (a, S), respectively. The exact grand canonical equilibrium state,
characterized by a temperature T = I / / ? and a chemical potential fi = a/(3, is

D = Le-0H+aN ^ Z=Tr e~m+aIi . (2.3)
Z

We shall also be interested in the ground state of the system, generated by taking the
zero-temperature limit /3 —» 00 for fixed /x. [The above double use of j3 and a as state
labels, like in (2.1) and (2.2), and as inverse temperature /3 = \/T or chemical potential
a//3 should not be misleading.]

Variational approximants to In Z can be obtained from the inequality

In Z > -Triy In V - Tr V'{0H - aN) , (2.4)

which results from the concavity of the entropy, "D' being a trial normalized density op-
erator. The equality in (2.4) holds only for V = D, and the r.h.s. yields the grand
potential

îî(ï» = E-TS-fiN = - iln£> (2-5)

where E, S, N are the internal energy, the entropy and the average particle number as-
sociated with the state V = D, respectively. The HF approximation is then reached by
restricting the trial states V to the class of independent-particle density operators, and
by maximizing the r.h.s. of (2.4).

In order to pave the way for future developments we prefer to follow a slightly differ-
ent route towards the HF equation. To this aim we rely on the systematic method for

11



constructing variational principles discussed in I. When it is applied to the evaluation of
Z1 this method has been shown [see Section 3.1 of I] to yield the inequality

Z > TYe-^[I + M - /3H + aN] = V{M} , (2.6)

where M. is an arbitrary hermitian operator. The equality is attained for M. = flH — aN,
and the HF equations come out (as we shall recall below) by choosing the trial operator
M. in the single-particle class. Note that the associated density operator

1D = e~M (2.7)

is not normalized.
The inequality (2.6) is slightly stronger than the standard inequality (2.4), which is

recovered by parametrizing V as zV with ItV = 1, and eliminating z [see I, Eqs.(3.14)-
(3.16)]. As a matter of fact, (2.6) is nothing other than the well-known inequality

TrXInX - TrXInY - TrX + TTY >0,

satisfied by all non-negative operators X and Y, where X = e~M and Y = e~
m+aN. The

relation (2.6) can also be viewed as a generalization of the Peierls inequality [6]

where n is an arbitrary basis in Fock space. Indeed, if we choose a trial operator M. of
the form

M = Y,\n)(
the last three terms of (2.6) cancel out and the remainder reduces to the Peierls inequality.

Throughout this paper, a central role is played by single-particle (s.p.) operators. For
convenience, we denote by a boldface letter

q = q + Y,Qa0clc0, (2.8)

the sum in Fock space of a "zero-particle operator" (the scalar q) and of a s.p. operator
(represented in the s.p. space by the matrix Q with elements Qa/j). Traces are denoted
Tr in the Fock space [as in (2.3)] and tr in the s.p. space. All the main formulae of the
next sections will be obtained by restricting the trial operator M. to the class (2.8). In
this case we shall denote M as M, and parametrize it by the number m and the matrix
M according to

M = M = m + £ M^clcp . (2.9)
a/3

The density operator (2.7) then represents a set of uncorrelated particles in the s.p. basis
which diagonalizes M. The expectation values of the pair operators c^ca define the matrix
of contractions

Pafi = (C^c0) = Tr e - M 4c a /T r e~M = 6a0 - {cj0) , (2.10)

12



which is related to the matrix M by

The trace of V depends on m through

Z = TTV = Tre~M = e~m det(l + e~M) . (2.12)

Equations (2.11), (2.12) are inverted as

M = I n ^ - ^ (2.13)
P

and
m = - l n z - t r In(I-/?) . (2.14)

In terms of the independent parameters M and m , or equivalently p and z, the
variational expression (2.6) takes the s.p. form

-0[tt (B - p)p + ̂ tT2Vi2PiP2]) (2.15)
= z{\ - In z + S(p) - P[E(p) -

through the use of the generalized Wick theorem [7]. In (2.15), we recognize the s.p.
entropy

S(p) = -tTplnp-ti(l-p)\n(l-p) , (2.16)

the JEfF energy

E{p) = tTBp+ -tTitr2V12pip2 , (2.17)-tTi

and the average particle number
N(p)= it p. (2.18)

The maximization of (2.15) with respect to z yields

In z = S{p) - /3E(p) + aNip) . (2.19)

Eliminating z by the insertion of (2.19) into (2.15), we obtain the s.p. reduction of the
ordinary variational principle (2.4), and the lower bound

In * = In z = Sip) - PEiP) + «Nip) = - ^ (2-20)

for In Z. The maximization with respect to p yields the HF equations

M = fiiW-n), (2.21)

where Wip) is defined as

(2.22)

13



As a function of /3 and a, InZ is a thermodynamic potential, to wit, the Massieu func-
tion suited to the- grand canonical ensemble. The self-consistent solution of the equations
(2.21), (2.22) and (2.11) provides the best approximation for In Z in the mean-field frame-
work. The equations (2.11), (2.21) imply

[W(P), p} = 0. (2.23)

In the zero-temperature limit, (2.23) is sufficient to determine p together with the pre-
scription of filling the N lowest s.p. states.

The above detailed derivation emphasizes that the HF state provides [within the class
of uncorrelated states] the optimal evaluation of the Massieu thermodynamic potential
(2.20). By varying /? and (i one can also obtain the best mean-field estimates for the
quantities that result from InZ by differentiation. For instance, first-order derivatives
lead to variational approximations for extensive quantities such as the internal energy
E, the average particle number N (as a function of fi) or the equilibrium entropy S.
As the expression (2.15) has vanishing first-order derivatives with respect to p and z
at its stationary value, only its explicit first-order derivatives with respect to /3 or \i are
needed. The HF expressions (2.17), (2.18) and (2.16) are thus recovered as the optimal s.p.
approximations for E, N and S. [It is also legitimate to evaluate higher-order derivatives
of InZ, such as the specific heat, from the HF expression (2.20).]

From the preceding derivation, we cannot conclude that the HF state is the optimal
independent-particle state for the evaluation of other quantities not directly related to
InZ. Let us consider, for instance, a s.p. observable of the form (2.8). By application of
Wick's theorem its statistical fluctuation in an uncorrelated state (2.7), (2.9) is given by

AQ2 = (Q2) - (Q)2 = tr QpQ(I - p) (2.24)

in terms of the contractions (2.10), (2.11). Nothing in the preceding variational argument
implies that the optimal estimate of AQ2 [within the space of uncorrelated trial states]
has the form (2.24), where p is the solution of the HF equations (2.11) and (2.21). Indeed,
as discussed in Sect. 4 of I and in Sect. 1 above, the best mean-field approximation for
fluctuations and correlations of s.p. observables does differ from that of HF. Our main
goal in the next sections will be to build a formalism allowing an optimal mean-field
determination of these correlations and fluctuations.

2.2 Variational Evaluation of Characteristic Functions
Given a s.p. observable Q of the form (2.8), we wish to find consistent approximations for
its expectation value (Q) and its fluctuation AQ. We are also interested in the correlations

Cu = ^ Q i Q i + QiQi) - (Q»)(Qi) (2.25)

between two s.p. observables Qi and Qj. Since Qi and Qj might not commute, the
definition (2.25) of their correlation Cy involves a symmetrization, and determines a real
quantity when Q, and Qj are hermitian.
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Generalizing (1.8), we proceed along the lines of I, Sect. 4, and consider the second
characteristic function

p ( 0 = In Tr Ae-**-1** , (2.26)

with
(2.27)

The summation over i runs over the s.p. observables Qi of interest. The expansion of
(2.26) in powers of & generates the desired quantities (as well as higher order cumulants)
in the form

p(0 = In Z - £ 6(Q1.) + 1 £ teen - ... , (2.28)
2 a

where the coefficients Ca supply the correlations (2.25), and

Cu = AQ? (2.29)

the fluctuation of Qi. Note that we have not normalized the exact equilibrium density
operator entering (2.26). This allows us to obtain from <p(0) the thermodynamic quantities
previously found within the HF scheme. Note also that, strictly speaking, the second
characteristic function is p ( 0 — log Z = p ( 0 — p(0). [Various choices of normalization
have been discussed in the general variational approach of I.]

To evaluate (2.26), we need a variational principle that enables us to approximate the
exponent /?(2f — /j,N) by a trial s.p. operator (2.9), so as to render the evaluation of p ( 0
feasible. Such a principle was given in I, Sect. 3. In that reference, it was shown that e™'
is the maximum of the vaiiational expression

y{M} = Tr Ae~M [1 + M-0 F due^H - iiN)e~uM) , (2.30)

[Eq.(3.20) of Ij, at least for small enough values of the variables &. Even though this
expression reduces to (2.6) when A is the unit operator, (2.30) is not a straightforward
extension of the usual free energy variational principle.

The integration over the variable u in (2.30) is the price that we have to pay for the
noncommutativity. The evaluation of correlations and fluctuations is thus more compli-
cated for the fermion systems considered here than for the Ising problem reviewed in the
introduction, where it was sufficient to add source terms to the Hamiltonian. To illustrate
the difference, let us suppose for a moment that we proceed as in the Ising model. This
leads us to consider

pK(0 = In Tr exp[-/3(ff - /iN + £ | Q O ] , (2.31)

instead of (2.26). When the function <pK{£) is expanded in powers of &, it generates

$ - • • • » (2.32)
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where the C£ are the Kubo correlations and fluctuations

w-Q,e-**-Q,) - (Qi)(Qi). (2.33)

As for the ordinary correlations and fluctuations (2.25), (2.29), the quantities Cy are real
and symmetric in the interchange of i and j , but they differ from Cij when both Q; and Qj
do not commute with H. The variational evaluation of VK(£) relies on the use of (2.4) or
(2.6), with H modified by the inclusion of source terms. Thus, expy?K(£) is the maximum
of

= Tr e~MK [1 + MK - 0{H -fiN + Y, TfQi)I • (2-34)

When the operators commute, as in the introduction, f and ipK coincide and the varia-
tional expressions (2.30), (2.34) can be deduced from one another by the identification

MK = M + Ç 6 Q i , (2.35)
i

or equivalently by
e~MK = Ae~M . (2.36)

However, in the non-commuting case, these expressions differ because (2.35) and (2.36)
are not compatible. This is why we had to resort to a more elaborate variational treatment
to deal with the usual correlations or fluctuations [and not Kubo's] for interacting fermion
systems.

2.3 Mean-field Theory for Characteristic Functions
Our next task is to write the expression (2.30) in terms of the variational parameters p
and z, defined by (2.11) and (2.12), which characterize the operator M when its trial
class is restricted to the single-particle form M, Eq.(2.9). To do this, we use the algebra
of exponentials of s.p. operators [8] ; the notations and the main relations have been given
in II (Sect. 8 and Appendix). For completeness, we shall write all the equations that we
need ; detailed proofs can be found in [8] and II. The operator A defined by (2.27) has
the form

A = e-L , (2.37)

where L is defined by the scalar
(2-38)

and by the matrix
(2.39)

We first introduce the normalization factor

w= TT e-Me-L = e'1'"1 det(l + e-Me~L) = ze~l det[l - p(l - e~L)\ , (2.40)
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which corresponds to the first term of (2.30). The formula (2.40) has been derived in
Sect. 8 of II [see Eq.(8.19)]. We write it here in an unsymmetrical form because in the
evaluation of (2.28), L will be small whereas M will not (M may even approach infinity
in the zero-temperature limit).

The evaluation of the second term of (2.30), TT A e~MM, requires the knowledge of
the contractions

/ ^ = W-1TYe-1V1CiC1x. (2.41)

According to II [Eqs.(8.21) and (8.11)], these are given by

( 2 - 4 2 )

We note that p' may also be expressed in terms of the more symmetric quantities p" and
a" defined in II [Eqs.(A.17) and (A.18)] as

' -
_ .-It * P n (2.43)

= 1 - e V = 1 - p"eM .

Then, using (2.13), (2.14) to replace the variables m, M by z , p , we obtain

TrAe"MM = w(m + tr p'M)
= w[- In z - tr p'lnp- tr(l - p') In(I - p)\ (2.44)
= w[-lnz + SA] .

The expression (2.44) displays a modified form S^ of the s.p. entropy ; the replacement
of p by p' reflects the presence of the operator A in the definition (2.30) of 9{M}.

As for the remaining terms of (2.30), they can be evaluated for each value of u by an
extension of Wick's theorem [7,8], with contractions defined by

pa0(u) = W-1Tr e-uMe-Le- (1-u>M4ca . (2.45)

These contractions have the usual form (2.11), where e~M is to be replaced by e~uMe~Le~^~
This yields

1 — = e - » V e - " « l - > ; (2.46)

the second form, obtained by using (2.43), will be convenient for working out the integra-
tion over u. For each value of u, the energy term of (2.30) has then the same form E(p)
as the HF energy (2.17), in which p is replaced by the non-itermitian and u-dependent
contraction p. For the particle number (2.18) we may use equivalently p or p'.

Altogether, the variational expression (2 30) takes the form

*{z, p} = w[l - In z + SA - /3 / duE(p) + atr p'} , (2.47)
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where the dependence on z and p enters through (2.40), (2.42), (2.44) and (2.46). It is
also convenient to write ty as

f du[tiMp - pE(fi + atr p}} . (2.48)
Jo

The maximum of In '^{z, p} provides the optimal mean-field value for the characteristic
function <p(£), defined in (2.26).

2.4 The Mean-Field Equations
Let us now determine the best values of the variational parameters z and p by expressing
the stationarity of $ { Z , / J } . TO write the variation S^S of (2.48), it is convenient to return
to the general form (2.30) of HJ that leads to

S* = r duTr (M-/3H + aN) S(e~uMAe~^-u)M) . (2.49)
Jo

By varying z for fixed p, and using (2.46) to evaluate (2.49), we get a first stationarity
condition

m = - f du[trMp- /3E(p) + atr p] , (2.50)
Jo

which determines z through (2.12). At this maximum in z, (2.48) reduces to

* = w = exp[-£ - m - tr In(I - /» ' ) ] , (2.51)

where we have used (2.40) and (2.42). Insertion of (2.50) into (2.51) achieves the elimina-
tion of z. We get thus the chaxacteristic function (p(£) as t ie maximum with respect to p
of the functional

, £} = - / + / <fa[tr Mp - 0E{p) + a t r p] + trln(l + e-Me~L) . (2.52)
JO

This expression should be considered as a function of the matrix elements of p through
Af [Eq.(2.13)] and through p [Eq.(2.46)], and as a function of the sources & through t
[Eq.(2.38)] and L [Eq.(2.39)] ; note that L appears both explicitly and through p.

We still have to write the stationarity conditions with respect to p. Starting from
(2.52), we should vary both M and p according to (2.13) and (2.46). The variation of
(2.52) through M gives

p + tr - 1
 M6e~M = f tr SM[p - e^Ve"** 1—>] , (2.53)

eh + e~M Jo
which happens to vanish due to the definition (2.46) of p. The stationarity of (2.52) with
respect to p thus involves only its variation through /5, namely

O = / du tr [M - j9 W{p) + a] Sp(u) = f duti Y(u) Sp(u) . (2.54)
Ja Jo

The HF-like Hamiltonian W(p) defined by (2.22) comes out from the variation of E(p),
and Sp(u) should be expressed in terms of Sp by means of (2.46). [Alternatively, we might
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have obtained (2.54) from the general expression (2.49) considered as a function of p . We
note that the integrand of (2.49) results from the quantity

W-1Tr (M - pH + a iV)(e- u MAe- ( 1 - u ) M )

by keeping the matrix M fixed in the first factor, and varying the second. This latter
factor contributes only through the contractions p involved by Wick's theorem, and its
variation yields (2.54). This reasoning explains why (2.53) vanished.]

The equation (2.54) is the self-consistent meaxi-ûeld equation that determines the best
s.p. density p suited to the evaluation of the characteristic function <p(£). For L = O,
p(u) reduces to p and from (2.54) we get back the standard HP equation (2.21). We
are interested in the expansion (2.28) of (2.52) to second order in L. We shall work out
this expansion in the forthcoming sections. However, the self-consistent equations which
determine p for arbitrary values of L have an interesting formal structure; it will be used
in Sect. 6. We devote the end of this Section to writing them in a more explicit manner.

In (2.54) we must write 6p(u) in terms of the independent variations Sp. To express
the variation of [(I — p)/p]u entering (2.46), we use the integral representation

< u < l (2.55)
7T Jo V + X

for X — p/(l — p), together with the relation

4=4*4- <2-56)

valid for any positive matrix X. This yields

1 . .1 sinTTM /°° _, [ t r 1 - " 1 L(1-PY
-Sp- = / dv -. r 6p-, r e I I
P p IT Jo [(I -P)V+ p (I -P)V+ p \ p J /„ ? .

Ji- A1'" i »- I (2'57)

After integration and use of the relations (2.43), we get

1 _

in a basis where M (hence p but not Sp) is diagonal. For Ma = Mp, the two fractions
should be replaced by (1 — u)/pa(l — pa) and u/pa(l — pa), respectively. Inserting (2.58)
into (2.54), we have to express the fact that (2.54) vanishes for any Sppa. The resulting
equations take two different forms depending on whether Ma — Mp vanishes or not. (i) For
Ma ?= Mp, we multiply through by the denominator pp — p a , and replace u by 1 — u in the
terms arising from the second Une of (2.58). The factor Y(u) = M—0W(p)+a depends on
u through the interaction term tr2Vi2/52; we see from (2.46) that (1 — u)p{u) = /5*(u), and
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hence (1 — u)Y(u) = Y*(u). The first and second lines of (2.58) thus generate hermitian
conjugate terms, and they result in the matrix equation

C du [p"eMuY(u)e-Mu<r" - eM^-")p"eMuY(u)e-Mua'\

- L c ] = 0 .

