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1 Introduction
The general method of finding energy eigenvalues (and other quantities) of a
given quantum problem is to solve the corresponding Schrodinger equation
numerically. For many-dimensional systems it is not an easy task and one is
forced to try different approximation schemes. Besides them the method of
the semiclassical approximation seems to be the most important and inter-
esting. This method is based on the assumption that as the Planck constant
goes to zero the quantum quantities can be expressed through quantities
calculated from classical mechanics and the latter can be computed more
easy then the former ones. The one-dimensional WKB method (see, e.g.
Refs.[l, 2]) serves as the good example of powerfulness of such kind of ap-
proximation.

In higher dimensions the standard WKB method can be generalized only
foï the so-called integrable systems for which all classical trajectories lie in
the invariant tori [1, 2]. But for generic systems a finite part of classical
trajectories cover sets of dimensionality higher than that of invariant tori
(see e.g. Ref.[3]). In particular, for ergodic systems almost all classical
trajectories spread uniformly over the whole energy surface. In this cases the
only general semiclassical method is the Gutzwiller trace formula [4, 5]. For
the density of states of a two-dimensional system in the limit A —> 0 it has
the following form:

d(E) Hf - En) = d(E) + d°"(E)y (1)

where d(E) is the smoothed part of the level density, the leading part of
which is given by the Thomas-Fermi term:

dpdx
d(E) = -S(E-H(P,*)), (2)

and d°'c(E) is the oscillatory part which can be expressed as as the formal
sum over all classical periodic orbits with the given energy:

(3)
PPOn=I

where
TP(E)
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o ut\ /o\ for hyperl lie with inversion2cosh(An/2) y ;

N(E) =f / d{E)dE = N(E) + N°'e(E), (7)
J-OO

I The outer summation is done over primitive periodic orbits (PPO) (i.e. those ' J ' i.
I which do not trace themselves more than once) antl the inner sum corre- J

!
' sponds to all retracing of a given primitive trajectory. • i

, * Sp{&) = fpdx is the classical action calculated along PPO, I
''' TP(E) = dSp{E)ldE is the period of motion of this orbit. T ; >

Vp is an additional phase associated with points on PPO where semiclas- ' \ !W-
sical approximation should be modified. ' \

Mp is the 2x2 monodromy matrix which can be computed from solutions . »-
of classical equations of motion linearized in vicinity of PPO. If y(t) denoted
the deviation from the given trajectory in a plane perpendicular to it and . • ''
q(t) is its conjugated momentum then Mp is defined by the relation ' !

y ( 0 ) ) U)
) ( 4 )

We restrict the discussion by the case of unstable periodic orbits for which
eigenvalues of Mp (in a two-dimensional case) have one of two forms

A1 = e u , A 2 = e - u , or A1 = - e u , A 2 = - e - u (5) j

and u > 0 is real. These cases correspond to hyperbolic and hyperbolic with
inversion P P O correspondingly.

for hyperbolic P P O and • __. k"\
2 sinh(An/2) for hyperbolic with inversion

PPO with even n. (R\

'X^

Having formulae for the level density one can find semiclassical exprès- V,.
sions for other important spectral functions [1, 4, 5].

We note two of them: f J
(*) The number of the levels with energy less than a given value (the "'j

spectral staircase): ' J



where the Weyl term

and
1 OO 1

iyoatf t, * \ \ _

^ n = . ny/\Det(M; - l)\

(**) The dynamical zeta function

TT

=n no-
ppom=0

(8)

(9)

(10)

For hyperbolic PPO

= exp(i-
.1T ,1

For hyperbolic with inversion PPO one should multiply this expression by
( -1 ) - .

Formulae (l)-(3), (7)-(ll) are the basis of the semiclassical approximation
for systems where all periodic orbits are unstable1. In general, they are
not exact but just the first term of the formal expansion on the series of
the Planck constant. The corrections to the Thomas-Fermi term can be
computed but the explicit form of a correction to the oscillatory term for
generic systems is not yet known.

The only problems where the trace formula is exact are various problems
of the spectrum of the Laplace-Beltrami operator on the constant negative
curvature space [7, 8]. The most investigated of them is the problem of find-
ing eigenfunctions invariant under the action of a discrete group of fractional
transformation of the hyperbolic plane where there exist the exact Selberg
trace formula [7, 8] which coincides with Eq.(3) with the following substitu-
tion

ME) = 27rfcsinh(Jpn/2)' Vp = 0, SP(E) = klp (12)

1 For integrable systems where orbits lie on invariant tori the level density can be written
not as the sum over periodic orbits but as sum over resonant tori [6] which are defined by
conditions that all rotation frequencies on them are commensurate.
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where k is the momentum connected with the energy E ( = the eigenvalue of
the Laplace-Beltrami operator) by the relation E = k2 + i and \F\ is the area
of the fundamental domain of the group considered. Periodic orbits in such
models are in one-to-one correspondence with classes of conjugated group
matrices. (It means that if 7 is one matrix of the given discrete group then
all matrices of the form <r~lycr where a is also a group matrix belong to the
same class.) The periodic orbit length lp is connected with a representative
of the conjugation class by following formula: 2cosh(/p/2) =Trace(7).

One can also find the analogous (but more tedious) formulae for billiard
problems on the hyperbolic plane with Dirichlet or Neumann boundary con-
ditions connected with groups generated by reflections [12, 14].

The principal difficulty with semklassical formulae comes from the fact
that they are meaningless (at real values of energy) due to the divergence of
the sum over long-period orbits.

Though the contribution from one periodic orbit decrease exponentially
with the period, for ergodic systems the number of periodic orbits with T <
TP<T + AT grows exponentially [9]:

ehT

where h is the, so called, topological entropy.
An estimate of the sum (3) can now be obtained by putting

(13)

L
/in HU

/Pexp(-Ap /2)^exp(uT/2) (14)

where the summation is done over all periodic orbits with period within the
indicated interval and u is a constant (an analog of the mean Lyapunov
exponent).

Using principle of asymptotic uniformity of periodic orbits for ergodic
systems [10] one can argue that locally h = u and the sum (3) does not
converge absolutely at real values of energy. (More careful treatment of the
divergence problem was done in Ref.[ll].)

In Section 2 we briefly discuss the standard method of regularization of
semiciassical sums over periodic orbits, based on the consideration instead of
the level density at the given value of energy the smoothed quantity defined

Ir-
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as the convolution integral of exact level density with an appropriate function
whose Fourier coefficients quickly decrease.

In Section 3 we investigate certain properties of conditional convergence
of semiclassical sums and discuss the influence of the next terms of expansion
(13) on the convergence of these sums.

Though the arguments about the lack of absolute convergence are equally
applied to all three semiclassical formulae (3), (9) and (IG), the properties
of their conditional convergence could be different. In Section 4 we consider
the dynamical zeta function (11) and discuss and compare various method
of numerical computation especially the zeta function representation in the
Riemann-Siegel forms.

Section 5 deals with a particular method of computation of the staircase
function (10) closely connected with the Riemann-Siegel representation.

In Section 6 we present the results about the statistical properties of the
deviations of the exact staircase function from its smoothed value for different
kinds of systems.

All numerical computations were done for a few geodesic triangles on the
hyperbolic plane for which the semiclassical formulae coincide with exact
Selberg trace formula.

2 Smoothed quantities
As we mention above the semiclassical sum (3) in the form as it is written is
not absolutely converge and a regularization scheme is needed to attribute
the correct mathematical sense to this expression.

The usual way of dealing with such formulae is to consider instead of
the value of (say) the level density at strictly fixed energy the convolution
of it with an appropriate function f(E) whose Fourier coefficients quickly
decrease. In this case Eqs.(l)-(3) will transform to

ppon=l
(15)

If the integral in r.h.s. decrease for long period trajectories quickly enough
to ensure the convergence one can expect that this equation give the correct
sum rule connecting the quantum spectrum with classical quantities. Differ-

Sr
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ent choices of f(E) give different semiclassical sum rule. The usual choice
is

}{E) = exp(-(& - *o)7<0 + exp(-(Jfc + Jk0)Ve), (16)

where Jfc is the momentum. Another convenient function is

f(E) = {E_E
e
u)2 + é , (17)

which corresponds to complex values of: E = EQ + it. Though this function
does not decrease so quickly to ensure the convergence of semiclassical sum
over periodic orbits in all cases it has certain advantages, at least, at small
energy.

For small values of the parameter e l.h.s. of Eq.(15) considered as the
function of Ze0 (or Eo) should have peaks near exact eigenvalues and one
could try to extract them from (semiclassical) r.h.s. of this equation.

We have computed the Selberg trace formula for the geodesic triangle
on the hyperbolic plane with angles ( T / 2 , T / 3 , 0 ) and Dirichlet boundary
conditions which is called the Artin billiard [36] with the function (17) with
e = 4.8.

In Fig. 1 we present the behavior of maxima of r.h.s. of the trace formula
when the number of periodic orbits including in the sum is varied. Dotted
lines in the figure denoted the positions of the exact eigenvalues computed
independently. We emphasize that no effects were made here to resolve eigen-
values close to each other. (It can be done e.g. by analysing the height and
the width of the peak.) This kind of pictures clear shows how the maxima
tend to exact eigenvalues and it can serve as a good indicator of the accuracy
of semiclassical formulae.