In principle this equation has been established only for Ma ^ Mp, but it also holds
identically for Ma = Mp. (ii) Turning now to (2.54) for Ma = Mp, we combine the two
terms coming from (2.58) and find

1 du(l - u) {P"eMuY{u)e-Mu<r" + h . c . } ^ = 0 ,
10a

an equation which we can write

i:du(l - it) {[1 - p{u)]Y(u)p(u) + h . c .}^ = 0 (M« = Mp) . (2.60)

The equations (2.59), (2.60), together with (2.11), (2.43) and (2.46), determine p self-
consistently for fixed values of L. By inserting Aheir solution into (2.52) we find the best
mean-ûeld approximation for the characteristic function <p(Q- Due to the exponential
form of the operator (2.27) whose expectation value we want to evaluate, our mean-field
equations (2.59), (2.60) are much more complicated than the HF equations. As we shall
see below their expansion in powers of the sources £,, that is, of L through />", a" and p(u)
will however simplify things significantly.

Let us already check how the HF approximation comes out from (2.59) and (2.60)
in the limit L = O. In this case, we have p' = p" = p{u) = p and a" = 1 - p. Then
(2.59) reduces to [p,Y] = 0, and (2.60) to Yappa(l - pa) = 0 for the matrix elements of
Y" such that pa — pp. As expected, the combination of these equations yields Y = O1,
i.e., M = /3W(p) — a, and (2.52) reduces, in the absence of the sources &, to the HF
approximation

In Z = ^PtI12V12P1P2 - t r In(I - p) . (2.61)

20



3 E X P A N S I O N OF T H E M E A N - F I E L D C H A R A C -
T E R I S T I C F U N C T I O N

In this Section, we expand to second order in the £'s the mean-field variational expres-
sion (2.52) which determines the characteristic function (p. According to (2.28), this will
supply us with the optimal mean-field evaluations for expectation values (Sect. 3.2), for
correlations and fluctuations (Sect. 3.4), and for Kubo correlations (Sect. 3.5). Most of
the Section is devoted to grand canonical equilibrium; the zero-temperature limit is con-
sidered in Sect. 3.6. We begin by showing how the variational character of our treatment
simplifies the calculations. In fact, the derivations of Sect. 3.1 are quite general and they
hold whatever the nature of the trial parameters p. In Sections 5 and 6 we shall use the
results of Sect. 3.1 with a different definition of the parameters.

3.1 General Equations for Expectation Values, Correlations and
Fluctuations

The characteristic function <p(t,) is obtained, in our variational approach, as the maximum
of the functional In "#{/>, £} with respect to the trial parameters p. In the mean-field theory
of Sect. 2, p denotes the matrix elements of the s.p. density operator and l n $ is given by
(2.52). As a preparation to Sects. 5 and 6 we treat here the variables p as an arbitrary set
of parameters, and In $ as some general functional of the p's and the £'s reducing to ip(£)
at its stationary value with respect to the />'s. When we take the derivatives of <p with
respect to the sources £, we must remember that the variables £ enter $ directly and also
through p which is itself determined as a function of £ by the stationarity conditions

—— In *{/», £} = 0 . (3.1)

We shall denote by d/d^i the full partial derivative of a function of the £'s and p's with
respect to & (including the dependence of the />'s on &) and by d/d£i its partial derivative
when p is fixed. For any value of £, we have

Owing to the stationarity condition (3.1), the last equation simplifies to

£ = £ In •{ , ,*} . (3.3)

That the second term of (3.2) vanishes was already noticed within the more general
context of I (Sect. 4.3). This property also occurred in the spin problem [see Eq.(1.13)].
Letting £ = 0 in (3.3), we get the expectation value of a s.p. observable Q; as

^ } , (3.4)
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where p is given by (3.1) at £ = O. Thus (as also discussed in Sect. 4.3 of I) the HF
method is optimized for the evaluation of the quantities (3.4). A similar situation was
encountered in Sect. 2.1 ; there the quantities E, N and 5 resulted from Z by taking first-
order derivatives with respect to /3 or fi which played the role of £. From the variational
expression (3;15) we obtained the best mean-field evaluation for E, N and S by varying
/? and /z, while keeping the variational parameters z and p fixed at their HF values.

To find the correlations Qj and the fluctuations Cu, we might, according to (2.28),
expand <p = In $ to second order in £, both directly and through p; this gives

Cu =

i ^r

This procedure is, however, unnecessarily complicated. Taking advantage of the simpli-
fication which led from (3.2) to (3.3) for arbitrary values of £, we can alternatively take
the derivative of (3.3) with respect to £j and then set £ = 0. This results in

(3.5)

The first term of (3.5) is, of course, expected since we are expanding <p to second order
in £. The second term of (3.5) arises because the variational parameters p depend on the
sources. However, we need neither the second derivative of In $ with respect to p nor the
second derivative of p with respect to £; the corresponding terms disappear, owing to the
fact that if is obtained from a vaxiational principle. We shall therefore only need to solve
the equations for p to first order in £.

The first-order derivative dp/dt. taken for £ = 0 is conveniently obtained by evaluating
the full derivative of (3.1) with respect to £, that is,

Let us introduce the matrix Q, defined by

In 9{p, 0} , (3.7)

which describes the small deviations of In * around its maximum in the absence of sources.
This matrix acts on s.p. operators according to
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.if,

and its inverse Q x is defined by

(3.9)
7«

In (3.8) we used a "ket" notation and interchanged the indices in matrix products. The
required derivatives are then given by

— n-i

The notations (3.8)-(3.10) are consistent with the Liouville representation of quantum
mechanics [9,10] in the s.p. space. The matrix elements Qap of s.p. observables and the
expectation values ppa of pair operators c^cp are both considered as vectors. They belong
to dual vector spaces and their scalar product is defined by

(Sp\Q) = ( 3 - n )

The matrices G and G~x, which act on these vector spaces, are super-operators in the
Liouville space. An interchange of indices occurs in the definition of the scalar product
(3.11) ; it is reflected in the permutation of some pairs of indices that appear in the matrix
products (3.8), (3.9), in the differentiation with respect to p of (3.7) and (3.10), and in
the unit super-operator (3.9).

The correlations (3.5) take a more symmetric form when (3.6) is used to express the
second term. We have thus

Cn = (3.12)

We shall denote the last term of (3.12) as Cy , since it has its origin in the shift (3.10) of
p from its value in the absence of sources.

The evaluation of spin correlations in Sect. 1 exemplifies the above general equations.
There, the variational parameters were pi = tanhxj, while the functional $ given by (1.10)
played the rôle of In *. The stationarity condition (3.1) was expressed by (1.11) and (3.3)
took the form (1.14). The matrix Q denned by (3.7) reduced to

+ P VV

and it turned out to be independent of £, since we had

= 0

These expressions for the second derivatives of $, when inserted in the general equations
(3.9) and (3.12), explain the form of (1.16) and of the Ornstein-Zernike formula (1.17).
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3.2 Expectation Values
The first-order derivative of (2.52) with respect to & is needed not only in (3.4), where p
is replaced by its HF value, but also in (3.10). Let us therefore evaluate this derivative
for an arbitrary value of p. Two types of dependence of (2.52) on & should be considered
: direct through I and L and indirect through p. The latter dependence is obtained by
varying (2.46) with respect to L for fixed />; this yields

6 QIÏ (3.13)

For £ = 0, this expression becomes

JL _ -e~
Mu(l - p)QipeMu = -Qi(u) . (3.14)

Altogether, for £ = 0 and for arbitrary p, we find

(3.15)

When p is taken at its HF value, M — fiW(p) + a vanishes, and (3.4), (3.15) reduce to

(Qi) = ft + tipHFQi . (3.16)

We check again that the HF approximation provides the best variational mean-field result
for the expectation value of any s.p. quantity. However, such a conclusion will fail for
higher-order derivatives of the characteristic function. In particular, for correlations and
fluctuations the outcome will not be the HF result (2.24).

3.3 First-Order Correction to the HF Solution in Powers of the
Sources

For £ ^ 0, the value of p at which (2.52) is a maximum differs from the HF solution. Let
us calculate the deviation to first-order in £, expressed by (3.10).

We first need the kernel Q, defined by (3.7), which characterizes the small deviations of
In \P{/>, 0} around the HF value. In the space spanned by the hermitian vectors 6pap = 8p'0a

, G is a symmetric positive matrix because ^ is a maximum at its stationary point. It is
indeed the stability matrix of the HF theory ; we return to its geometric interpretation
in Sect. 4.2. Since we need Q only for £ = 0, we can use the simple expression (2.20) for

>, 0} expanded as

, 0} = S(p) - 0E(p) + aN(p) = In ZHF - i(Ap\G\A/>) + 0(Ap3) , (3.17)
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where Ap = p — /PHF- The first derivative of S is

-S^- = fin —-) = Mpa . (3.18)
op«f} \ P J pa

Its second derivative, which we denote as —Go, is conveniently expressed, in a basis where
the HF matrices M = (3W — a and /»HF (but not AM and Ap) are diagonal, in the form

d2S dMpa

= °pyOaS Pa-Pe

Here and whenever there is no ambiguity, we use the notation p for the HF density /»HF
and pa = (eMa + I)"1 for its eigenvalues. In (3.19), the ratio should be understood as
l/pa(l — pa) for Ma = Mp. The inverse of Go ( m the same basis) is

for M0, ̂  M0, or pa{\ - pa) for Ma =
From (2.17), we get the remaining contribution to Gi i.e.,

• (3.21)

(Here again, no confusion should arise between the inverse temperature /? = 1/T or the
chemical potential a//3 and the indices /? or a !) We symbolically write (3.21) as

G = Go+PV. (3.22)

The action of G on some vector Sp^g results in

G\Sp)afi = M0~Ma 8Pa0 + PIiT2V1^PtU . (3.23)
Pa - P U

The evaluation of dp/d£ will require the inversion of the matrix (3.21). For small V, it
can be performed iteratively by (3.20).

To express (3.10) we also need d2 In SSf/dÇidppa taken for & = 0, with p being replaced
by its HF value. We have already written in (3.15) the derivative of I n * with respect
to £i for p arbitrary. It remains to vary p in this equation (3.15). We first note that the
resulting variations of Qi(u) are irrelevant because its coefficient M — PW(p) + a vanishes
for p = puf. The remaining terms are

d2InVjpmr,0} f1 . r dM adWfy

—— = - / (v. it[— /3^—-]Qi{u) - Qial3 . (3.24)
oÇiOppa JO Oppc Oppa

The integration over u can be explicitly performed, in a basis where M is diagonal, by
using the definition (3.14) of Qt. We obtain

i: =-£fffcQ«. (3-25)
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The first term of (3.24) involves the derivative of M with respect to p, which is given by
(3.19) ; from (3.25) we see that this term cancels the last one. Making use in (3.24) of the
definition (2.22) of W, and in (3.25) of its relation (2.21) to M, we are finally left with

= Ç 7l W wTW?*1 * (3<26)

It is convenient to write the final form of (3.10) in a more symbolic and basis-independent
notation. Equation (3.25) involves the superoperator GQ1 defined by (3.20) and can be
rewritten as

/ duQi(u) = Go1IQi) > (3.27)
Jo

whereas (3.26) involves the multiplication by the superoperator V introduced in (3.22).
Altogether, we get

dp , ,, ,
-TT = py Vy0 \Qi) . (à.Zo)

An alternative expression, obtained by using (3.22), is

^ = (O0-
1 -G-1KQi). (3.29)

The variation of M corresponding to (3.29) is given by (3.19) as

(3.30)

The formula (3.29) expresses the first-order modification of the mean-field, which is re-
quired to extend the standard HF treatment to a variationai evaluation of the characteris-
tic function. As it was already emphasized, this modification, and therefore the optimized
independent-particle state, depend on the considered observable Qi. Of course, for a non-
interacting system the dependence of the state on the question posed disappears, as it is
obvious from (3.28).

3.4 Correlations and Fluctuations
The last ingredient that we need for evaluating correlations and fluctuations through
(3.12) is the second derivative d2 ln#/d&d& taken at p = /JHF and f = 0. To obtain it,
we expand (2.52) in powers of L up to second order. The last term of (2.52) yields

trln(l + e-Me~L) = tr ln(l + e~M) + trlnfl - />(1 - e~L)\

= trln(l + e~M) - tvp(L - y ) - \

= trln(l + e~M) - trpL + hrpL(l - p)L
ù

Hence, the second variation of this last term is \ YLij Cy &£j> where

4 0 ) = ±tT\pQi(l - p)Qi + PQj(I - P)Qi] . (3.31)
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The integrand in (2.52) depends on L solely through p. If we note the expansion of p in
powers of L as p = p + j>W + ffi\ this integrand reads

UMp - 0E(p) + atrp = tr [M - QW(p) + a]\p + p(1) +

where M -flW(p) + a vanishes for p = pHF. Thus we do not need p^ but only p^\ which
has already been evaluated in (3.14). We obtain

_ Mo) , Mi)

with
CgJ = -13 J* du Ir12F12[Qi(U)I1 [Qs{u)]a . (3.33)

The integration over u can again be worked out in a basis where W is diagonal. It results
in

MX) _

£ ______ ,
where the ratio should be understood as

Altogether, the correlations or fluctuations (3.12) take the form of a sum of three terms

Cii = CS) + dS) + Cff. (3.35)
The last term C\f is given by

tHIHM^)
where G, dp/dÇi and O2In*/d&dp should be replaced by their expressions (3.23), (3.28)
and (3.26). Equivalently, C\f can be written as

Remember that in (3.31) p is the HF s.p. density and that in other equations pa de-
notes its eigenvalues (the HF occupation numbers) and W0, the eigenvalues of the HF s.p.
Hamiltonian.

The term C y , given by (3.31), is the naive HF resuit, in which the expectation value
(Qi Qi) is calculated by means of Wick's theorem with respect to the standard HF state.
Looking for the best vari&tional s.p. approximation tor the characteristic function, rather
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than for the thermodynamic potential InZ, has introduced two additional contributions
C\j and C\f to the correlations and fluctuations. The term Cy' is the first order con-
tribution to the perturbative expansion around the HF solution. The contribution C^ is
positive for i = j because Q is a positive matrix for a stable HF solution (Sect. 4.2), and
thus it enhances the fluctuations. It is at least of second order in perturbation theory, as
exhibited by (3.37). Nonetheless, C ^ is expected to become large at a critical point of
the HF approximation, since there the breaking of the degeneracy produces a vanishing
eigenvalue in the stability matrix Q. The same divergence occurred at the critical point
of the Ising model for the Ornstein-Zernike correlation function (1.17). Therefore, the
changes in the naive HF theory brought in by our variational treatment may be drastic,
both qualitatively and quantitatively. Like for the Ising model, a consistent extension of
the HF approximation requires the inclusion of the additional terms C ^ and C ^ in the
expression for correlations and fluctuations.

3.5 Kubo Correlations

For the sake of comparison, let us derive the Kubo correlations and "fluctuations" (2.33)
within the same optimized mean-field approximation. Since the variational quantity $ K

given by (2.34) has the same form as (2.6), except for the addition of the source terms to
the Hamiltonian, the expression ln\PK{p,£} suited to our purpose,

In * K = S(p) - (3E(p) + atip - I - trLp , (3.38)

is a trivial extension of the HF form (2.20). After the change of (2.52) into (3.38), the
Kubo correlations (2.33) are provided by (3.12).

The matrix Q is the same as above since ^l and * K coincide for £ = 0. The second
derivatives d2 ln*K /d&d& now vanish, while d21In1S*/'d£idppa reduces to -Q;o/g. This
yields

4 £ = -(T1IQi) , (3.39)

and hence
C^ = (QiIr1IQi)- (3.40)

The formula (3.40) is much simpler than the one obtained in Sect. 3.4 for the ordinary
correlations. Equation (3.40) also appears as a simple extension of Eq. (1.17) obtained in
the introduction (by the same method) for the Ising model. A naive evaluation of the Kubo
correlations (2.33), based on the use of the approximate HF state and HF Hamiltonian,
would have given [in a basis where W is diagonal]

(Wo1IQ;), (3.41)

where we have used (3.19). Thus the naive HF method supplies only the lowest order
term in V of the variational mean-field result (3.40) in which Q~x replaces QQ1.

Let us write the difference between the approximations (3.35) for the correlations
dj and (3.40) for the Kubo correlations G*. In the expansion of (3.40) in powers of
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/3V = G — Qo, the terms of order laxger than one are readily identified with the expression
(3.37) of C^ . The zeroth or first order remaining terms are

o1VQt1Qj), (3.42)

or more explicitly

Ca - C* =

,-Mf)\ '
Pfi-Pa \ (

Ma-Mfi)\M

Remember that (p$ — pa)/(Ma — Mp) is meant for >̂Q(1 — pa) when Ma = Mp, and that
a similar convention holds for the ratio in (3.34). One recognizes in (3.43) the first two
terms of an expansion in powers of the interaction V around the HF result. It is easy
to check that the two brackets of (3.43) vanish for pa = pp, and that the first bracket is
positive for pa ^ pp. As a consequence, in the HF approximation, which involves only the
first term of (3.43), the fluctuation AQf = Cu is larger than the Kubo fluctuation

/ : *"CW - (Qi)2 •

This inequality is indeed satisfied by the corresponding exact quantities.
If either Qj or Q-7- commutes with H, the definitions (2.25) of Cy and (2.33) of Cy imply

that these correlations should be equal. This equality is not obvious in our approximation.
Let us first suppose that the invariance associated with the commutation [Q1-, H] = 0 is
not broken by the approximation. Then, the matrix Qi commutes with M and p. That
implies Ma = Mp and pa = pp in (3.43), and, as expected, the difference between Cy and
Cy vanishes. However, (3.43) has no reason to vanish if the invariances associated with
Qi and Q ; are both broken. This is not surprising since the expectation values (Q1-) of
s.p. operators already reflect the breaking of the invariance in the HF approximation. For
instance, if Qj = Qj is the momentum operator, the HF contribution to C -̂ — C^ given
by the first term of (3.43) is non-zero when the translational invariance is broken. The
first order terms of (3.43), brought in by our variational calculation of Cy and Cy, are
expected to lower this discrepancy.

3.6 Zero-Temperature Limit
Correlations and fluctuations in the ground state are obtained by letting 0 -* oo. The
eigenvalues pa of the s.p. density are then either 0 for the HF particle states (Wa > AO>
or 1 for the hole states (Wn </*)»/* becomes the projector on hole states and 1 — p the
projector on particle states. (We restrict ourselves to a finite system such that no s.p. state
lies at the Fermi level.) In this limit an important simplification takes place in (3.35). The
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first two terms C^ and C^ are still given by (3.31) and (3.34), respectively. However, as
we shall see below, the term C^ vanishes when /3 —> oo. Hence, only hole-particle matrix
elements of Qi and Qj are involved in our approximate expression for correlations and
fluctuations dj, which reduces to c\f + c£ } .

To analy2£'C(5) in the zero-temperature limit we expand Q'1, defined by (3.21) and
(3.P\ in powers of the interaction V. Note first that p(l — p) vanishes exponentially when
/3 —* oo. Consequently, in the matrix

the hole-hole (pa —> l,pp —> 1) and particle-particle (pa -» O,ftg -» O) elements vanish
exponentially, both for Wa ^ Wp and for Wa = Wp, whereas the hole-particle and particle-
hole elements tend to zero as /? - 1 . Then, in the expansion

G-1 = Go1 - PGo1VG;1 + IPGo1VGv1VG;1 + ... (3.45)

each term has the same behaviour (in /3~a), and each of its factors reduces to hole-particle
and particle-hole contributions. Hence, from (3.37) ,we see that C^ vanishes (as T) In the
zero-temperature limit.

The same conclusion holds for the whole approximate expression (3.40) for C}j, as it
is obvious from (3.45). This property agrees with the exact expression (2.33), easily seen
to behave in the zero-temperature limit as

] (3'46)
where |0) is the many-body ground state, E0 its energy and P the projection on the excited
states.

To summarize, our approximation for C^ has a vanishing zero-temperature limit, as
expected from the ex ict expression (3.46). For true correlations or fluctuations, only C^
and C^) survive. / major simplification lies in the fact that we no longer need, in the
zero-temperature !'Jiit, to consider and invert the matrix G- Our variational mean-Held
method results here in adding to the expression Cy , issued from the naive use of the HF
approximation, the first order contribution C\] of the perturbation theory around the HF
ground state.

30



4 ALTERNATIVE INTERPRETATIONS
Our variations! mean-field treatment of correlations and fluctuations led us to the expres-
sion (3.35); its three terms are given by (3.31), (3.34) and (3.37), respectively. It is of
interest to compare these results with the outcome of perturbation theory and to identify
the subseries corresponding to (3.35). This is the object of Section 4.1. We shall see that
the topological structure of the diagrams involved is the same as that of the so-called RPA
diagrams, ring diagrams or chain diagrams; however, their contribution will be calculated
using specific rules, which may not coincide with the conventional ones. On the other
hand, the operator G (a matrix in the Liouville space) plays a prominent rôle in many
formulae, including (3.37) and (3.40). We devote Section 4.2 to a geometric interpretation
of G ; the metric structure underlying this interpretation is derived from the form of the
entropy in statistical mechanics. We also relate in Section 4.3 the operator G to the RPA
matrix.

4.1 Perturbative Interpretation

Let us set up the expansion of correlations and fluctuations in powers of the residual
interaction, taking the HF solution as the unperturbed state. We first introduce the
self-consistent s.p. Hamiltonian

W = E(p) + E Wa0(p)(clc0 - P0a) . (4.1)
a/3

The averages (.. .)0 will refer to the unperturbed state e~"w+aJV/.Zo- They are given by
Wick's theorem in terms of the contractions p. We can also define (see II, Appendix )
thermal normal products recursively in such a way that a product of operators c or c* is
equal to the sum of all the associated contracted normal products, according to

—: C]xC6: P01-: c\c0: p i a + p0apst — PsaPfa >

Each contracted normal product is generated by replacing some pairs of operators by their
contractions p (or 1 — p for pairs ce). The normal product of the interaction

: F: = V - Y1 < cc7\V\6/3 > p^cfi + Jt112F12^2 (4.3)

is just the residual interaction since (4.1)-(4.2) imply

H = W+: F: = E(p) + £ Wa0: c ^ : +: F: . (4.4)
a/3

Normal and contracted products have the following properties : (i) commutation of oper-
ators c or c* within a normal product keeps it invariant ; (ii) the expectation value (.. .)0

31



of a product of operators is given by the sum of its completely contracted products ; (iii)
the expectation value of a product of normal products involves contractions linking them
but no internal contraction. In particular, expressions such as

.,.„ (:clcf,:)0 = (:V:)o = <:V: «£<*)„ = ([[: V:,4],Ca]+)0 = 0 , (4.5)

vanish. Replacing : V: by H - W in (4.5), the expressions (2.17) for the HF energy E(p)
and (2.22) for the HF s.p. Hamiltonian W(p) are recovered.

The perturbative expansion of the partition function is generated by

Z = Tte-0H+aN = Tve-W+^Texp[-£ dt : V{t):\

= Z0 [ l - / ? { : V : ) 0 + . . . ] ,

where V(t) is defined as
W We t W Ve- t W , (4.7)

and where T orders the purely imaginary times t from right to left in increasing order.
The zeroth-order contribution Z0 to (4.6) is exactly the HF result (2.61). According to
(4.5), the first order contribution vanishes.

Consider now the expectation value of an observable A. Its perturbative expansion is
given by

(A) =^(Texp[-fdt:V(t):]A)0
Z

 f0
 h (4.8)

= {[1-1 «ft: V(O: + - M ) . ,
Jo

where the symbol c denotes the diagrams connected with the operator A. If A is a s.p.
observable Qj, the ûrst-order contribution to (4.8) vanishes as a result of (4.5). The
outcome (Qi)o of our mean-field variational treatment (Sect. 3.3) thus differs from the
perturbation expansion, starting from the second order in : V:.

We are interested in the correlation (2.25), where A is a product QiQj. The pertur-
bative expansion then takes the form

C0- = i(Texp[- f dt: V(t): J(QiQj + 0,-Q,-)). , (4.9)
L Jo

where c denotes diagrams having a single connected part. The term -(Qi)(Qi) of (2.25)
su'bstracts out all diagrams made of two parts, connected with Q; and Qj, respectively ;
the terms arising from the scalar part q of (2.8) also cancel out.

It is easy to check that, as already stated in Sect. 3.4, the contributions C\j and C!y
of our variational treatment, defined by (3.31) and (3.34), are nothing but the first two
terms of (4.9). Indeed, to first order, all the four contractions involved must connect an
operator c or c* of : V: with one of Q1Qj since no contraction is allowed inside : V:. In a
basis where p is diagonal, the first-order term of (4.9) is then

- / ' «ft E e ^ - + ^ - ^ - ^ ) ' < « 7 | W > QVh1QiSyPaPy[I ~ Pfi)[l ~ Ps) , (4.10)
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which is the r.h.s. of (3.34).
We have seen in Sect. 3.5 that Cy contributes both to the ordinary correlations Cij and

to the Kubo correlations Cy- For the sake of comparison, let us also write the perturbative
expansion of the later quantity. From (2.33), we get

.a
(4.11)

where Qi(t) is defined as V(t) in (4.7), and where the T-product acts on all the "times".
Like for the ordinary correlations, the zeroth and first-order terms of (4.11) are readily
identified with the corresponding contributions to the variational expression (3.40). In-
deed, the zeroth-order term of (4.11) is (3.39). Using the cyclic invariance of the trace,
we write the first-order term as

dudv £ < ar/\V\SP > Qi0a(u)QjS^(v) . (4.12)

By means of (3.21) and (3.27), (4.12) is transformed into

— (Qi\Gn1(G — Qo)Gn1IQ ) , (4.12')

which is the first-order contribution to the expansion of (3.40) in powers of Q — Q0.
Thus, both for ordinary and for Kubo correlations and fluctuations, the first two

terms C\j and Cy furnished by our variational treatment are just the zeroth and first-
order contributions of perturbation theory around the HF state. Let us now turn to the
perturbative interpretation of Gif, defined in (3.37). We wish to compare it to the second
and higher-order contributions to (4.9) and (4.11). Note that the same terms C\j , of order
larger or equal to two, arose in our variational mean-field approach for both C^ and Cy,
as obvious from (3.42). In contrast, (4.9) and (4.11) are definitely different to all orders.

Given the form (3.37) of C^ , it is natural to explore the contributions to (4.9) and
(4.11) of the diagrams having the structure of an open chain (Fig.l). These diagrams
involve pairs of particle-hole lines connecting n interaction vertices in sequence, the first
and last one being attached to Qj and Qi, respectively. Let us denote as t\,...,tn the
"times" associated with the vertices, ordered from Qj to Qi. The contribution of the fc-th
vertex is the matrix element — < (36\V \~fct >; making use of its antisymmetry, we note as
a and /3 the lines that go to the (&+l)-th vertex, while the lines 7 and S are issued from the
(k—l)-th vertex. It is convenient to consider — < (3S]VIfCt > as a matrix in Liouville space
which changes 7,6 into /3, a ; according to (3.21), this is precisely the action of fi~1(Qo~Q)-
The pair of particle-hole lines a,/3, connecting the k-th. and (k + l r t h vertices '7ig.l),
carries a propagator which involves (i) a pair of factors pa(l—pp) [or pp(l—pa), depending
on the sign of <n+1 — tk] and (ii) an exponential factor exp{(ifc+i — tfc)( Wa — Wp)}, coming
from the dependence (4.7) on "time" of the k-th and (k + l)-th vertices. For k = n,
the hole-particle lines go from tn to t = tn+i, and the "time" dependence arises from
Qi(t). Here again, it is convenient to consider this hole-particle propagator Y(tk+uh) as
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a matrix. This matrix is diagonal :

L-Pa)Pp for ffc-i-! < Ifc ,

( 4 - 1 3 )

with an interchange of indices in agreement with our notation (3.8), (3.9), (3.19).
With this notation, the contributions to (4.9) and (4.il)of the n-th order chain diagram

are
c(chn) = ^

Cj ( c h n ) = ,S-"-1 £dt,...dtndt (QilTit,In)(Q0- . ( 4 1 5 )

-
(No weight appears because the diagram with labelled ends has no symmetry.) Ordinary
and Kubo correlations differ through the fact that Qi pertains to the "time" t = 0 in
(4.14) whereas its "time" t is integrated from 0 to /3 in (4.15). Figure 1 represents the
latter situation.

To work out the "time;> integrations in (4.14) and (4.15), we perform the usual Fourier
transform suited to non-zero temperatures. The propagator (4.13) is thus expressed as

T(M')= E IXuOe-*-*), (4.16)

The normalization of (4.17) is such that for w = 0, F(w) reduces to GQ1 as denned by
(3.20) :

T(O) = Q? . (4.18)

Inserting (4.16) into (4.14) and integrating over all "times", we find

c^n) = £(<Mr(uO[(& - G)Wu)ITlQi) • (4.19)
ta

For (4.15), the integration over t amounts to pick out the sole frequency w = 0 ; according
to (4.18), this yields

C£ ( chn ) = (QiIQo1I(Go - G)Go1TlQi), (4.20)
where each pair of lines has generated a factor Q^1.

Both for Cy and C*, letting n = 0 and n = 1 in (4.19) and (4.20) gives rise to the
zeroth and first-order contributions, already discussed. By including these terms we can
perform the summation over n and obtain the perturbative contributions of the chain
diagrams to Cy and Cy :

m )
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(4.22)
= {Qi\Q~l\Qj) •

In order to sum over w in (4.21), we note that

[Ga — F~ (w)]/3a,4i = P^Ui^aS , (4.23)
Pa - PU

where we used the diagonal form (4.17) for F(w). We also introduce the matrix

(4.24)

which we shall identify in Sect. 4.3 as the RPA matrix. The summation over u; in (4.21)
then becomes

= \ E G*«(coth ^ W (^ - R6)QiS, . (4.26)

and this leads to

Z af)yS *

In this summation we had to take a principal part at w = ±oo to account for the two
possible orderings of Qi and Qj in (4.9).

It is obvious from (4.22) that our variational expression (3.40) for the Kubo correlations
is identical with the sum of all chain diagrams. A similar situation was found in the
introduction for the Ornstein-Zernike approximation (1.17), which was established both
variationally and perturbatively. However, due to non-commutation, the relation between
the mean-field variational formula (3.35) for Cy and the perturbative expansion is not as
transparent here. Whereas the terms C\f and Cy of (3.35) are nothing but the zeroth
and first-order terms (in the residual interaction) of perturbation theory, the remaining
part C\f [given by (3.37)] is the sum of the chain diagrams of Fig.l, in which only the
w = 0 contribution is retained. Equivalently, the "time" attached to the operator Qj is
integrated over, instead of being fixed at zero as in the complete perturbative expression
oidj.

Altogether, the additional terms Cy and Cy , brought in by our variational scheme
and absent from the naive mean-field approach, have a rather simple perturbative in-
terpretation. Indeed, we have obtained an approximation for correlations which bears a
close relationship v/ith the RPA diagrams. Nevertheless, the contribution of all diagrams
of order two and more should be evaluated by taking only the w = 0 term. Our varia-
tional result for the Kubo correlations is even more closiely related to the RPA, since it
includes the complete outcome of the RPA series defined by (4.22), with an integration
over tn+i = t. Remarkably, in both cases, some or other form of RPA has emerged bom
a varia.tional approach.

As we already noted (Sect. 3.6), the term Cy tends to zero in the zero-temperature
limit. In contrast, the full sum (4.26) of chain diagrams with tn+1 = 0 remains finite.
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Near zero temperature, it is obtained by replacing coth/?7£/2 by the matrix which has the
same eigenvectors as % and eigenvalues ±1 , depending on the sign of the eigenvalues of
%. Perturbatively, the limit of (4.19) as /3 -* oo is

. . . 1 f+ioo

.„, CS**) = J _ / MQim«)[«h-<nn»)ir\Qi), (*•*?)
ZiV J-ioo

where /3F becomes a finite matrix, which involves only hole-particle elements according to
(4.17), and where (Go - G)T = (3VT is also finite. The contribution C$ of the single term
u) = 0 is small as fi~x since 2ir(3~x £ w tends to the integral (4.27).

At high temperature, the summation over w is dominated in (4.21) by the term w = 0.
Hence, the full contribution (4.26) of the chain diagrams (or RPA diagrams) to Cy is close
to the variational result. In fact, the non-commutation of operators plays a decreasing
rôle as T increases, and neglecting the terms u; ^ 0 becomes legitimate. In this limit,
coÛi/3%/2 can be replaced by 2//371 and (4.26) reduces to (4.22).

Likewise, near a critical point, C\f is governed by the small eigenvalues of /372. (or of
G), and the same replacement of coth/37£/2 by 2//37J is justified. Both our variational
procedure and the RPA-like series in the form (4.22) are therefore adapted to the study
of long-range effects and of the divergences appearing near a phase transition in the
correlations. In such a case, the contribution of C\f is expected to become quite significant,
and the naive expression C,-° quite inappropriate.

4.2 Geometric Interpretation of the Stability Matrix of the HF
Theory

In the variational treatment of Sect. 3 as in the evaluation of the chain diagrams the matrix
Gy acting in the s.p. Liouville space, appears many times. From its definition (3.7), Q
obviously describes small deviations from the HF solution; the positivity of the quadratic
form (A/o|(/|Ap) expresses the stability of the HF solution within the space of s.p. states.
This suggests considering Q as a metric tensor on this space. (Our choice of the letter G
has anticipated this interpretation.) Although such an identification may look superficial,
we shall show that it is a special case of a quite general approach of non-equilibrium
statistical mechanics where entropy is used to supply the space of states with a metric
structure [10].

Let us first summarize the main lines of this approach. In the Liouville representation
recalled in Sect. 3.1, an expectation value [such as (3.11) for s.p. observables] is represented
as a scalar product between a state and an observable, regarded as vectors belonging to two
conjugate vector spaces. This, however, does not entail the existence of a scalar product
between states or between observables. A clue for defining such a scalar product is provided
by the following remarks. The physically most important scalar quantity which can be
built from a density operator D alone is the von Neumann entropy S(D) = —TrDInZJ ;
moreover, the second differential of 5(D) is negative. Considering S as a function of the
matrix elements of D (D being viewed as a vector with a pair of indices), the quantity — d?S
appears then as a natural definition for the square of a distance between two neighbouring
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states D and D + dD. In this way, a Riemannian metric structure is introduced in the
space of states and a scalar product can be defined between infinitesimal changes of a
state (and between observables through the inversion of the metric tensor).