The method of regularization of the sum over periodic levels by convo-
lution with a test function is quite general and flexible but if one insists of
obtaining the exact value of the quantity of interest the developing of other
regularization methods is necessary.

.J

3 Conditional convergence
As was noted, all semiclassical formulae (3), (9), (10) suffers from the absence
of absolute convergence at real values of energy. But the above arguments
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give no information about the conditional convergence. (Conditional con-
vergence means that though the series does not converge absolutely it could
converge if one adjust the terms in the definite order due to the different
phases of different terms.) The question is how we have to combine terms
for convergence and how we can be sure that by this method we shall obtain
the correct answer.

Let us consider the general Dirichlet series (see, e.g. Ref.[19]}:

YJanexp(-Anâ). (18)

We shall assume that all An are real and Ai < A2 < . . . . Series (18) is called
absolutely convergent at s = S0 iff the series

converges as N —> oo and it is called conditionally convergent iff the series

converges a.s N —* oo.
Quantities aa and <xc are called abscissae of absolute and conditionally

convergence iff series (18) converges absolutely or, respectively, conditionally
at His > aa or <rc but does not converge when, Sis < cra or crc. The general
theorem [19j states that

oa = max(0,o), <rc = max(O,c), (21)

where
a = lim sup(ln VJ |an|)/A,v,

c - l̂irn^ sup(ln I VJ an\)/XN.

The difference between abscissae of absolute and conditional convergence
is due to the cancellation of an with different phases.

For billiards on the constant negative curvature surfaces (12) with Dirich-
let boundary conditions the most divergent part of the level density corre-
sponds to series (18) with

An = /„, s = k, an = ( ~ l p n e x p ( - / n / 2 ) ,

8

I "

' ft

* •



1 < t•'

•tt-

i

where In is the length of periodic orbits arranged in accordance with its
lengths and m equals the number of bounces of the given periodic orbits
with the boundary.

Let p, utn(0 and podj(l) be the exact densities of periodic orbits having
even (res. odd) number of reflections with the boundary and let us define
the following functions:

5+(Ji) = fL Gwn(O + PodM))ldl,
J--X

S-[L) = [L (peVen(l) -

E+(L) =

(22)

The function S+[L) is the measure of total number of periodic orbits
(weighted by their length) with lengths less than a given value and S-[L)
measures the difference between orbits with even and odd number of reflec-
tions (we shall called them even (odd) periodic orbits). The quantities E±(£)
are the most divergent contribution to the trace formula for billiards with
Neumann (res. Dirichlet) boundary conditions.

In Figs. 2 and 3 we presented the values of the functions

S+(L) = (5+- /_ J
S-(L) = 5_exp(-7/2),

H/2).

(23)

= E+(L) -

*-(L) = S-(L),

for two geodesic triangles with angles (ir/2, ir/3,0) and (X/2,ÎT/5,0) for dif-
ferent values of L. po(l) here is the asymptotic form of the number of periodic
orbits with lengths less than the given value. For surfaces on the hyperbolic
plane it is given by Eq.(13) with h = 1 [20, 8]. These plots clearly show that
for these particular models all functions (24) grow (at least in the indicated
interval of L) not more than linearly and, therefore, the abscissa of condi-
tional convergence (21) for the considered triangular billiards with Dirichlet's

K'

Sr



i
, * » < - • * • -

, - • * .

le-

* .

boundary conditions equals zero. Note that abscissa of absolute convergence
in all models on the hyperbolic plane equals 1/2 but Figs. 2, 3 also indicate
that though for Neumann boundary conditions the corresponding sums do
diverge one substraction as indicated in Eqs.(24) is enough to ensure the
convergence.

This behavior is closely connected to the next terms of the expansion of
the density of periodic orbits as T —> oo. Eq.(13) is just the leading term of
asymptotic of this density and the question about the estimate of the next
terms is not simple.

Let introduce the density of periodic orbits

(24)

K'
I

where lp is the length of a periodic orbits and the summation is done over
all of them. (For simplicity, we shall consider scaling systems (e.g. billiards)
where the length and period are proportional and also ignore the difference
between primitive and non-primitive periodic orbits.) For constant negative
curvature surfaces it is known that the density of periodic orbits has the
following asymptotic [8S 13]:

„3/4*
(25)

Here the first term in r.h.s. is the usual asymptotic limit (13) and the second
term is non-zero only for surfaces on which there exist eigenvalues of the
Laplace-Beltrami operator A*, k = 1,...,Af which obey the inequalities
0 < Xk < 1/4 (they are called small eigenvalues), a* in Eq.(25) are connected
with such eigenvalues by relation A* = sjt(a* — 1) and 1/2 < s* < i. For our
models there are no small eigenvalues and only the last term is important.
The 3/4 factor in the exponent is just the proved results but in Refs.[8, 13]
it was conjectured that the correct factor may be 1/2. Our numerical results
at Figs. 2 and 3 agree with the following form of the periodic orbit density:

) ,
SC

ex/2

(26)

10
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where c±(x) are slowly growed (or even restricted) functions.
In general, one could conjecture that the density of periodic orbits has

the following asymptotics:

= E ~X a s CC, (27)
J=O

where k = ^0 > fi > 72 > . . . and Cj(x) are slowly growed function of x. We
shall refer to the values of 7̂  as to the spectrum of periodic orbits. (Of course,
the series (27) is meaningful only if functions cj(x) are known explicitly.) The
important (implicit) property of this representation is the discreetness of the
spectrum. Let us assume that we know (e.g. from numerical calculation) the
terms with all "jj > <ra where <ra is the abscissa of absolute convergence (21).
Then one can rewrite the sum over periodic orbits in the evident way (for
simplicity we consider billiard problems):

(28)Y,Ap(l)e'kl= Hm(E(I)

Q(l)Ap(l)e«"dl

e'k'dl.

where

and

Here Q(I) = p(l) - po(l) and

poix) = Ix-
 = J ^ ~x~Ci{x)

is the leading part of the density of periodic orbits chosen in such a way that
the residue Q(I) has an estimate

Q(x) = O(e*°x). (29)

Then the first term in Eq. (28) will converge absolutely as L —» 00 and
the second term could be simple enough to obtain its explicit analytical
continuation when L —» 00. For example, if c(i)=constant the leading term
of expansion (27) for the density of states gives

s(L) = / yAp(Oe*1 = / dlel**** + convergent terms.
J -OO t J-OS

(30)

11
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This integral will converge as L
equals

oo when SA > | and in this region it

(31)

But analytical continuation of this formula is trivial and one can use this
expression even at real k.

Therefore, we see that to regularize the sura over periodic orbits one
should subtract the leading terms of the density of periodic orbits as in
Eq.(29) and find the explicit form of analytical continuation of these terms.
If there exist different phases for different trajectories one has to perform this
procedure for trajectories with the same phase.

The analogous method based on the analogy with the summation formula
for the Riemann zeta function [22, 23] was proposed in Ref. [21]. But in
this paper was assumed that one need to subtract only the leading term of
the density of periodic orbits connected with the topological entropy (as in
Eq.(13)). We emphasize that we do not aware of arguments which suggest
that for generic systems ene subtraction is enough. (Even for the Riemann
zeta function actually two terms should be subtracted [22,23)). Therefore, we
propose first to investigate the asymptotic behavior of the density of periodic
orbits as in Eq.(27) and only when the necessary terms obeying Eq.(29) will
be known one can use the regularization procedure (28).

It well may be thw the representation (27) exists for certain systems aud
cannot be found for others. Then the periodic orbits summation can easily
be performed for the former but not for the latter.

The important assumption here is that the series (27) has the discrete
set of exponents. Only with this property one can hope to separate different
terms in this sum. Also the explicit form of (or good numerical estimates for
then) should be known.

It is easy to prove expansion (27) for asymptotic of periodic orbits which
can be constructed from n symbols for a symbolic dynamics (the Markov
partition). Let A,} be the incidence matrix [9] for the given symbolic dynam-
ics. Then the total number of periodic orbits with n symbols will be equal
to

l ± l (32)
n n

where A* are the eigenvalues of the matrix A. The largest eigenvalue of the

12
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where /„ = In, d\ = n<r^, one can try to prove Eq.(27).
'. . The authors are not aware of strict mathematical results in this direction
' except the estimates for hyperbolic surfaces as in Eq.(25) and the numerical

investigation of the asymptotic of the geodesic density for different systems
is desirable.

Numerically, it is more convenient calculate not the density of periodic
orbits (or the staircase function) but the function

®(T) = 2-, 7I" (34)
TP<T

where Tp is the period (or len_ I) of a periodic orbits. Its asymptotic as
T —> cc should be similar to Eq.(27) but without the denominators.

4 The dynamical zeta function
Jj Up to now we have considered semiclassical formulae for the level density. In
>J this section we shall discuss certain properties of the dynamical zeta func-
l$- tion. This function is defined via Eqs, (1O)-(Il) and in the semiclassical

\ approximation should have zeros at high exited eigenvalues of energy. (For
constant negative curvature models this function coincides with the Selberg
zeta function and all eigenvalues of the Laplace-Beltrami operator are zeros
of it [7, 8, 12, 13].)

The hope that the dynamical zeta function behaves better than the den-
sity of states is coming from the idea that it is more "easy" for a function to
have zeros than poles. Though the semiclassical representation of the zeta
function (10) can be derived directly from the corresponding formula of the
level density (3) it has many important properties which are not clearly seen
in the usual trace formula (3). [26, 21, 27, 29, 25].