Another basic concept implicit in many works of statistical mechanics is the contraction
of the description. Suppose that a (non-equilibrium) state is characterized by the expec-
tation values pk of some restricted set of relevant observables uik considered to be the
most significant. (Such variables pk are for instance macroscopic, coarse-grained and/or
time-smoothed.) Tht "reduced" density operator D0 that describes this situation at the
microscopic level is determined, within the class of density operators D which reproduce
the given expectation values pk = Tr Do;*1, by the maximum entropy criterion. References
on this procedure can be found in [10]. For example, if the relevant observables u>fe are
chosen as the s.p. observables Cpca, the data pk about the state are their expectation
values pa0. The (non-equilibrium) reduced density operator D0 that accounts for these
data, but is otherwise the least biased one, is obtained by maximizing the entropy S(D)
under the constraints Tr DcpCa = pap. This provides for D0 the uncorrelated density op-
erator e~M which satisfies (2.13). In this context the matrix elements Map appear as the
Lagrange multipliers associated with c^cp. Another example of a reduced density operator
is the grand canonical Boltzmann-Gibbs distribution; here, the relevant variables pk are
the energy and particle number. Once the reduced density operator D0 is constructed, its
von Neumann entropy S(D0) defines the relevant entropy relative to the selected observ-
ables uk. It is a function S(pk) of the expectation values pk of these observables. These
expectations pk, the relevant variables, constitute a subset of the coordinates of D when
D is considered as a vector in the many-body Liouville space. In our first example, the
relevant variables pk are the expectation values pap = {cpCa) ; the relevant entropy is
(2.16) as a function of the coordinates pap. In the second example, it is just the entropy
of thermodynamics as a function of the energy and particle number.

As a consequence of the above ideas, the second differential, SS-, of the relevant
entropy, written in terms of the relevant variables pk, defines a natural metric structure
on the subset of the reduced states.

With this background in mind, let us return to our fermion system. Some caution
should be taken because we are interested in the neighborhood of a grand canonical
equilibrium state (2.3). The temperature 1//? and the chemical potential a//? should
be thought of as accounting for the exchanges of energy and particles with an external
reservoir. The above discussion, however, concerned isolated systems. To adapt it to
the present situation, we should include the reservoir in our description, and generate
the metric from the total entropy, S + SR, of our system proper plus the reservoir. By
definition, this reservoir is extremely large and remains nearly at equilibrium. Its only two
relevant variables are the energy ER and particle number NR ; the associated Lagrange
multipliers /? and a stay nearly constant. As usual, we can eliminate the reservoir variables
by noting that the changes of SR are given by

ASR = I3AER - UANR = -0AE + aAN , (4.28)

where use is made of the overall conservation of energy and particle number. Hence S+SR
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can be replaced by 5 — pE + aN [apart from an additive constant] when the state of the
system is changed for fixed values of the reservoir variables /3 = 1/T and a — fi/T.

The inclusion of the reservoir has two effects. On the one hand, it compels us to
introduce E + ER, N + NR, ER and NR among the relevant variables ; ER and NR,
however, appear only through /? and a which remain constant. On the other hand,
it leads us to perform a Legendre transform and to define the metric tensor from the
Massieu potential S — (3E + aN rather than from the entropy S. If we now take the
pair operators C13C0, as the relevant observables u>k for the system proper, the square of
the distance between two neighbouring states, characterized by their coordinates pap and
PaP + dPapt is —d2(S — /3E + aN). The functions 5, E and N are expressed in terms of p
by (2.16), (2.17) and (2.18) since the reduced density operator D0 associated (through the
maximum entropy criterion) with the s.p. description of the system proper is uncorrelated.
Thus, the general framework of non-equilibrium statistical mechanics described in [10]
provides a natural metric, generated fay the von Neumann entropy, for our fermion system
characterized by arbitrary values of pap and in contact with a reservoir. With this metric
the distance between two states p and p + dp is given by the square root of

-d2[S{p)-PE{p) + aN{p)\. (4.29)

In the vicinity of equilibrium, we have

- d2[S(p) - 0E(p) + aN(p)} = -d2 In * = (dp\G\dp) , (4.30)

and G appears as the contravariant metric tensor, whereas G~l appears as the associated
covariant metric tensor.

This interpretation of Q is consistent with the structure, in the Liouville space, of the
equations written in Sect. 3. Before the introduction of a metric, we could write expressions
such as (3.11) for the scalar product between a variation Sp and an observable, but not for
a scalar product between two variations Sp. Because G is a natural contravariant metric
tensor, its occurrence is not surprising in scalar quantities built with two variations Sp. For
instance, (3.17) exhibits the distance between two neighbouring states p and p+Ap, while
the last term of (3.12) appears as the scalar product of dp/dÇi with dp/d£j. Formula (3.19)
shows that the unperturbed matrix Go plays the rôle of a metric tensor in the absence
of interactions. According to their geometric interpretation, G~x and Go1 are covariant
metric tensors ; they define scalar products within the space of observables, as illustrated
by equations (3.27), (3.29), (3.37) or (3.40). The interpretation of G, Ga, G~x and Ga1

as metric tensors helps us to comprehend the structure of the expressions obtained for
correlations in Section 3.

4.3 Connection with the RPA Dynamics
In agreement with the general theory [10], the metric tensor G plays a crucial rôle in the
dynamics of the relevant variables. In the present case, let us show that the tensor G
expressed by (4.30) is closely related to the matrix % which describes the dynamics of
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the small motions of p around the HF solution, i.e., to the matrix of the random phase
approximation. Indeed., the RPA equation (h = 1)

^ + i [W, Ap] + i [tT2V12Ap2, p] = 0, (4.31)

governing the evolution of Ap = p(t) — pHFi ̂  expressed in the Liouville space as

•- « • (4-32)
at is

By means of a straightforward calculation one can check, by comparing (3.23) with (4.31),
(4.32), that

KafaS = -Q 53 ( GatrfPtfi ~ PceCcfrtS] , (4.33)

in an arbitrary basis. In a basis where p is diagonal, this relation takes the form (4.24).
To gain a better understanding of this connection between Tl and Q, let us recall that

the RPA equation (4.31) is the linearized form, for small Ap, of the TDHF equation

ii , (4.34)

to which we shall return in Sect. 5. Taking into account the form of the variational
expression (3.17) and the fact that for arbitrary p, S(p) as well as its derivative (3.18)
commute with p, we can rewrite the TDHF equation (4.34) as

Mt)
dt

Thus the TDHF dynamics is generated by ths HF expression (3.17) for the Massieu func-
tion off-equilibrium. Moreover, the form (4.35) presents the advantage on the conventional
form (4.34) that the effective s.p. Hamiltonian —/3"1OIn ^/dp vanishes at the HF equilib-
rium. These points were developed in Ref.[ll], where the classical Lie-Poisson structure
of TDHF was recognized. For small amplitude motions we can, in (4.35), replace $ by its
second order contributions in Ap, and p(t) by its equilibrium value PHF- We thus linearize
(4.34) in the form

(4.36)

This equation is to be identified with the RPA equation (4.31) or (4.32). Hence, compar-
ison of (4.36) and (4.32) implies, without calculation, that the RPA matrix Tl and the
metric tensor, or stability matrix, Q are related by (4.33).
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5 DYNAMICAL MEAN-FIELD THEORIES
In the preceding Sections, we have been concerned with correlations of s.p. operators in
the grand canonical equilibrium state (2.3). Following the same plot as in I, we now turn
to time-dependent, out-of-equilibrium, situations. In the present Section, assuming that
the (normalized) density operator D(t0) of the system at the initial time t0 is given, we
study the correlations (or fluctuations for i = j)

Cij = 1(QiQi + Q&h - (QihAQjk , (5.1)

between some s.p. operators Qi and Qj at a later time tt. Between t0 and ^1 the evolution
is governed by the Hamiltonian (2.1).

Even if the exact initial state were uncorrelated, the intricate correlations whicii de-
veiop during the evolution would prevent us from working out an exact solution for (5.1).
One must resort to some method of approximation and we choose to evaluate (5.1) within
a variational framework. General tools for performing this task have already been set up
in Refs. I and II. The appropriate variational principle is, of course, of a different, dy-
namical, type than (2.30). In particular, the wanted solution will in general be neither a
maximum nor a minimum. In the next two subsections we review the formalism on which
we shall rely ; detailed derivations are given in I and II.

5.1 Background on the Dynamical Variational Principle
The problem that we face pertains to a general class of inference problems, namely, the
evaluation of the expectation value (A)tl of some given observable A at a finai time tx, the
state D(t0) of the system being known at an initial time /0- (Note that the last sentence
is implicitly written in the language of the Schrôdinger picture.) We have constructed
in I and II a variational scheme that allows to deal with this type of question. Within
this scheme several formulations were proposed, differing only slightly from one another.
Here, we choose one of them, which starts from the backward Heisenberg picture, where
the operator Â(tut) = e^ B(tx-t) Ae-\ H^-t) evolves according to

0 , ^ = 0, (5.2)

and obeys the boundary condition A{ti, h) — A. The time t runs backwards from the
final time ^1 to the earlier time tQ at which the system was prepared. To impose (5.2) as a
dynamical constraint, we have been led to introduce a time-dependent Lagrange multiplier
matrix V(t) which has features of a density operator but is not enforced to have a unit
trace.

Thus, our goal is to obtain (A)tl as the stationary value of the action-like functional

*H{A(t),V(t)} =

TrA(t0)D(t0) + £ dtTv ( ^ i W<) H]) V{t) (5 l3)
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(The functional $ H issued from the Heisenberg viewpoint was denoted as $ ' in Sect. 5.2 of
I.) The variational quantities are the time-dependent operators "D(t) and A(t), the latter
being constrained to satisfy the boundary condition

A(^) = A. (5.4)

By construction, the stationarity of (5.3), under changes in V(t), yields the backward
Heisenberg equation (5.2) for A(t) :

^ (5.5)

Stationarity with respect to A(t) yields, for to < t < <i, the Liouville-von Neumann
equation

^ & (5.6)

Finally, stationarity of (5.3) with respect to A[t0) results in the boundary condition

= D(t0) . (5.7)

Equations (5.6) and (5.T) show that, at the stationary point of $H? the trial operator V(t)
introduced in (5.3) as a lagrangian multiplier coincides with the density operator D(t) in
the Schrodinger picture. Using (5.5) and (5.4), we check that the stationary value of $H
is indeed our quantity of interest

(A)11 = TvA(iQ)D(t0) = TTAV(I1) . (5.8)

The last form expresses this quantity in the Schrodinger picture and follows from (5.6)
and (5.7).

Approximations are generated from the functional (5.3) by choosing restricted trial
classes for the operators V(t) and A(t). (Our choice will be to take V(t) and A(t) propor-
tional to exponentials of s.p. operators.) The exact variational equations (5.5), (5.6) and
(5.7) were obtained from (5.3) through unrestricted variations of V(i) and A(t). They are
now replaced, respectively, by the weaker conditions

=0, (5.9)

Tr s A{lF
Tr 6A(to)[D(to) - V(t0)] = 0 , (5.11)

where 8V and 8A denote arbitrary allowed variations in the trial subspaces of V and A.
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5.2 Time-Dependent Mean-Field Approach for Characteristic
Functions

As we want to calculate correlations and fluctuations of s.p. observables Qj of the form
(2.8), our quantity of interest is, like in (2.26) and (2.27), the second characteristic function

V(O = M«p[-Cf4QiI)11, (5.12)

now evaluated at the time J1 f° r a given initial state D(t0). Thus, this problem enters the
framework of subsection 5.1 if we take

as the operator A of (5.4). The quantity (5.12) will be obtained as the logarithm of the
stationary value of (5.3).

By analogy with the static case, where we used (2.37)-(2.39), we choose

A(t) = e-K') (5.14)

as trial class of the time-dependent operator A(t). Here, L(t), defined by

involves the variational scalar £(£) and matrix Lap(t). The choice (5.14) is consistent with
the form (5.13) of the boundary condition (5.4) at t = t\. This constrains L(^1) to satisfy

4*0 = E 6 * . (5'16a)
i

MM = E 60*- (5-16b)
i

For t < ti, the simple form (5.14), (5.15) cannot hold for the exact solution of (5.5).
Using (5.14), and determining L(O from the variational expression (5.3), will be part of
our approximation.

The second part of the approximation lies in the trial choice of V{t). In accordance
with the Une of the present paper and (2.7), (2.9), we put

V(t) = e" M W . (5.17)

Here, the time-dependent variational objects are the scalar m(t) and the matrix Maf}{i)
which parametrize M(O- As in the static case, we can equivalently parametrize P(O by its
normalization z(t) and its contractions pafi(t), related to m(t) and Map(t) by Eqs.(2.10)-
(2.14).

In the present subsection, we assume that the given state D(t0) has an uncorrelated
form. This assumption is consistent with the ansatz (5.17). The initial state D(tQ) is thus
characterized by the contraction matrix /»0,

Poafi = TTD(U)CJ3C0 , (5.18)
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and has unit trace.
Since we have taken, in (5.14) and (5.17), unnormalized trial operators A(t) and V(t),

variations SA proportional to A (SA oc A) and variations SV proportional to V (SV oc V)
are allowed. This will entail some simplifications.

The next step is to obtain the approximate action 4>H corresponding to the trial subsets
(5.14) and (5.17), that is, to write the s.p. reduction $ s p of the functional (5.3) in terms of
s.p. independent variational parameters. This has already been done in detail in Section
8.2 of II. Here, we merely transcribe the result as a function of the parameters I, L, z and

*„(*, L; z,p) = exp(-^ 0 ) + trln{l - Po[l -

The auxiliary variables p', a1 and w are defined at each time, in terms of the independent
variables £, L, z and p, by

P' = —T^-p , (5.20)
( )

a' = e-Lp'eL , (5.21)

The quantities w and p' were already introduced in the static case [Eqs.(2.40) and (2.41)-
(2.43)]. For more details about the properties of p' and <r', see Sect. 8.2 and Appendix of
II. The expression for E(p') and E(a') is the same as the HF energy (2.17), except for the
fact that p' and a' are no longer hermitian, and hence E(p') and E(cr') are not real.

The particulars of the problem appear as follows. The initial state D(I0) enters (5.19)
in the first term, through the contractions p0 denned by (5.18). The observable (5.13)
comes in through the boundary condition (5.16) imposed on the variables I and L.

As usual in variational treatments the quantities V(t) and A(i) are allowed to break the
invariances of the exact dynamics generated by H. One of these invariances is associated
with the fact that the exact density operator D(t) and the exact observable A(t\,t), which
are hermitian at t0 and ti, respectively, remain hermitian at all times. In order to preserve
this invariance when performing the mean-field approximation, we should take z, I, w real
and p, L hermitian; in this case, p' = a and E(p') = E(<r')*. However, it may be
useful, for instance in tunneling or dissipative problems, to release these restrictions and
take non-hermitian trial matrices for p and L. We shall not assume hermiticity in the
forthcoming equations.

We have now to express the stationarity of (5.19) with respect to the independent
variational parameters, or, equivalently, to use (5.14) and (5.17) in (5.9)-(5.11). The
variations of z(t) and p{i), that is, the stationarity conditions (5.9), provide the equations
of motion for A(t) :

i ^ = E(p') - E(<r') - tvW(p')p' + t r W V V , (5.23)
at
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S (5-24)
Likewise,the variations of i(t) and L(t) for t > to, that is, the conditions (5.10), provide
the equations of motion for V(t) :

i ~ = E(p') - E{a') - tvW(p')(p' -p) + tiW(<r')(*' - p) , (5.25)

i ^ = (1 - p)W(//)p - PW(o>)(l - p) . (5.26)

The operators W(p') and W(a') have the HF form (2.22) but are non-hermitian. Finally,
the variations of £(t0) and L(t0), that is, equations (5.11), provide the boundary conditions
for V(t0) :

z(to) = 1 , (5.27a)

p(i0) = Po • (5.27b)

The differential equations (5.23)-(5.26) must be solved with the mixed boundary condi-
tions (5.16) and (5.27), at ^1 for A(t) and at t0 for "D(t). Moreover, as a result of the
reduction of the trial spaces (see I and II), equations (5.24) and (5.26) are coupled, in
contrast to the exact equations (5.5) and (5.6). Once these equations are solved for p and
L, the quantities I and z can be obtained from (5.23) and (5.25) through quadratures.
Remember, however, that our final goal is the evaluation of (5.19) at its stationary point.
This will eventually give an approximation for the correlations (5.1). As we shall see, it
will not require finding the complete solution of the set (5.23)-(5.26).

To simplify the calculations, we shall rely on several consequences (derived in II, Sect. 5)
of our approximate variational equations:

• (i) From (5.23) and (5.24), the integrand of (5.19) vanishes :

0 = - | + t r / / e * ^ + i EW) - i E(p') . (5.28)

This is also readily seen by using (5.22) to replace the variational quantities I, L, z,p
by £,L,w,p ; the stationarity condition S$tp/6w(t) = 0, then reduces to (5.28).
Another, general, argument leading to (5.28) is based on (5.9) where one takes
SVocV.

(ii) From the definition (5.22) of w and from Eqs.(5.23)-(5.26), it follows that w is
constant in time :

This follows also from the general equations (5.9) and (5.10) where one takes SV « V
and SA oc A.
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• (iii) From (5.24) and (5.26) the equation of motion for the subsidiary variable p'
[defined in (5.20)],

i Wp')p'), (5.30)

is formally identical with the TDHF equation [and likewise for <r']. Recall, however,
that W(p') and W(<r') are not hermitian. Moreover, the mixed boundary conditions
(5.16b) and (5.27b) do not entail any simple boundary conditions on p' (or a').
Thus, (5.30) cannot by itself provide a complete solution to our problem. From
SE(p') = tiW(p')Sp' and from (5.30), one deduces that E(p') remains constant
during the evolution; the same is true for E(cr').