13

incidence matrix will give Eq.(13), the next ones correspond to series (27). ' J ' .
Assuming that the distribution of geometrical length (or period) of peri- ?/

odic orbits with n symbols is close to the Gaussian-like distribution [24, 25] - J

1 (I _ / V „. "
"), (33)
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Let us formally expand brackets in Eq.(lO) and collect together various
terms according to a certain rule:

=n no-»»•
ppo m

where
An[E) = {-If

(35)

(36)
P l >

The summation here is performed in such a manner that all terms in the
expansion of the product in Eq. (35) are presented in the sum (36). We shall
refer to each individual term in Eq. (36) as the contribution from the pseudo
orbit (or a composite orbit) builds from the product of contributions of real
orbits [26, 21, 27]. (The representation of the zeta function as the product
and as the series (35) sometimes is called the Euler product and the Dirichlet
series respectively.)

The absolute convergence of the product (10) will lead to the absolute
convergence of the sum (35) with an arbitrary regrouping of the terms. For
generic bounded systems the best one can assume is the conditional conver-
gence of the product and the result of the summation in Eq. (35) (and also
the accuracy of the approximation) will depend on the method used in the
construction of the pseudo orbits.

In many cases one can argue that there exist rules of constructions pseudo
orbits such that the resulting sum (35) should converge. In Refs. [30]-[32]
it was conjectured that for systems with "good" symbolic description one
should organize pseudo orbits by their total symbolic length. (It means that
all pseudo orbits for which the sum of symbolic lengths equals a given value
n have to be included to An(E) in Eq.(36). In Refs.[26, 21, 27, 33] the
regrouping of the pseudo orbits by their total period was investigated.

In Refs.(29, 36] it was shown that the pseudo orbits can be naturally orga-
nize according to the total number of crossing of the chosen Poincaré surface
of section and the zeta function constructed in such a way will approximately
obey the functional equation (which is exact for the Selberg zeta function):

<(£?) = exp(2,riJV(£))C*(£) (37)

and this zeta function can be written in the so-called Riemann-Siegel form

Ç{E) = E(E) (38)

14
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where
n(E)/2

>!*(£) (39)
fc=i

and the summation is done over all pseudo orbits which cross the chosen
Poincaré surface of section less than n(E)/2 times. n(E) in the semiclassical
approximation equals total number of states which can be attributed to the
Poincaré surface of section.

n(E) =
Phase area of the Poincaré surface of section

(40)

N(E) in Eqs.(37), (38) is the mean number of levels with energy less than
the given value (see Eq.(8)). The analogous Riemann-Siegel relation was
proposed in Refs.[27, 34] but with the function E(£) constructed from all
pseudo orbits whose total period is restricted by the inequality:

T101(E) < (41)

where d(E) is the mean level density (2).
The equivalent form of Eq.(38) is the statement that the real function

(called the functional determinant)

D(E) = exp(-iriN(E))((E) « exp(-
(42)

should have real zeros at the semiclassical values of energy levels.
Sometimes this formula is used when the function £(£) is substituted by

the dynamical zeta function itself. In this form it is equivalent (up to the
factor 2) to the functional equation (37). We emphasize that the meaning of
the Riemann-Siegel relation (38) and (42) is that the contribution from long-
period trajectories is proportional to that of short-period ones. In Refs.[28,
29] it was shown that in semiclassical approximation the following relations
hold:

AA{E).k(E) = exp(2*iN(E))Al(E), (43)

where Ak(E) is the contribution to the dynamical zeta function (35) of all
pseudo orbits which together cross the surface of section exactly k times.
Similar formulae were obtained in Ref. [34].

In Fig. 4 we present the result of numerical computation of the functional
determinant for the non-compact triangle with angles (7r/2,7r/3,0) and the

15
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Dirichlet boundary conditions. Here pseudo orbits were arranged by their
total period (or length) as in Refs. [27, 34]. In these figures all pseudo or-
bits (and their repetitions) up to the length 12 are taken into account. The
modulus of the zeta function itself is represented by the dotted line. More
informative pictures are presented in Figs. 5 and 6 where the dependence of
minima of the modulus of the zeta function and zeros of the functional de-
terminant are given versus the maximum periodic length taken into account.

Two main conclusions can be made from these (and others) pictures.

• The Dirichlet series (35) seems to converge (at least for our triangle)
when expanding by total symbolic length, by number of crossing the
Poincaré surface of section or by total period.

• The number of periodic orbits needed to obtain the similar numerical
accuracy in the Riemann-Siegel form (38) or (42) is much smaller than
in the form of the Dirichlet series (35).