5.3 Evaluating the Correlations

The characteristic function v ( 0 defined by (5.12) is given in our approximation by

V(O = In** (5.31)

at the stationary point of (5.19). Owing to (i) in the above subsection, we have

V(O = lna>(/0) = -/(to) + trln{l - po[l - e~L^]} . (5.32)

Moreover, it follows from (ii) that

V(O = lnw(<) , (5.33)

where t is an arbitrary time (<o < t < M- IQ particular, (5.32) is equivalent [see Eq.(2.40)]
to

V(O = lnw(*i) = M M " 4M + trln{l - /»(M(1 " e~LM}} , (5.34)
where £(ti) and L(ti) are directly expressed in terms of the £'s by the boundary conditions
(5.16). Remember that these boundary constraints are at the origin of the dependence,
through the coupled equations (5.23)-(5.26), of all our quantities, including w, on the
source variables &.

The correlations and fluctuations will now be obtained through expansions in powers
of the £;s. According to (2.28), we need v to second order in £. Depending on the
expression used for <p, this requires expanding some of the quantities £(t),L(t), z(t), p(t),
and truncating at different orders in the calculations. Namely, if we use (5.32), we need
to determine £(t0) and L(t0) to second order. If on the other hand we use (5.34), we need
z(<i) to second order but /»(M to first order only since the quantities l{t\) and L(ti), given
by the boundary conditions (5.16), are of first order in £.

Another type of simplification, arising from the stationarity of the expression (5.31)
for V» occurred in Sect. 3.1, where only the first-order solution of the variational equa-
tions was needed to evaluate the correlations. We shall now exploit the same property for
$sp(£,i,z,/£>;0- This functional, which depends on the £'s through the boundary condi-
tions imposed on the variables £ and L, is stationary with respect to £, L, z, p. Hence, the
first derivatives of its stationary value v ( 0 a r e given by

^ ^ ( £ , I , Z , p ; 0 - (5.35)

45



The equations (5.23)-(5.26) have been obtained by varying I, L, z and p in $ s p under the
constraints (5.16). To evaluate the partial derivatives (5.35) of <p with respect to the £'s,
we let (5.19) vary unrestrictedly, without imposing these constraints, and pick out the
coefficients of 6£(ti) and 8L(t\) obtained, as usual, through an integration by parts. We
get altogether^

Since at the stationary point $ s p itself is equal to w(ti) [see Eq.(5.34)j, we find

where we used (5.16). It is now clear from (5.37) that the determination of fluctuations
and correlations requires only the knowledge of p'(ti) to first order in the £'s.

The evaluation of p'(t\) makes it necessary to solve the coupled equations (5.24) and
(5.26) for L(V) and p(t). We need therefore to expand the latter quantities at each time
as

. . /»r.(i)
(5.38)

(5.39)
«=o

P = Py

Accordingly, p'(t) is expanded as

P'=-

We use upper indices to denote successive orders in the sources £'s.
To zeroth order, the coupled equations (5.23)-(5.26), together with the boundary con-

ditions (5.16) and (5.27), have the obvious solution

( 5 . 4 1 a )

z(°) = 1 , (5.41b)

,'<•» = «/<•> = ,<•>, (5.41c)

where p^ is the solution of the ordinary TDHF equation

(5.42)

with the initial condition p^(to) = Po- As expected, this solution provides w(t) = 1, and
hence <p = 0.

To first order we should determine Lj and pj by retaining in (5.24) and (5.26) only
the terms in £,-, then by solving the resulting coupled equations ; the associated boundary
conditions,

= 0 , Li(U) = Qi, (5.43)
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result from p(t0) = p^°\t0) = p0 and from (5.16b). These equations are linear, with
coefficients depending on p(°K

Let us first show how their solution enters our expression for the fluctuations or cor-
relations dj. According to (2.28), it will be given by

I r = -(Qi) + E f c C y + ••• > (5.44)

to be compared with the expansion of (5.37) to first order in the £'s. The latter expansion
yields

% ~ -qi + Mi1)(I + EtiQi)[-Qi + i £UQiQk + QkQi)], (5.45)

where p'(ti) must be expanded to first order according to (5.40). Inserting (5.40) into
(5.45) gives (Qi) to the lowest order and Cy to the next order. It is immediatly checked
that

(Qi) =qi + tvp{0)(h)Qi. (5.46)

As expected, this is just the TDHF result. We know, indeed, (see II, Sect. 7), that the
best variational approximation for s.p. expectation values of s.p. observables is provided
by TDHF.

We then turn to the first-order contribution to (5.45) which [see (5.44)] will give us
C,j. Inserting (5.40) and (5.43) into (5.45), we obtain

Ej tiCa = Hff»Ku)[\ Zk UQiQk + QkQi) - Zj MM
-ITpI1Kt1)Qi + ttfPKh) ZJ tiQAi - p(o)(ti)}Qi,

and hence

where we have used ihe notation (5.39). We find therefrom

C« = (%>**-tipMQi, (5.47)

for the variational expression of the correlations (5.1) , with

J ) Q 1 [ I - P{0)(ti)]Qi + [1 - />(0)(<i)]<?*(0)(W;} • (5-48)

The latter quantity is nothing but the naive TDHF answer. Indeed, C™HF would
result from the assumption that the correlations, at the time U, could be evaluated from
the approximation in which the density operator remains uncorrelated at all times and,
starting from D(t0), follows the TDHF motion (5.42). The expectation value (2.25) that
defines C,-7- would then be obtained by use of Wick's theorem and would reduce to (5.48).
In contrast, our variational treatment yields a corrective term in (5.47) which involves
Pj(U), the first-order contribution in £;- to p [Eq.(5.39)]. Remember that p is not truly a
reduced density operator: it has been introduced through the Lagrange multiplier V(t)
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to account for the Heisenberg evolution of the observâtes. To lowest order, whon we
are only interested in s.p. expectation values (Qi)*,, p ^ P^ reduces to the TDHF s.p.
density. However, the self-consistency of our variational equations gives rise to a coupling
between the evolution of p and that of the approximate observable, so that the next
order calculation, which leads to the correlations (5.47), contains a first-order contribution
P ^ = EjCjPj. Due to this coupling between p and L, obvious from Eqs.(5.24) and (5.26),
P^ itself will depend on the nature of the correlations under study.

To achieve the evaluation of dj, we need in principle to determine Pj{ti). Since we
shall see in subsection 5.4 that this calculation can be bypassed, we concentrate on the
formal structure of the equations. The right-hand side of (5.26) involves p and L either
directly or through p' and <T' [Eqs.(5.20), (5.21)]. It generates two terms when both p and
L are expanded to first order in £y.

• (i) To zeroth order in L and first order in p, we have p ~ p' ~ a' [see Eq. (5.40)],
and hence this r.h.s. reduces to [W(/»),/>]. Its first order contribution, when p is
expanded according to (5.39), has the same structure as the first-order expansion of
the TDHF equation (4.34) around one of its solutions. Therefore, using the Liouville
representation and the notation (4.32), we find just

• (ii) To first order in L and zeroth order in p, the contribution of the r.h.s. of
(5.26) comes only from the last term in (5.40) and from the similar term in a'. The
coefficient of £, has obviously the structure TLj, where T is (like TV) a matrix in the
Liouville space depending on time through p^°\t). An explicit calculation provides

- p)s>i

- ( I - />)««'(! " P)^ < l'a'\V\/3'6'

where p stands for

The equation for pj(t) has thus the form

( ^ . (5.50)

As expected, it is linear and coupled to Lj(t). Therefore, we need to expand also the
equation (5.24) for L(t) to first order in £,-. To this aim we use (5.40) and note from (5.21)
that

</- /» '~-[Z ( 1 \ /> ( 0 >] . (5.51)

This yields

i ^ =[W(pl%Lj] + Z
at a0

We easily check, using the definition (4.31) or (4.32) of the Tt matrix in the Liouville
space, that this equation reads

i ^ = -L1H . (5.53)
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Altogether the evaluation of the corrective term tipj(ti)Qi in (5.47) requires the so-
lution of (5.50) and (5.53) with the boundary conditions (5.43). It is noteworthy that
the expansion in powers of the £'s has resulted in a decoupling of the successive approx-
imations. First, pW is determined by solving the TDHF equation onward in time, with
pW(t0) = Pa- This supplies the matrices ft and T in (5.50) and (5.53). Then, (5.53) is
solved backward in time, with Lj(ti) = Qj. Finally, (5.50) should be solved onward in
time, with Pj(t0) = 0, so as to yield pj(h) and hence C,j.

In the aext subsection, we shall see that the last stage of this iteration is not necessary.

5.4 A Simplified Formula for the Correlations

The expression (5.47)-(5.48) requires the solution of (5.53) and then of (5.50). This is not
simple. Moreover, the term — trpj(ti)Qi, which must be added to the naive TDHF result,
is not obviously symmetric in the exchange of i and j , as it should be. In this subsection,
we transform the expression of dj so as to obtain a new, simple and manifestly symmetric,
formula.

Our starting point has been the expression (5.35), evaluated at the time t = I1. By
taking advantage of the stationarity of $,p , the needed order in the expansion in powers
of £ has been lowered from two to one. Moreover, the comparison of (5.32) with (5.34)
shows that switching from one extremity to the other of the time interval (<o>*i) can a
induce a further simplification. To this aim, as we did in (5.33) for v?(0> w e shall now
write an expression for C,j which involves an arbitrary time t and equals (5.47) at t = £x.

We thus introduce the quantity

htttfLi[l P]Li + [1 - p<°>]LipWLi) - UpjLi , (5.54)

where p^°\pi,L{, defined in Eqs.(5.38) and (5.39), are functions of t. Obviously, owing to
the boundary condition (5.43), we have Fij(ti) = Ci j . Let us then take the time-derivative
of (5.54). The evolution of p^ is generated by (5.42), that of p, by (5.50) and that of
Lj by (5.53). We note that the latter equation merely involves the kernel H obtained by
expanding the TDHF equation. On the other hand, even though the evolution of pj is
complicated, this quantity is related simply to the expansion (5.40) of />', while p', as pffl
itself, follows the TDHF equation (5.30). Hence, denoting as p'j the first-order contribution
in Cj to p', we have from (5.40)

p'j = Pj-P^Lj[I-pW], (5.55)

and from (5.30)

i M = np>. , (5.56)

as a consequence of the very definition of %. For symmetry, we introduce also

*i = Pi - [1 - P{0)]LjP{0) , (5-57)

that obeys

^ (5.58)
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From (5.55) and (5.57), we can rewrite the definition (5.54) of Fa(t) as

^ +^). (5.59)

The time-derivative of (5.59), obtained from (5.53), (5.56) and (5.58), is in the Liouville
notation,

^ l L l = 0 . (5.60)^ ( L ^ + J) + (

The two contributions cancel each other in the right-hand side.
Thus, because Lj evolves with the same RPA-type of kernel as the deviations p'j or <r'j

from the TDHF solution, the quantity (5.54) does not depend on time. We shall evaluate
it at t = t0, instead oit = <1? so as to take advantage of the boundaiy condition Pj(U) = 0.
This finally gives us the following simple variational form for the correlations at the time

dj = ^tv{poLi{to)[l - Po]Li(U) + [1 - Po]Li(U)PoLi(U)] , (5-61)

where we used the initial condition p^(tQ) = p0. The formula (5.61) has already been
given without proof in Ref.[12] for the fluctuations Cu.

The above derivation may look somewhat artificial. It would be easy to check (5.60)
directly from the equations of motion (5.42), (5.50) and (5.53) for p(°\ pj and Lj. The
key point has been the form (5.53) of the equation for Lj. We have already encountered
this equation, within a slightly different context, in Sect. 7 of II. In that case, we were
interested in a variational evaluation of (Qj) at the time t1, taking as usual the form (5.17)
for V(t), but the form (5.15), that is L(<), for A(t) itself instead of (5.14), that is e~I(t>.
The result was of course the TDHF equation for p, but we also obtained an equation
for L(t) which was exactly (5.53). We showed in II how this equation, the dual of the
time-dependent RPA equation, arose in that context; however, one did not have to solve
it there. The reason why the same equation comes out here is clear if we remember that
we have expanded A(t) = e~L^ to first order in £, which replaces A(t) by I — L(J). The
unit term I is irrelevant and, to the considered order, the calculation amounts to replacing
e - lW by -

5.5 Main Features of the Result
As far as the subject of this paper is concerned, the most important result of Sect. 5
is formula (5.61). It expresses the correlations and fluctuations of s.p. observables Qj
at a time t\ within an extended time-dependent mean-field approach, in the case where
the initial state at the time t0 is uncorrelated. We started from a variational expression
for the characteristic function [see Sect. 5.2]. Evaluating this expression requires to solve
coupled time-dependent differential equations, with mixed boundary conditions at the
initial and final times t0 and t\. This particular feature makes an explicit calculation
rather cumbersome. However, by expanding the characteristic function to second order
in the source terms, we have been able to set the calculation of the correlation matrix Cij
in a decoupled form. More precisely, to evaluate (5.61), one must
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• (i) solve the ordinary TDHF equation (5.42) for p^°\t), with />0 as the initial condi-
tion at t = to]

• (ii) once p^0\t) is known, write equation (5.52) for Lj(t), and solve it backward in
time with the boundary condition Lj(<i) = Qi\

• (iii) insert Li(t0) into (5.61).

The most complicated step is the solution of the backward equation (5.52) [or (5.53)]
involving tht RPA-like kernel Tl.

We have shown that our result (5.61) is equivalent to (5.47), which is however evaluated
at the time J1. Going from the time 11 to the time to, we have been able to restore explicitly
the symmetry of the correlation matrix Cy; this property was not obvious in (5.47). A
consequence of this symmetry, combined with the constancy in time of (5.54), is that

(5.62)

at any time. A direct check of this property relies on equations (5.50) and (5.53), which
yield

| i) - (L{, TLj) . (5.63)

Owing to the symmetry of the kernel T defined by (5.49), the time-derivative (5.63)
vanishes and we get (5.62) from the boundary condition />;(t0) = 0.

Thus, even though its proof is rather intricate, our final formula (5.61) has remarkably
simple features. Contrary to (5.47), it does not contain any corrective term. It is also
reminiscent of Wick's theorem in the way it involves the contractions (c*c) and (ce).
However, these, as well as the quantities Li and Lj, are calculated at the initial time t0

whereas we are evaluating the correlations Cy at the final time t\. The simple expression
(5.61) should be viewed as written in a backward Heisenberg picture, with a fixed state
Po and with the observables brought back to the time t0 by the evolution equation (5.53).
In contrast, the expectation values (Qi), as given by (5.46), have a simple form in the
Schrôdinger picture where the approximate state p(°\ti) is evaluated at the final time ti
while the observable is Qi itself.

The simple, Wick-like, form of (5.61) should not hide the fact that this formula is
not trivial. Indeed, the backward RPA-like equation (5.53) indirectly accounts for the
dependence of the approximate state upon the sources, that is, upon the question which
is posed. This, we know, is the mechanism that allows us to incorporate some effects
of the interactions into the correlations Cy, even though we use an independent-particle
ansatz for the trial density operator.

This point is made clear by noting that a naive application of Wick's theorem [sug-
gested by the expression (5.46) for the expectation values of s.p. observables] would yield,
for the correlations and fluctuations at the time tu the TDHF expression (5.48), itself cal-
culated at the time ^1. In spite of the formal analogy between formulae (5.48) and (5.61),
only the latter, where all quantities are brought back at the time t0, is a variaiionai result.
The occurrence of Wick's theorem at the time t0 for our approximate variational evalua-
tion of correlations at the time ti appears as a fortunate accident when we refer to (5.54).
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This expression for Fij(t), in which t takes an arbitrary value between to and <i, gives rise
to the corrective term in (5.47) that comes in addition to the naive Wick answer (5.48) if
we insist on calculating C^ in the Schrôdinger picture.

The presence of this corrective term becomes crucial when we turn to the the question
of conservation laws. Let us first consider a s.p. observable Qi that commutes with the full
Hamiltonian H, for instance a component of the momentum or the angular momentum. In
the exact evolution, its expectation value as well as all its moments are time-independent.
In the TDHF approximation, the expectation value (5.46) is independent of ^1 as it should,
but, starting with the fluctuations C™HF, the time constancy of higher moments is vio-
lated. This is a well-known pathology, easy to check from the TDHF equation (5.42). We
have indeed, from (5.42) and (4.4),

i J-{Q<> = ttQi\W(p),P] =

where p denotes p^°\ti). The expectation value is taken on the TDHF state at the time
<i, and we have ([Qi, : V :]) = 0, due to the properties of normal products. No such time-
independence holds for (Q?) when this quantity is calculated from the naive formula (5.48),
that is, by means of Wick's theorem with contractions satisfying the TDHF equation. In
contrast, our expression for Cu does not depend on J1.

Let us prove this point in a more general context. We now denote as Q1- a set of
s.p. observables, all commuting with H, but not necessarily with one another. The exact
characteristic function (exp(— £&Qt))> evaluated at the time ^1 for a given initial state
at to, is independent of tx. This property will be shown to hold equally in our variational
approximation. Consider the operator

A(t) = e-^(iQi , (5.65)

which belongs to our trial class of exponentials of s.p. operators, and which is time-
independent. Obviously, our first variational equation, (5.9), is satisfied by (5.65) for any
8V. Let us assume that we have solved the other equations (5.10) and (5.11) within our
trial class. Then, whatever their solutions, the stationary value of (5.3) is found to be

and it is clearly independent of Z1. Hence, all fluctuations, correlations and higher-order
moments are constant with time in our approximation. By insisting to find them within
a variational framework, we have cured one serious illness of the conventional TDHF
approximation.

This improvement is of special relevance for the theory of collisf-'ys between complex
systems such as heavy ions. Suppose we wish to characterize, fo. ,ustance, the momen-
tum dispersion of the final fragments, taking as observable Q the t e a l momentum in some
region of space. This quantity commutes with the channel Hamiltonian after fragmenta-
tion, and the time ^1 at which its fluctuation is evaluated is in principle irrelevant once
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the reaction is achieved. The usual TDHF treatment violates this requirement whereas
the momentum dispersion provided by (5.61) is independent of ^1, as it should.

Galilean invariance also is dealt with more satisfactorily by (5.61) than by the TDHF
approach. This invariance is associated with the commutation relations

[R,#] = - ^ P , [P, H] = O, (5.66)

where R .s the position of the center of mass, P the total momentum and M the total
mass. The characteristic function <p(\, fi) at the time tt for the s.p. observables R and P
is the expectation value of the operator

A = exp(-A.R - /*.P) . (5.67)

In the Heisenberg picture (5.2), the position and momentum operators are obtained from
(5.66) as

R(<X,<) = R + ^ P , P(tut) = P, (5.68)

and hence the Heisenberg transform of (5.67) is

i(«i, 0 = exp{-A.R - /i-P - ^T7^A.P} . (5.69)

The characteristic function <p(\,,fj,) at the time ti is thus related to the characteristic
function <fo(X, ft) in the initial state D(to) by

t+h^lX). (5.70)

This exact relation, a consequence of galilean invariance, is also satisfied in our vanational
approximation. Indeed, as in the case (5.65) of conservation laws, the operator (5.69)
belongs to the trial class (5.14), and it obeys (5.2). Hence the variational equation (5.9)
has A = A(ti,t) as its solution and (5.3) again reduces to its first term, which coincides
with the exact answer.

As a consequence, all exact relations for the moments and correlations of R and P that
follow from (5.70) are preserved by our approximation. To first order in A and /t, we find
of course the free motion of the center of mass (as in TDHF) for the expectation values
of (5.68). Things are more interesting when (5.70) is expanded to second order. Then we
find that the fluctuations and correlations at the time t\ are related to their initial values
by

= AP\,

where, for simplicity, we assume R and P to be uncorrelated in the initial state D(t0).
This result holds both for the exact case and for our approximate expression (5.61). Thus
the latter reproduces correctly the spreading of the wave-packet expressed by (5.71). Here
again, a defect of the TDHF approximation has been remedied. Indeed, if we calculate the
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fluctuations of R and P by means of the TDHF prescription, that is by (5.48), they do not
evolve in time according to (5.71). For instance, boosting a localized static HF solution
by a galilean transformation produces a TDHF state in which AR2 remains constant in
time, even though AP2 is finite.

It is noteworthy that a similar analysis can be applied to static HF solutions. In the
present framework, these appear as stationary solutions of the TDHF equation (5.42).
They obviously yield, for instance, a constant value for AR2 . This absence of spreading is
a hidden pathology of the static HF approximation which violates (5.71). In our variational
mean-field approach, if we take a static HF state as the initial condition D(t0) we find
constant values for the quantités (Qt)Ie1, but higher-order moments may depend on tx.
More precisely, in the evaluation of (5.61), the first stage yields a constant p^°\t) equal to
po. The RPA kernel % in (5.52) is also constant but the solution of (5.52) gives for Li(t0)
a value which depends on tx (except if Qi is a constant of the motion). The fluctuations
and correlations (5.61) predicted at the time tj from a static HF initial state are thus not
the same as those at the time t0, even though the contractions p^(t) remain constant.
For AR2, this time-dependence reproduces exactly the spreading of a wave-packet which
would coincide at the time t0 with this HF state. For other fluctuations our approximation
describes the time-dependence of quantities that are not stationary, since the HF initial
state is not an eigenstate of the exact Hamiltonian. From this viewpoint a static HF
state should be interpreted, not as an approximation for a stationary solution of the
Liouville-von Neumann equation, but as an approximation for an exact time-dependent
wave-packet. The s.p. quantities (Qj) then remain constant, but not the fluctuations or
correlations (5.61). Thus, by means of (5.61) it appears possible to extract information
about some dynamic properties from a static HF solution. For instance, just as (5.71)
provides the total mass, we may use the time-dependence of (5.61) to obtain some inertial
parameters from the knowledge of a static HF state. This is not too surprising since
we have determined the correlations by means o\ (5.53), a generalized form of the RPA
equation. In particular, conservation laws associated with observables Lj which remain
constant in time are obviously related to the zero modes of the RPA.

A last remark is suggested by information theory considerations. In the initial independent-
particle state D(t0), the amount of missing information is measured by the von Neumann
entropy S{D(t0)} = -TrD(t0) In D(t0), which reduces to the s.p. entropy (2.16), namely
S{D(t0)} = S(p0) = — tTpolxLpo — tr(l — /»o)ln(l — p0). Had we made exact and complete
predictions at the time <i, or otherwise said, had we determined exactly the final state
D(tx), we would have neither gained nor lost any information. Such an idealized situation
is characterized by the equality of the final and initial entropies,

S[D(I1)] = S{D(t0))} = S(P0) . (5.72)

If our knowledge at the time <i is incomplete, though exact - i.e., if we have only
determined the expectation values of a restricted set of observables in the exact final state -
we have, of course, less information at U that we had at to. Such a lack of information yields
for the corresponding entropy a value larger than (5.72). Suppose for instance that, from
the known uncorrelated state D(to), we evaluate exactly the s.p. density p\^ = (caty)
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V;

at the time t\, but ignore everything else. Then our missing information is the relevant
entropy [10,13] relative to the set of the observables c^cp. According to Sect.4.2, this
entropy is equal to S(p\x). It is larger than S{D(ti)} and hence, S(p\x) > S(p0). The
least biased prediction for any other quantity at the time ti, when we know p[x but keep
no track of D(I0), is provided by the use in Wick's theorem of the contraction matrix
p". If we moreover succed in evaluating from D(t0) the exact correlations C" , we find,
in general, a deviation from the Wick results, and hence our information increases. The
corresponding relevant entropy S(p\x,C") is defined (see Sect. 4.2 and Ref.[10]) as the
maximum of the von Neumann entropy S(D) within the set of all the density operators
D that reproduce the "data" ptx and C'f. These various relevant entropies satisfy the
inequalities

S(Po) <S(plx,C%)< S(p?), (5.73)

which have an obvious interpretation in terms of gain or loss of information. The inequal-
ities (5.73) would be replaced by equalities only for trivial non-interacting systems.

In our variational approach, from our knowledge of D(IQ), we have approximately
inferred the expectation values (5.46) and the correlations (5.61) of s.p. observables at
the time I1. As regards the expectation values, we have obtained the TDHF s.p. density

instead of the exact result p". Using the TDHF equation we get

S(W) t[W(W)«»]Ini-^ = 0 . (5.74)

Therefore, the lack of information associated with P^(I1) is the same as our initial lack
of information S(po). As regards the approximate correlations C^f9*, we have seen that
their expression (5.61) differs from the naive answer (5.48). Consequently, we find

S(PW(U), C-T) < S(pW(h)) = S(po) . (5.75)

This is an unreasonable inequality, as it means that there is more information in our
approximate results at the time J1 than in the initial data po\ Evidently, an inference pro-
cedure cannot increase our information, and should lead to approximate results satisfying
the same inequality

S(Po) < S(Prr, C?r) < S(p?pt) (5.76)
as (5.73). Comparison of (5.75) and (5.76) compels us to conclude that the TDHF re-
sult p(°\t\) cannot be a completely reliable approximation for the full matrix p\x, since
any trustworthy approximation must satisfy S(plPpi) > S(p(°\ti)). We expect system-
atic errors to occur at least in some matrix elements of p^°\ti), for instance in those
involving high momenta. The too large information measured by 5(/»^(*i)), and hence
by S(p^(ti),CîjPt), comes from the unavoidable bias introduced by any approximation
scheme. Nevertheless, no paradox arises if one does not attempt to study all the s.p. op-
erators C]xCp, and at any rate only part of these are physically relevant [14]. In particular,
no conceptual difficulty prevents us from applying the results of the present Section to
s.p. collective observables Qi for which the inequalities (5.76) will hold.
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5.6 A Slater Determinant as an Initial State
Equation (5.61) also holds when the initial state at the time t0 is a Slater determinant,
that is, an uncorrelated pure state characterized by a single-particle density po satisfying
Po — PO' In ^hJs case, it is easy to check that (5.61) reduces to

Cii = -\tv[Li(t0), P0][Li(U), po] . (5.77)

This form entails a simplification in the explicit calculation of C^. From (5.51) we derive
at arbitrary times the equation

P^aI = [Li, p^] , (5.78)

where p\ and a\ are the first-order contributions in & to p' and a'. On the other hand,
(5.56) and (5.58) imply that [£<,/>(0)] satisfies the RPA-like equation

i[LJ] = n[LijpW] j ( 5 7 9 )

and thus evolves as an infinitesimal variation around a TDHF solution. As a consequence,
to first order in e, the s.p. matrix

ru(t) = pW + ie[Li,/>W] « e i4V0)e~ i eLi (5.80)

is a solution of the TDHF equation. Altogether, correlations and fluctuations take the
form

Cij = Um ̂ tTMt0) - P(0)(*o)]fo(*o) - ?(O)(*o)] • (5.81)

To evaluate (5.81), one only needs to solve first the TDHF equation (5.42) for /»(0)(<) with
the initial condition p^(t0) = Po, then again the same TDHF equation for rji(t) with the
final condition

Vi(U) = e"V0 )(*i)e-"9 < , (5.82)

a consequence of (5.43) and (5.80). Note that »fc(t), just as p^(t), describes at any time
a pure state such that p2 = p.

The result (5.81) is especially convenient for numerical applications, since it enables
one to calculate variationally correlations and fluctuations with nothing other than the
existing TDHF codes for pure states. It suffices (i) to run the code once forward in time
to get p(°\ (H) then to make the change (5.82), and (iii) finally to run the code from Z1 to
t0 so as to build %(£o). This calculation should be made for a set of smaller and smaller
values of e, chosen so as to ensure the convergence of the limiting process (5.81).

This procedure has been actually applied in numerical calculations of nuclear colli-
sions. As alluded at the end of the Introduction, while the conventional formalism - HF
for the initial state, TDHF for the evolution - accounts rather well for the experimental
data on expectation values of s.p. observables after collision, it severely underestimates
the fluctuations [5]. A first calculation using (5.81) was performed for a collision between
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two 16O nuclei in Ref.[15]. The dispersion of the number of transferred nucléons was in-
deed found to be increased compared to the TDHF results. Marston and Koonin [16] have
also calculated by the same method the fluctuations in the masses, charges and kinetic
energies of the final fragments for the collisions 16CH16O (E^ = 160MeV) and 40Ca+40Ca
(Eleb = 278MeV). Again, the fluctuations obtained from (5.81) were significantly larger
than the ones given by TDHF; they were moreover consistent with the available data.
This enhancement was also found [17] in a calculation using the classical limit of (5.81).
On the ofier hand, still using (5.81), Bonche and Flocard [15] have calculated the dis-
persion of one-body observables within the Lipkin-Meshkov-Glick model[18]. Comparison
with the exact results revealed good agreement whenever TDHF predicted accurately the
expectation values but failed for the dispersions.

It should be noted that the formalism of the present Section does not specify the choice
of the initial uncorrelated state. The calculations made until now [15,16] have used for
D(tQ) the static HF solutions for the two incoming fragments, boosted at the suitable
velocity. Even though this extra-approximation may seem natural, we shall question it in
the next section.
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6 ON A GENERAL PROBLEM OF PREDICTION
We assumed in Sect. 5 that the density operator was given, and uncorrelated, at the
initial time. In almost all cases of physical interest, the exact initial state has not an
independent^p&rticle form. In this Section, our concern is to predict, at some final time
ti, the expectation values (Qj) and correlations C -̂ between the s.p. observables Q; and Q,-
by using a suitable approximation for the initial state. This problem occurs either when
the available information is incomplete or when the known initial state is untractable.
Again, we wish to work in a variational framework. Here however, we must approximate
variationally not only the initial state but also the evolution of the system. In other
words, we are looking for a synthesis of the optimization procedures of Sect. 2 (completed
in Sect. 3) and of Sect. 5. As above, the Hamiltonian H which generates the evolution of
the system is supposed to be given.

6.1 Statement and Variational Formulation of the Problem
Our present problem belongs to a new class of inference problems, namely the evaluation
of the expectation value (A)tl of an observable A at a time J1. when the state D(t0) of
the system is not completely known at the initial time to. Indeed the number of variables
required to characterize completely the density operator D(to) of a many-body system is
usually huge, while in practice the only available or tractable information is about the
expectation values (wfe) of some restricted set of "relevant" observables w* (see Sect. 4.2).

The exact, but formal, answer to this type of problem is obtained in two stages. First,
we have to determine the exact initial density operator -D(Zo) from the known data. This
is achieved by using the maximum entropy criterion, as already indicated in Sect. 4.2.
The data provide us with the constraints

(u>fe) = Tvu>kD(t0) (6.1)

on D(t0) and we determine the actual density operator D(t0) by looking for the maximum
of the von Neumann entropy 5(-D) under the constraints (6.1). Associating a Lagrange
multiplier A* with each quantity (wfe), we thus find the generalized canonical form

D(t0) = e~K , (6.2)

K = Y1^", (6.3)
k

where the multipliers A* and the data (wfe) are related by

(a,fc) = - A m T r e - * . (6.4)

We may include, among the set of relevant observables, the unit observable u>° with the
expectation value (u>°) = Tre"^ = 1. Alternatively, we may not enforce the normalization
of (6.2) ; in this case the expression (6.4) remains valid.
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The density operator (6.2) is the least biased one among those satisfying (6.1), in
the sense that it. contains the least amount of information required to account for the
knowledge of the data. In fact it is not imperative to invoke information theory to justify
(6.2). A direct proof, making no use of the maximum entropy principle but extending
Gibbs ensemble method, has recently been devised [19].

The second stage for making predictions at the time t\ requires solving the equations
of motion. We shall rely on equation (5.2) which brings back the observable A to the time
to through the backward Heisenberg evolution. Thus the desired answer reads

(A)tl = TrA(^1, tQ)D(io). (6.5)

In most cases of physical interest, the above formal procedure cannot be explicitly
worked out. A first reason is that the density operator (6.2) is manageable only if all
the observables wk are of the single-particle type. This is not the case in general. The
set (uk) usually includes the total energy, which involves at least two-body interactions
(in a collision, it includes the initial energies of the projectile and of the target). As in
Sect. 2, this energy is assumed to be given on average; ground state problems are treated
by taking the zero-temperature limit. We wish to approximate D(t0), and shall eventually
replace (6.2) by an independent-particle state. However, instead of taking a HF ansatz,
as in Refs. [15,16], we shall keep free the parameters of the approximate initial state e~M

and determine them variationally.
On the other hand, we are still primarily interested in the prediction at the final time

of the correlations (or fluctuations) of single-particle observables. In collision problems,
these observables may be the momenta and masses of the outgoing fragments [see the
calculations referred to at the end of Sect. 5]. We therefore take again for A the form
(2.27) of the exponential of a s.p. operator. However, as in Sect. 5, this form is net
preserved by the evolution equation (5.2) for Â(tx,t), which is impossible to solve exactly.
This is a second reason which impedes the exact evaluation of (6.5). Therefore, as in
Sect. 2 and 5, we set up a variational method tailored to determine approximately (6.5).
This method will encompass the variational principles that we have used above. It will
provide us with coupled equations giving simultaneously an approximation for the initial
state D(t0) and for the evolution, both being fitted to the question asked, Eq. (6.5).

We follow the general procedure of I and replace K and A(ti,t), that are both in-
volved in (6.5), by variational Ansatze M and A(t), so that our quantity of interest is
approximated by TiA(to)e~M. To the constraint

M-K = O , (6.6)

we associate a Lagrange multiplier matrix B. To the equation of motion (5.2) for A(t) we
associate a time-dependent Lagrange multiplier matrix V(t), as in Sect. 5.1. This leads
to the functional

${M,A(t);B,V(i)} = TiA(to)e-M

+Tr B[M-K] + jT dt Tr {^- - i[A(t), H]\ V(t) . (6>7)
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For unrestricted variations of the trial quantities M., A(t), B, V(t), subject to the boundary
condition A(tx) = A, the stationary value of $ is (6.5) where D(t0) is replaced by (6.2).

As in Sect. 2, we shall take A to have the form exp[- ]£< &Qj], and we shall not enforce
the normalization of D(to). The expansion of the stationary value of In $ in powers of the
£'s will again 'give us : (i) the normalization In Tre-/C to zeroth order, (ii) the expectation
values < Qi > t l to first order, (iii) the fluctuations and correlations Cy to second order.
[The same problem has already been considered in I (Sect. 6), but with a normalized state
D(to). This explains why the above functional (6.7) differs slightly from expression (6.5)
of L]

As in I, we eliminate the Lagrange multiplier matrix B by taking the variation of (6.7)
with respect to M. . This results in

- I' e-vMA(to)e-^-u)M +B = O. (6.8)
JQ

We thus obtain the new functional

, A(t); V(t)} = V1n + jT dt Tr (^- - i [Ait), H]\ V(t) , (6.9a)

, A(t0)} = TrA(to)e'M[l + M- P du e
uMKe~uM] , (6.9b)

which should be supplemented by the boundary condition A(^t1) = A. Like (6.7), the
functional \P provides TtA(ti,to)e~K as its stationary value. The ^ n term accounts for
the initial conditions.