From Figs. 5, 6 one can conclude that the Riemann-Siegel form needs
much less orbits than the standard representation of the zeta function as
the product or the Dirichlet series (35). From Eq. (40) (or (41)) it fol-
lows (see Refs. [28, 29]) that the number of important periodic orbits in the
Riemann-Siegel form is, roughly speaking, the square root of one in the usual
representation of the zeta function.

One point should be emphasized here. In general, the Riemann-Siegel
representation of the dynamical zeta function (38) or (42) has an (unknown)
error (even for the Selberg zeta function) which should go to zero in the
semiclassical limit. Therefore, though this error will be small for high-excited
states it is inevitable at the present stage of theory. The minimal error
is expected when all terms up to the Riemann-Siegel cutoff (40), (41) are
included to the sum (39). The direct convergence of the zeta function is
expected when all terms up to, roughly speaking, twice this value will be
included.

In general, even when all periodic orbits are taken into account the dif-
ference between exact and semiclassical values should exist due to the non-
exactness of the semiclassical formula. Only for the models on the negative
curvature surfaces where there exist the exact Selberg trace formula one can
hope to obtain the exact result from the sum over classical periodic orbits.

16



5 The staircase function
In this section we consider the specific method of computation of the staircase
function (7)-(9) [35]. In general, errors of the semiclassical approximation
should be of the same order for any of functions (3), (9), (10). (Except for
the Riemann-Siegel relation (35) which is natural only for the zeta function.)
But in the case of the staircase function one can try to use an additional
information, namely, that it should be equal to an integer between the nearest
energy eigenvalues.

Writing
N(E) = N[E) + Noac(E) + Se(E), (44)

where N°°C(E) is a certain approximation to Eq.(9) and assuming that the
error St(E) is small:

\, (45)

one can hope to recover the exact values of N(E) by taking the nearest
integer of Eq.(44):

N(E) = InI(N(E) + Noac(E) + \). (46)

Here lnt(x) denotes the integer part of x.
The expression (46) means that the energy eigenvalues will be located at

points En such that

N(En) + N° c(En) = n+1-, (47)

where n is an integer.
We shall called this equation the quantization condition. In one dimen-

sion the second term is absent, and Eq. (47) coincides with the usual WKB
quantization condition (but derived from completely different consideration).

One can determine the energy eigenvalues directly from Eq.(46) or (47)
[37]-[42], but it is possible to transform Eq.(47) to the equation quite close
to the Riemann-Siegel relation (42).

Let N°'C(E) is given by Eq.(9) but with a finite n mbet of periodic orbits:

NO3C(E) = Im- Y1 £
Tp<i n=l

1
(48)

17
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where the summation is taken over all primitive periodic orbits with periods
less then the given value. (For simplicity, it is assumed that all periodic
orbits are hyperbolic).

Now Eq.(47) can be rewritten in the form

1

l
27rrai + vi + -

t ' n ( ^ - j (49)

Exponentiating this expression and using the usual formula

log n fio ( 4 *! <
Tp<Tm=l

(50)

one finds that the semiclassical energy eigenvalues can be obtained from the
semiclassical condition:

or
D(E) =

where

exp(27riJV(E))E*(£) = O (51)

+ exp(7riJV(£))£*(E) = O. (52)

= II 5 ( 1 - * P ^ . ( ^ ) ) (53)

and xpm(E) are given by Eq.(ll).
The function S(E) is just the finite approximation to the usual dynamical

zeta function (10) in the product form and the condition (51) coincides with
the Riemann-Siegel relation (38) (or (52) with (42)). Therefore, we could
conclude that if one uses the functional determinant equation (51) but instead
of the finite Dirichlet series 5(E) (39) will take the finite Euler product
(53) it will be equivalent to the calculation of energy eigenvalues from the
semiclassical quantization condition (47).

18
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The important property of Eqs.(47, (51) and (52) is that it is not possible
to miss any one energy level because the line n+1/2 in Eq. (47) will obviously
intersects the curve N(E) + N0^(E). If the error term Se(E) in Eq.(44) will
be large one can obtain additional levels but not miss one.

In Fig. 7 we present the results of the calculation of functional determi-
nant (52) for the hyperbolic triangular billiard with angles (?r/2, T / 3 , 0) and
the Dirichlet boundary conditions. The dotted line is the modulus of the
zeta function in the product form. Note the existence of the wiggles at small
energy. They indicate the presence of a divergent factor in the product over
perodic orbits but still zeros of the product are in the correct places. In
Fig. 8 we plot the positions of the zeros of (52) versus the maximum length
of periodic orbits included in the computation. Ticks denote the Riemann-
Siegel values given by Eq.(41). For comparison in Fig. 9 ihe minima of the
absolute value of the function X(JS) defined by Eq. (53) are presented.