We shall see below that the variational expressions (2.30) and (5.3) are special cases of
(6.9). The new functional 9 differs from (2.30) through : (i) the presence of the integral
over time in (6.9a), (ii) the replacements in (6.9b) of 0H - aJV by K and of A by A(t0).
It differs from (5.3) through the replacement of Tr A(to)D(to) by * i n .

In the following we shall restrict the trial spaces for the initial state e~M, the time-
dependent observable A(t) and density operator V(i) to exponentials of s.p. operators.
Since the resulting calculations are rather tedious, we anticipate their outcome in Sect. 6.2
by extrapolating the results of Sects. 3 and 5. Complete proofs are given in Sects. 6.3 to
6.5. For the convenience of the reader who is not interested in these proofs, we review the
final formulae in the Conclusion.

6.2 The Anticipated Results
The variational expression (6.9) obviously embraces the two expressions (5.3) and (2.30)
as special cases. Imagine first that the set i>k contains only s.p. observables. Then the
state .D(̂ o) given by (6.2) has the particular independent-particle form (5.17), and the
problem becomes the same as in Sect. 5. Indeed, the stationarity of (6.9) [or of ^m] with
respect to M. is expressed by (2.49) which takes the form

0 = ^ 1 du Tr {(M - K)[(6e-«M)A(t0)e-^M
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where K = Y,k ̂ fcwfc. Making $ stationary with respect to A[IQ) yields

0 = Tr SA(I0) [-D(^0) + <TM + | X due-^M(M - ^e""^] . (6.11)

Clearly, when K is a s.p. operator, the solution of (6.10) and (6.11), within our restricted
trial space, is

V(t0) = e~M = e-K = D(U) , (6.12)

and hence (6.9a), where V1n is replaced by TiA(to)D(to), reduces to (5.3). Remember
that in this case we obtained as final results, after performing the variations with respect
to A(t) and V(t), the conventional TDHF answer (5.46) for {Qi)tl and the formula (5.61)
for the correlations at the time <x.

On the other hand, suppose we let Ji = /0 in (6-9)> which then reduces to (6.9b) with
A(t0) = A. This functional allows us to infer variationally (A) at the time t0 from the
knowledge of the data (wk) at the same time. This was just the type of question discussed
in Sect. 2, where the data (wk) were restricted to the energy and particle number. It is
therefore not surprising if (6.9b) is recovered from the former functional (2.30) through
the replacement

PH - aN H+ K = Y, W • (6-13)
k

performed on the relevant observables. This replacement only slightly modifies the results
of Sects. 2 to 4. We first have to make the replacement

0E(p) - atvp H-» K(p) , (6.14)

according to (6.13). Like E(p) for the Hamiltonian H, K(p) is the expectation value of
the operator K in the uncorrelated state characterized by the contraction matrix p ; the
quantity K(p) is the completely contracted part of K resulting from Wick's theorem. The
self-consistent HF equations (2.21) become

Map = — , (6.15)
Oppa

with p = (eM + I )"1 , and the replacement

^ (6.16)

should be made in all the equations of Sects. 2 to 4. The Wick expansion (4.4) of H is
now replaced by

K = K(p) + YM«» '• clc0 : + K«s, (6-17)

where the "residual interaction"
• rti -rri \

* / * / * C i* *

i v d>K(P) m

V.^dpdpdp "
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arises from the two-body, three-body, ... parts of K. To simplify, we shall assume that
K does not contain more than two-body terms. Then, starting from (3.21), we have to
make everywhere the replacement

0 < (38\V\7<* >=

Finally the correlations C<j at the time t0 = ti are given by the three terms of (3.35), once
the replacements (6.14), (6.16) and (6.19) have been carried out. In particular the first
term (3.31) now involves (6.15), the second term (3.34) involves (6.19) [in its numerator]
and (6.16) [in its denominator], and the third term (3.37) also involves (6.19).

By induction from the above two special cases, let us now guess the results of the
general problem for which ti is different from t0, and K is not a s.p. operator. To this
aim, we shall put together the results of Sects. 3 and 5. (More rigorous derivations will
be given in the next subsections.)

Consider first the expectation values (Qi)*, of s.p. observables. We expect to find a
synthesis of the results given by Sect. 3.2 and by Eq. (5.46). In the optimization of (Q,)t,,
Sect. 3.2 provided the HF solution for the initial time, while (5.46) told us that p evolves
afterwards with TDHF. Therefore, we anticipate that : (i) p(to) should (approximately)
be determined from K(p) by means of the HF equation (6.15), (ii) this value should be
taken as an initial condition in the TDHF equation (5.42) so as to determine p(ti), and
(iii) the final answer should read

(6.20)

With regard to the correlations at the time t\, defined in the Schrôdinger picture as

they were given in the time-dependent problem of Sect. 5 by the approximate formula
(5.61), which we can rewrite as

-Tili(to)D(to) .

We recall that D(t0) denotes here the given uncorrelated initial state, while Lj(^0) is the
solution of the backward equation (5.53) with the boundary condition L;(ii) = Q;. Thus,
the result (6.22) amounts to performing in (6.21) the replacement

Qi -> Li(t0) , (6.23)

as well as the replacement D(ti) >-• D(t0). A remarkable feature (already discussed in
Sect. 5.5) of the approximate variational formula (6.22) is the fact that all times have been
brought back to t0. The occurence of this one single time suggests transposing bluntly the
results of Sects. 2 and 3 to our new problem. If we treat the operators L1-(J0) in (6.22) as
the observables Qj of Sect. 2, and replace D(t0) by an approximate independent-particle
state, we are led to apply at t0 the procedure used in Sects. 2 and 3 for optimizing dj.
Therefore we expect Cy to be given again by (3.35), with the following two changes:
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• (i) perform the trivial substitutions (6.16) and (6.19) which account for the replace-
ment (6.13) of the grand canonical state by the more general state (6.2);

• (ii) replace Qi in (3.35) by L^t0). This operator Li(t0) should be obtained as in
Sect. 5 by first solving the standard TDHF equation forwards in time, with the HF
solution generated by if as initial condition, and then by solving backwards the
RPA-like equation (5.52) [or (5.53)] with the boundary condition L^t1) = Qt.

In the next subsections, we proceed to derive the above anticipated results from the
variational expression (6.9).

6.3 The Single-Particle Variational Equations
Let us recall that the characteristic function (5.12), (5.13) that we are seeking is given by
the logarithm of (6.9b) at the stationary value of the functional (6.9). In order to perform
the single-particle reduction of this functional 9 , we make the same s.p. trial choices and
we follow the same procedures as in Sects. 2 and 5. Thus the s.p. variational quantities
in <P are: (i) M = M, M being a s.p. operator as defined in (2.9), (ii) A(t) = e" 1 ^ , as
in Sect. 5, where L(i) will be parametrized by l{i) and La$(t) [according to (5.15)] for
to <t < ii, with the boundary conditions (5.16) at t\ and (iii) 2?(i), for t0 < t < ^1, which
will be parametrized by the normalization z(t) and the contractions pa0{t)i as in Sect. 5.
As in Sect. 2, we shall characterize e~M either by the parametrization {rn.,Map) or by the
parametrization (z,pap); they are related to each other by Eqs.(2.10)-(2.14).

Carrying out the above s.p. reductions and using the results of Sects. 2, 3 and 5, we
obtain

Ç
*in = w{l + m + f1 du tt{Mp(u) - K[p{u)\)} . (6.25)

The functional defined by (6.24) and (6.25) constitutes a synthesis between (5.19) and
(2.48). The auxiliary variables are defined in terms of the variational parameters by

w(t) = z(i)e-/Wdet{l - p(t)[l - e-L«]} , (6.26)

''«> " M W-M + *) = ^ 1 ' " * " ' (6'27)

as in (5.20)-(5.22), and by

w = e-«*>>-mdet[l + e^e-1"1»] = z e ' ^ d e t {l - p[\ - e'1^}} , (6.28)

p(u) = [eW-*)eLMeMu + I]"1 , (6.29)

as in (2.40), (2.46). One should not confuse the notations z,p,p(u),w referring to M
with the notations z(t),p(t), p'(t),w(t) referring to V(t). The Hamiltonian H generating
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the evolution occurs in (6.24) through E[<r'(t)] and E[p'(t)], which are themselves given
by the HF expression (2.17). The replacement (6.13) gives rise in (6.25) to the term
2f[/j(ii)]. This term approximately accounts for the form (6.2) of the initial state through
the replacement of p by p(u) in (6.14).

We must'vnow vary all the variational parameters of (6.24) in order to obtain the
stationarity conditions. The analogy of (6.24) with (2.48) and (5.19) will allow us to focus
upon the novel features of the present problem. As in Sect. 2, we vary z and p rather than
m and M. They occur only through tym. The stationarity with respect to z yields

= - / du tr(Mp(u) - K[p{u)\) , (6.30)
Jo

which replaces (2.50) and determines m (or z). [In Sect. 2 it was possible to eliminate
z readily and this led directly to I n * through (2.52). Now, the logarithm of V1n is still
simplified by means of (6.30) but the logarithm of $ no longer does so. Hence, we cannot,
as we did in Sects. 2 and 3, take as a new starting point an expression of the type (2.52).]
The stationarity of \P, or ^in , with respect to p gives the same equations as (2.59) and
(2.60), provided (i) we define Y(u) as

m

instead of Y = M — /3W + a, and (ii) we substitute L(t0) to L, which implies that (2.43)
is replaced by

" "P = eM + e-L(t0) ' ° = e-n + eHto) •

These stationarity conditions relate M, or equivalently p, to L(to)-
The contributions to (6.24) from the times t ^ tQ are the same as in (5.19). Hence,

for t ^ t0, the stationarity conditions with respect to z(t),p(t),£(t) and L(t) do not differ
from the results of Sect. 5. Thus the functions £(t),L(t),z(t),p(t) satisfy the coupled
differential equations (5.23)-(5.26). At the time ^1, we still have the boundary conditions

For t = to, a new equation, (6.11), is obtained by varying A(t0) in (6.9). This equation
couples the approximate initial state e~M with the subsequent evolution [through V(t0)
and the equations of motion (5.23)-(5.26)] in such a way as to optimize the determination of
M. with respect to the question asked at the final time t\. Indeed, equation (6.11) couples
the static problem of Sect. 2 with the dynamical problem of Sect. 5 by relating z,p, to
z(to),p(to). It replaces the equation (5.11) which reduced to V{t0) = D(t0) in Sect. 5.2.
Whereas the solution (6.12) of (6.11) was obvious when K was a s.p. operator, we have
now to take a fresh look at this equation, where the variational quantities parametrizing
A(t0) are £(t0) and L(t0).

The stationarity of (6.24) with respect to l(t0) provides

w(t0) = *in = W , (6.33)

where we made use of (6.25) and (6.30). To express the stationarity with respect to
), we need to take successively the variations of the integral in (6.24) and of (6.25).
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Remembering that this integral comes from the one in (6.7) [and that TrA(t)V(t) = w(t)],
we find for its variation :

-TiSA(to)V(to) = -6w(t0)

i H (6'34)
The variation of ̂ 1n arises through (6.28) and (6.29) which both involve L(t0). For w, the
calculation is the same as for w(t0) and yields

Se-™ = w it(f Se-K-) . (6.35)

P

For p(u), using (6.32), we get from (6.29)

Sp(u) = —p(u)e

The variation of the integral over u in (6.25) is Z0
1 du trY(u)6p(u), owing to the definition

(6.31). Putting these results together, cancelling the coefficient of Se~L^ and using (6.33),
we get

+ P" + P" f du eMvY(u)eM^-^p" = 0 . (6.37)

As expected, equation (6.37), that can also be written as

p(U) -p = P-J1 p , (6.37')
/ ^ ^-J1

[/ du e^Y^e^1-^)-1 + p" - p
Jo

relates p(t0) to p, while (6.33) relates z(t0) to z. If if is a s.p. operator, we have Y(u) = 0
and p = p(t0) is recovered, as in (6.12). In the general case, the approximate initial state
e~M characterized by p may differ from V(t0) characterized by p(t0), even though we have
w = w(t0) [Eq.(6.33)|.

At the stationary point, the integral in (6.24) vanishes according to (5.28), and 9
reduces to (6.33). In addition, according to (5.29), w(t) is independent of time. Hence,
from the variational equations, we find for the characteristic function

<p = In * = In w = In w{t) , (6.38)

where t is arbitrary. This result is the generalization of both (2.51) and (5.33). It shows
that we have within our variational approximation

<p = In Tie-MA(t0) = In TiV(t)A(t) , (6.38')

as for the exact solution.
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6.4 Zeroth and First Orders in the Sources

To successive orders in the sources &, the solutions of the variational equations of Sect. 6.3
will provide approximations for the partition function, the average values (Qi) and the
correlations C^. Moreover, these equations will then decouple. As in Sect. 5, we use upper
indices in parentheses to denote the order in the £'s.

To zeroth order, we get 6°\t) = Z<°>(<) = 0 as in (5.41a) ; Eq.(5.25) tells us that z(a\t)
is a constant, while (5.26) reduces to the ordinary TDHF equation (5.42) for p^°\t). Note
that in Sect. 5 we often dropped the time variable which should now be restored to avoid
confusion with the parameters z,p, w attached to e~M. From (6.26), (6.28) and (6.33),
we have

We also have p^°\u) = p(°\ and hence

(> ^ i (6.39)

does not depend on u. As shown at the end of Sect. 2.4, Y^ vanishes, and p^ is therefore
identical to the static HF s.p. density operator associated with K. Finally, we get from
(6.37)

PW(t0) = PW. (6.40)

The resulting value of W^ is an approximation for Z = Tr e~K. As expected, we find
from (6.38) a result which does not depend on J1. Its actual value follows from (6.28) and
(6.30). This yields

the extension of the standard HF result (2.61) [or (2.20)] under the replacement (6.13).
The first-order contribution to I n * provides the quantities (Qi)41- As shown by the

general arguments of Sect. 3.1 [Eq.(3.3) or (3.4)], we need only the zeroth-order solution
of the variational equations to evaluate these expectation values. Here we rely again on
the identity

^ J (6.42)
valid at the point where 9 is stationary with respect to all the variational parameters.
The calculation is the same as in (5.36) : & enters $ only through the boundary conditions
on £{ti) and L[I1), and (6.42) gives

g ^ e] . (6.43)

We have seen in Eq.(6.38) that * = w(h), hence

^ ^ ± e - ^ . (6.44)
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For & = 0, we find again
(Qi)41=Ci + trpP\ti)Qi. (6.45)

According to (6.40), p^°\U) is obtained by means of the static HF approximation generated
by K. We have also found, among our variational equations, the TDHF equation for p^(t)
generated by the Hamiltonian H. Thus Eq.(6.45) implies that our best mean-field answer,
for the expectation values of s.p. observables at the time t\ with an initial state given by
(6.2), is the result of both the static HF and the TDHF approximations. This, as we have
seen, ;s the method used in the context of heavy ion reactions: the initial state is taken
as a boosted HF solution and the evolution is described by the TDHF equation. We have
just shown that this procedure is justified for the evaluation of s.p. quantities. Now, we
will show that this is no longer the case for the evaluation of correlations, as expected
from the previous Sections.

6.5 Correlations and Fluctuations
As in Sect. 5.3, correlations and fluctuations of s.p. observables at the time tr are obtained
by expanding (6.44) to first order, which yields (5.47) and (5.48). The equation (5.47)
still depends upon the first-order contribution p^\h) = Ej£jPj(ti), not yet determined.
As in Sect. 5.4, we use the fact that (5.54) does not depend on time [a consequence of
Eqs.(5.24) and (5.26)] in order to go back to the initial time and to write the correlations
in the form

i ^ U ) , (6-46)

Cg> = Itr {p(0Hu)HU)[l - P^(U)]Lj(U) + [1 - P^(U)]HU)PW(U)Lj(U)) . (6.47)

The quantity Lt(t), defined as in (5.38), is again determined by the RPA-like equation
(5.52) [or (5.53)] with the boundary condition I,(*i) = Qi-

Equations (6.46)-(6.47) clearly separate the two, dynamic and static, effects that enter
our optimization procedure. On the one hand, the term C\j is the same as the overall
result of Sect. 5 [Eq.(5.61)], namely the HF-like expression which would be obtained by
using Wick's theorem to evaluate the correlations of the operators Lj and Lj at the time
U- To satisfy our variational principle, we have to approximate the evolution from <i to U
by means of the RPA-like equation (5.53) for Lj(t)\ this also requires solving the TDHF
equation for p^°\t) from U to *i. On the other hand, the r.h.s. of (6.46) contains an
additional term, — ttpj(U)H^o)t which no longer vanishes since P^(U) now differs from
zero. This term [which, as we shall see, generalizes the terms C^ + C^ found in Sect. 3,
Eq.(3.35)] accounts for the optimization of the initial state e~K when we approximate it
variationally. If if is a s.p. operator, we obviously get e~M = V(U) = e~K [Eq.(6.12)],
and in this case p(t0) does not depend on the sources & so that Pj(U) = 0. Otherwise the
variational determination of e~M and "D(U) produces s.p. operator densities
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differing from the HF result pW = p(°\t0). Their dependence on the sources is responsible
for the corrective term — tTpj(to)Li(to).

We shall now prove that, as expected from Sect. 6.2, this correction has the same
form as the sum C\] + Cy of the last two terms of (3.35), after one has performed the
replacements{6.13) of /3H - aN by K and (6.23) of Qi by Li{t0). This could be achieved
by a straightforward but cumbersome calculation involving the following steps. We would
first expand (6.37') to first order in the f's to obtain Pj(t0) — p, in terms of the quantities
Lj(I0) and Pj. We would then determine Pj by expanding Eqs.(2.59) and (2.60) to first
order in £,-. This would give Pj(to) as a kernel acting on Lj(to), and one would check that
this kernel is the same as in Sect.3.

We prefer to by-pass such heavy calculations by using a trick which replaces them by
a more simple and eventually natural argument. Our guide-line will be to compare the
anticipated result Cy ' to our starting-point (6.46), (6.47) by returning to Fock-space,
so as to write both of them in a more compact form. We shall also take advantage of the
fact that we accounted for the evolution between t0 and ^1 by means of the replacement
(6.23). It is then appropriate to introduce, by analogy with (2.27), the operator

Â = exp[-I«(*0)] = exP[- Ç 6I4(J0)] . (6.49)
»

It involves, instead of Qj, the s.p. operator

Li(*o) = 4(*o) + E W*o)4<* • (6.50)
a/3

This operator does not depend on the £'s; we assume that Li(t0) has been determined
by solving (5.53) and (5.23) expanded to first order in &. The operators A and A(t0),
when they are expanded in powers of the £'s, coincide to zeroth and first orders. We shall
express this property by the notation

Â ~ JHt0) . (6.51)

Let us make two preliminary remarks :
1) The expression (6.46), (6.47) of Cy, that we want to evaluate, can be found as

follows from the "mock" correlation function

VJ = InTrAA,, (6-52)

where V0
 :.s chosen in the independent-particle variational class. We first take the partial

derivative of <p with respect to the variable & which enters À, keeping V0 fixed. K we
remember that TiA(t)V(t) = w(t) is given by (6.26) and that Â results from A{t0) by
replacing L(<o) by ! ^ ( i o ) , we get a result similar to (6.44), namely

% = -4 ( I 0 ) + t r [ i - 1 + e-*>M]-i * - * > ( « . ) , (6.53)

where p0 is the contraction associated with V0. Now, if

V0 - V(t0) , (6.54)
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then the expansion of (6.53) in powers of the sources yields [as in the calculation leading
from (5.37)to (5.47)]

E ULiLi +

(everywhere in the second line we have dropped to). Comparison with (6.46), (6.47) and
(6.48) provides

•£• = - < Li >0 +EfcCtf + .. . , (6.55)

< Li >0 being the HF expectation value of L,(<0). We can thus readily obtain the desired
correlations C^ of Qi and Qj at the time t\ from (6.55), if we can set in (6.52) a density
operator VQ equal to V(t0) to first order. Note that in general the zeroth-order contribution
to (6.55) is not — < Qi >t,, in contrast to the true characteristic function (5.44). It is
— < Qi >tl only if H is a s.p. Hamiltonian, in which case L,(i0) simply results from
Qi(ti) through the backward Heisenberg equation rather than through (5.53).

2) The second remark concerns our expected result. Replacing Qj by Li(t0) in
Sects. 2 and 3 simply amounts to replacing A by Â. The replacement of (3H — aN by
K then merely changes the variations! expression (2.30), which was the starting point of
Sects. 2 and 3, into

9m{M, A} , (6.56)

where 9^ is defined by (6.9b). Making 9m{M, A} stationary with respect to M yields

as in Sect. 3; Cy is the result anticipated from Sect. 6.2, that is, the expression (3.35)
with the replacements (6.13), (6.16), (6.19) and (6.23).

Our problem now amounts to identify (6.55) with (6.57). To this aim, we introduce a
new functional

9{M, A, V0; A} = 9m{M, A} + Tr(A - A)V0 , (6.58)

where the variational quantities M (parametrized by m, Af or z,p), V0 (parametrized by
Z0, pa) and A (parametrized by I and L) all belong to our independent-particle trial class.
The expression (6.58) bears some relationship to the starting point (6.9) of the present
Section. The contributions associated with the time to are the same, including the term
-Tr-Ai)0 that replaces the term —Tr.A(to)©(to) arising from the integration of (6.9a) by
parts. In (6.58), V0 appears as a Lagrange multiplier associated with the condition

A = Â ~ A{t0) , (6.59)
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which expresses the fact that (6.58) is stationary with respect to V0. The stationary value
of # is equal (for any £) to the stationary value of ^ n ( A i , Â} when M sweeps through
the s.p. class. Hence, comparing with (6.57), we obtain at the stationary point of $ :

A l n * ~ _ < L . > + £ f c c g " 0 • (6.60)

Let us now express the other stationarity conditions of (6.58). Varying with respect to
M, we first find from the variation of z the same equation as (6.30), within the replace-
ments of m, M by m, M and of L(t0) in (6.30) by L^(t0). From the variation of p we find
the same equations as (2.59) and (2.60), within the same replacements. Hence recalling
that M, the solution of the variational problem associated with (6.9), is defined by the
same equations as M, with L(t0) instead of L^\t0), we obtain to first order

M ~ M . (6.61)

The last stationarity conditions of (6.58) are found by varying A, and are analogous to the
equations obtained by varying A(t0) in (6.9). Instead of (6.33), the variation of £ provides

Vm{M, A] = TTAD0 . (6.62)

The variation of L provides the same equation as (6.37), within the replacements of p{t0)
by A)) of P by p, of M by M and of L(t0) by L^(h). Equation (6.61) implies that /» ~ p,
M = M, and hence we get pa ^ p(tQ). From (6.62), together with (6.59) and (6.61),
we find that Z0 ~ z(t0). Condition (6.54), namely V0 ~ V(t0), is therefore satisfied.
Thus, to first order in the sources £'s, all the quantities M,À = Â,Vo are equal to the
corresponding quantities M,A(t0), V(t0) at the associated stationary points of (6.9a) and
(6.58).

As usual, we obtain dty/dÇi at the stationary point by taking the derivative of $ only
with respect to the explicit dependence of & coming from the term Tr-AP0. Using (6.52),
(6.54) and (6.55), we then generate the desired correlations through

^- ~ T r i P o l - < L« >o

Moreover, Eq.(6.62) implies that ^l = TTAV0 = V1n at the stationary point. Comparison
between (6.63) and (6.60) achieves the proof that C 0 = C^.
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7 SUMMARY AND CONCLUSIONS
Let us review the main results that were obtained in this paper. We first recall the outcome
of Sect. 6 which, as we have seen, encompasses and generalizes most of the preceding
Sections. We have established variational expressions for the expectation values (Qi) and
the fluctuations and correlations CtJ- of s.p. operators Qi at a time t\, the initial state
being characterized by the expectation values (wfe) of some set of relevant observables uk.
We have used a variational functional (6.9) which is such that its stationary value is the
characteristic function ev = (e""2^1) for the observables Qi at the time J1. The exact
initial state e~K, with K = £fc AfcWfc, as well as the time-dependent state in the Schrôdinger
picture and the time-dependent observable in the (backward) Heisenberg picture, were
approximated by exponentials of s.p. operators. The search for the optimal characteristic
function determines these three quantities within their respective trial spaces.

We have chosen a normalization such that the characteristic function is equal to Tr e~K

for £ = 0. Our variational treatment then reduces to the standard HF approximation
(6.41) for the partition function Tr e~K. However, the extension of this treatment to
£ ^ 0 is non-trivial. We have given in Sects. 3.1, 5.4 and 6.5, hints that allowed us to
simplify the subséquents calculations and might be useful for similar variational problems.
In particular, it turns out that the coupled equations expressing the stationarity conditions
decouple from one another when the second characteristic function <p is expanded in powers
of the £'s. Moreover, finding <p to order n in the £'s requires only to solve the variational
equations to order n — 1.

Concerning the average values (Qi)t,, obtained for n = 1, we find that within this
framework the optimal results are given by the static HF solution at t0 together with the
TDHF evolution between t0 and J1. More precisely, the initial s.p. state best suited to
the evaluation of (Qj)^1 is characterized by the contractions p0, which are defined by the
self-consistent Hartree-Fock equations

1 . , dK(p0)
P M =

where K(p) is the expectation value of if as given by Wick's theorem. The matrix p0 is
then taken as the initial state p(t0) = p0 in the TDHF equation for p(t) :

(7.2)

to be solved from t0 to ti. The HF energy E(p) is the expectation value of H in the
independent-particle state characterized by p. The desired expectation values are then
given by

(QUt1= Qi+ trp(ti)Qi. (7.3)

Thus the variational evaluation of (7.3) just sews together the HF and TDHF approxima-
tions.

To evaluate the correlations Cy at the time t\ by expanding <p to second order in the
£'s, we first need to solve equations of the time-dependent RPA type for the s.p. operators
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Lj(t) defined in (5.38). These equations have the form

i ^ = -L(R., (7.4)

with the boundary condition Lj(t\) = Qj. They must be run backwards in time from t\
to t0. The kernel H depends on the solution p(t) of (7.2). The explicit form of equation
(7.4) is given by (5.52). The final expression of Cij depends on Lj = Lj(t0), evaluated at
the initial time, and contains three terms :

C®. (7.5)
The first term,

C\f = \tv\p>Li{\ - Po)Lj + (1 - Po)LiP0Lj] , (7.6)

is the correlation formula that would be obtained by applying Wick's theorem to the
product of the s.p. operators Li(t0) and Lj(t0) m the initial HF state [see Eq.(6.22)].
The fact that (7.6) is evaluated at the time t0 rather than at the time ^1 is a non-trivial
outcome of the variational procedure; note, in contrast, that the relevant time in (7.3)
was tt.

The approximate independent-particle initial state that is the best suited for calculat-
ing correlations variationally differs from the HF state. This deviation produces the two
additional terms C^1' and C ^ . Their explicit calculation, in which only the time t0 is
involved, requires the diagonalisation of M and p0, as defined by (7.1). We have found

j- r [ ( I — Pa)(I ~ Py)P0Ps — (1 — P0)Q- — Ps)PaPy | (7.7)
~-"Xa0-UJyS I 77 ! 77 77 77 I >
; [ M a + My - M0 - Ms J

where L{ ,Lj stands for L^t0), Lj(t0). The basis a is chosen in such a way that the HF
solution po is diagonal, with eigenvalues pa = (eMa + I)"1; of course, variations Sp can be
non-diagonal in this basis. If Ma + M7 = M0 + Ms, the term in square brackets should
be replaced by (1 — ^>a)(l — Py)P0Ps- The last term of (7.5) involves the kernels Got

Pa ~ P0

and Q,

G C
Ç0a,Sy = ÇO0a,Sy

M0-Ma

which should be inverted. In (7.8) and (7.9), as in (7.7), p stands for the HF state p0.
The final formula for C\f can be written as

& ~ Gôl)\Li) • (7.10)

Here, Liap(t0) should be considered as a vector of the Liouville space, in which Go and G
act according to (3.8).
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While the equation of motion (7.4) is of the time-dependent RPA type, we have seen
in Sect. 4.1 how C*W is related to the static RPA. Thus our variational evaluation of
correlations or fluctuations brings forth the static and dynamic random phase approxima-
tions, in some form or another. The connection with the "chain" or "ring" diagrams of
perturbation theory is established in Sect. 4.1.

In the special case when the questions are asked at the initial time (I1 = t0), the above
equations simplify through the replacement of Lj(to) by Qj. If moreover the system is in
thermal equilibrium, K(p) becomes @E(p) — atip (see Sects. 2 and 3). In that case, the
Kubo correlations [defined in (2.33)] are given in our variational treatment by

Ct = (QiIQ-1IQ;). (7.11)

In the special case when if is a s.p. operator, the initial state e~K coincides with its HF
approximation ; K(p) is linear, so that M = K and the terms C ^ and C^ vanish (see
Sect. 5).

Another special case of interest is that of pure states. In particular, to deal with
an initial state e~K which is pure, we need to use a limiting process with K —> <x>', for
instance, the ground state is obtained with K = /3(H — (iN), /3 —> co. We refer to Sects.
3.6 and 5.6 for the simplifications occurring in the limit where both the initial and the
time-dependent states are pure.

In Sect. 3.5, we commented upon the especially simple form of (7.11) and upon the
breaking of invariances. In Sect. 5.5, we also discussed the advantages of formula (7.5)
with respect to broken invariances and conservation laws. In contrast to the standard
TDHF treatment, it turns out that our variational approach preserves the invariances
associated with s.p. quantities Qi commuting with H. It also accounts properly for the
spreading of the wave packet [see Eq.(5.71)].

We shall not dwell here on the contents of Sects. 4.2 and 4.3, which deal with in-
terpretations of the kernel Q defined by (7.9). Let us only recall (Sect. 4.2) that the
matrix Q characterizing the stability of a HF state plays the rôle of a metric tensor in
non-equilibrium statistical mechanics when the description is contracted to the s.p. quan-
tities. In Sect. 4.3, we relate G to the RPA matrix K that enters (7.4) in the case when
K = PH-CtN [see Eq.(4.33)].

Apart from a trivial contribution from the Pauli principle already present in the naive
HF or TDHF formulae (2.24) or (5.48), our final result for correlations gathers two types of
effects which are partly coupled. On the one hand, the evolution creates some correlations
even if the initial state is of the independent-particle type. This effect, together with the
Pauli principle, is accounted for in our approximation by the term Cy of Eqs. (7.4), (7.6).
On the other hand, the exact initial state is not an independent-particle state, and this
induces additional corrections. It is of course the only effect existing in the equilibrium
problems discussed in Sects. 2 to 4, but it should also be included in dynamical problems.
It is accounted for in our approximation by the terms Cy and C\f of Eqs. (7.7) and
(7.10).

In a collision problem, Cy + C\f approximately accounts for the correlations existing

within the two incoming fragments, whereas Cy accounts for the creation of correlations

73



through the dynamics of the collision. Numerical calculations [15,16] have shown that the
latter effect modifies quite significantly the TDHF result. It would also be of interest to
compute, either for models or for more realistic situations, the contribution CJj + C\f
from the initial correlations and to compare the respective importance of the various terms.
This should W feasible by putting together already existing codes, and would allow one to
extract as much information on correlations as seems possible from a mean-field approach.

Other applications of the present formalism could be undertaken by extending the
equations to other systems, the ideas remaining the same. One could, for instance, deal
with pairing correlations or with superconductivity by introducing anomalous contrac-
tions (cacp) and ( c ^ ) together with (c^cp). One could similarly treat Bose systems[2Q],
including superfluidity; one could also consider classical systems by means of a limiting
process, thus extending the Vlasov equation to the evaluation of correlations as we did for
the TDHF equation. Nothing also would prevent us to start from a many-body dissipative
equation of motion instead of a hamiltonian one, provided we use the Liouville representa-
tion. Note that s.p. dissipative equations, obtained for instance by adding a collision term
to a mean-field equation of motion (such as Vlasov or TDHF), cannot directly inform us
about correlations of s.p. observables since they only deal with (Qi). As our variational
treatment has shown, a consistent evaluation of correlations is a non-trivial task even in
a s.p. approach where the associated s.p. equations for the (Qi) are the standard mean-
field ones. Adding collision terms to the latter certainly does not preclude corrections of
the type that we have obtained for correlations. Finally, one may imagine more remote
applications to the evaluation of correlations and fluctuations in Geld theory, for instance
in connection with the quark-gluon plasma or with cosmology (for work along this line,
see [21,22,23]).

A peculiar feature of the present approach lies in the fact that the approximate state
of the system, whether at the initial time or during the evolution, depends on the question
being asked, i.e., on the variables £ of the characteristic function. This may look surprising,
since our description of the past seems influenced by measurements to be made in the
future! The paradox, however, can be resolved. Let us remind beforehand that the "state"
of a system at a given time can be viewed as the collection of the expectation values of
all its observables at that time. The evolution of the state in the Schrodinger picture
appears as a means for deducing these expectation values at the time ^1 from their values
at the earlier time t0- In our problem the only existing data are the expectation values
(wk) of some special set w* at the time t0. In order to infer exactly the seeked expectation
values (Qj) and (QiQi) at the time J1 from these data and from the knowledge of the
Hamiltonian, we first have to infer from the (wfc)'s the least biased state at the time t0,
and then to let it evolve according to the Liouville-von Neumann equation. The exact
initial state e~K thus constructed contains the least amount of information compatible
with the data. Of course both D(t0) = e~K and the exact state D(t) at later times are
independent of the question {A)tl asked [that is, of the observable A and of the time tx],
and D(tt) yields the least biased statistical answer to that question - as well as to any
other.

However, for a many-body system, we are unable to achieve in practice the above

74



programme, thus we have constrained the approximate state V(t) to lie in the independent-
particle class. By doing so, we have deliberately introduced a bias both in the initial
state and in the evolution. This is the price we pay for making the calculation of (A)tl

or some other expectation value tractable. Although we know that such a prediction
{A)tl will be biased, we wish to render this unavoidable bias as small as possible. Our
variational method is designed to perform this optimization. We thereby understand
why the approximate state V{t) which minimizes the bias on {A)tl may depend on the
observable A and on the time t\. Indeed, those components of the state which control
different quantities such as (Qj) or C^ are different, and, within the trial class, the least
biased state for predicting one observable has no reason to be least biased for predicting
another. This remark holds for the approximate time-dependent state as well as for the
approximate initial state. On the whole, this initial state V(t0) depends on the question
(A)tl asked at a later time, because we have distorted the statistical inference procedure
by squeezing it into a mean-field frame to render the calculations feasible. Nevertheless,
we have been able to stay as objective as possible, within the constraints imposed by the
mean-field approximation, by using a variational scheme to optimize V(t0).
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