The difference between the Riemann-Siegel form (52) and the usual zeta
function (53) is clearly seen.

i

6 Statistical properties of the deviation from
the staircase

In this section we shall investigate a problem in some sense conjugated to
one considered in previous Section. There the question of "good" estimates
of the difference between the exact density of periodic orbits (or the staircase
function) and the main "Weyl" term (13) was discussed. Here we investigate
what can be said about the statistical behavior of this difference.

Let us consider the function

S(E) = N(E) - N(E), (54)

where N(E) is the mean number of levels with energy less than the given
value given by the Weyl formula (8) plus corrections.

Formally,
S(E) = N°'C(E), (55)

where N°*C(E) is ihe contribution from periodic orbits given (for ergodic
systems) by Eq.(9) bat one can numerically compute (54) directly from the
definition without any reference to semiclasHcal approximation.
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The problem of the good estimate of S(E) is difficult even for the circular
billiard (see e.g. Ref.[13]) and the question of its statistical properties seems
very natural (cf. Fig. 10). In the simplest formulation it is the investigation
of the behavior of the moments of S(E) defined as follows:

< S > = lim —
E — OO CJ

{6(E))kdE,

or
lim — L -

t j —fci—-oc C/2 — CJ\

(56)

(57)

We shall called a function P(S) the distribution function of a random variable

< 6k >= / P(8)dS. (58)
J-OO

These problems have not been investigated in details for all interesting
cases. The most satisfactory answer is known for non-trivial zeros of the
Riemann zeta function where it is proved [51] that P(S) is the Gaussian with
zero mean and second moment

< S2 > = ^ log d(E) as E -* oo, (59)

where d(E) is the density of the non-trivial zeros of the Riemann zeta function
[51]

d(E) = — log E as E -» oo. (60)

For dynamical systems a few results are known (or conjectured):
(i) For integrable systems it was shown in Ref.[43] that < S2(E) > for

two-dimensional billiards should be proportional to the total momentum:

<62{E)>=CVË as E (61)

This result follows just from dimensional consideration, because the pe-
riodic orbits contribution to the staircase function is proportional to 1/fi,'1

where fi = (n - l)/2 and n is the dimension of the system. Taking into ac-
count that for integrable systems the diagonal approximation gives the dom-
inant result [43] one obtains (61). This result was proved later in Refs.[45]-
[47].

K'

i : '
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(ii) For generic ergodic billiards it was argued in Ref.[43] that for time
invariant systems

< 62{E) >= \log(VËd{E)) as E -» oo, (62)

where d(E) is the mean density of states and for ergodic billiards without
time invariance:

< S\E) >= ~\oë(s/Ëd{E)) as E -» oo, (63)

The heuristic derivation of these results can be done as follows. The
quantity S(E) can be written as the sum over periodic orbits (10):

i :

(64)

where the divergent part of the pre-exponent factor (for billiards) could be
written in the form

/t p*-exp(-A p7 p /2) . (65)

Here Xp is the logarithm of the largest monodromy matrix eigenvalue
which one can estimates as the value of topological entropy [10] and /p is the
length of periodic orbits connected with its period by lp = Tpk where k is the
momentum.

Let us assume that the most important terms in the infinite sum (61)
will be given by periodic orbits whose periods are just enough to resolve the
density of state:

T AP

= const (66)

and AE = l/d(E) is the mean distance between levels. The second assump-
tion (too strong) will be the statement that all periods of the periodic orbits
obeying Eq.(66) are non-commensurate. Under these assumptions the 8(E)
will be the sum of finite number of non-commensurate frequencies which af-
ter the energy smoothing (56) or (57) become independent random variables
with the evident distribution. According to the central limit theorem the
statistical distribution of S[E) will be now Gaussian with zero mean and
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second moment equals

If one has exact degeneracy of the periodic orbits periods than

dL

(67)

(68)

where g(L) is the degeneracy of orbits with length L.
For systems with time-reversal symmetry almost all oibits are 2 times

degenerated corresponding to the traversing of the given trajectory forward
and backward in time. Therefore, one obtains Eq.(61).

Exact results for generic ergodic systems are not kn~ .in to the authors.
We just remark that the results (61), (62) agree with the prediction of the
Random Matrix Theory (see, e.g. Ref.[48]).

(iii) There is a class of ergodic systems which are not generic. These
are systems which though being classically ergodic have specific quantum
mechanical properties due to exponential degeneracies of lengths of periodic
orbits. The known examples of a such behavior are the various models on the
hyperbolic plane whose corresponding groups are the , so-called, arithmetic
groups [49]. For such groups it is proved [8, 13] that

< S2 >= const • - — — ,
(log*)*

(69)

where k is the momentum.
This result can be understand as follows.
The main property of arithmetic groups is the large degeneracy of length

of periodic orbits. The mean degeneracy < g(l) > grows exponentially with
the period [49] (see also [50]):

>= const-T' (70)

where the constant depends on the group considered.
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To estimate the maximal period of independent periodic orbits in Eq.(64)
in this case one can proceed as follows. As the total number of periodic orbits
is given by Eq.(13) with h = 1 the condition

E
IP<L

(71)

should be satisfied from which one concludes that the number of different
periodic orbits lengths in the. interval (0, L) approximately equals

Nd,/j.{lp < L) ss conste'^2

and the difference of length of nearest orbits is of order of

A/ « conste~t/2.

(72)

(73)

To be sure that the cross term will be canceled after the smoothing (56)
or (57) this difference should be bigger than 1/* (= the Planck constant)
which gives

!max % 2log* (74)

Substituting Eq.(70) to (Eq.(68) and using the estimate (74) for £mox one
obtains

< o >= const /21O8fc Çdi = const
log2*

(75)

which coincides with the Selberg result (69).
On another example of arithmetical systems see Refs. [52]. In Figs. 12

- 14 a few results of the numerical computation of the deviation from the
staircase function are presented together with the best least square fit to cor-
responding theoretical predictions (61), (69) and conjecture (62). In Fig. 15
the calculated distribution functions for these cases are given together with
the Gaussian fitting with the second moment as in Figs. 12 - 14. We see
that theoretical expectations agree well with numerical result though the
data are not sufficient to clear distinguish between different formulae (e.g.
the logarithm terms).

.1
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7 Conclusions
In the paper we investigate a few methods of regularization the divergent
semiciassical sums for various quantities. The simplest, seems, to be the
method proposed in Ref.(21] based on the subtraction from the periodic orbits
sum the integral over the mean density of periodic orbits. But to perform it
carefully it is necessary to investigate the next to the leading terms in the
asymptotic of this density (for different phases separately).

If one knows enough periodic orbits (roughly speaking up to the period
2-Kd(E) where d(E) is the mean level density) then all semiciassical formulae
are of a compatible accuracy. In the (most probable) case when only smaller
number of periodic orbits are available (up to nd(E)) the Riemann-Siegel
relations are much more preferable. The best (and the simplest) seems to
be the method proposed in Refs. [36] (see also Refs. [37]-[42]) based on the
representation of the functional determinant in the Riemann-Siegel form
(52) where one uses the finite product approximation to the dynamical zeta
function.

The investigation of moments of the deviation from the staircase function
is the simple and effective indicator of chaotic behavior of the given quantum
system.
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FIGURE CAPTIONS

Figure 1: Maxima of the Selberg trace formula for the hyperbolic triangle
with angles (jr/2,7r/3,0) and Dirichlet boundary conditions versus the
maximum periodic length taken into account.

a) 0 < En < 600; b) 1000 < En < 1500.

Figure 2: Weighted density of periodic orbits for the hyperbolic triangle
with angles (T/2 ,7T/3 ,0) . Functions s±(L) and o±(L) are defined in
Eqs.(23).

a) For Neumann boundary conditions; b) For Dirichlet ones.

Figure 3: The same as in Fig. 2 but for the hyperbolic triangle with angles
(x/2,7r/3,0).

Figure 4: The functional determinant in the Riemann-Siegel form (42)
for the hyperbolic triangle with angles (ir/2,ir/3,0) and the Dirichelet
boundary conditions (solid line). Pseudo-orbits are arranged by their
total lengths. The modulus of the Dirichlet series of the zeta function
for the same triangle (39) arranged according to the total length is
denoted by dotted line. AU pseudo-orbits and their repetitions up to
the total length 12 are taken into account. Ticks denoted positions of
exact eigenvalues.

a) 0 < En < 500; b) 500 < En < 1000; c) 1000 < En < 1500; d)
1500 < En < 2000.

Figure 5: Minima of the Dirichlet series of the zeta function as in Fig. 4
versus the maximum periodic orbit length taken into account. Ticks
denoted places where the difference between an exact eigenvalue and
an approximate one is less than 1/10 of the mean level distance. The
dashed line indicates the position the Riemann-Siegel cutoff (41).

a) 0 < En < 600; b) 1000 < En < 1500.

Figure 6: The same as in Fig. 5 but for zeros of the functional determinant
in the Riemann-Siegel form (42). The pseudo-orbits are arranged by
their total lengths.
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Figure 7: The solid Une - the functioned determinant in the product form
(52) for hyperbolic triangle with angles (îr/2,7r/3,0). The dotted line
- the modulus of the zeta function for this model in the product form.
All periodic orbits up to the length 12 and their repetitions are taken
into account. Ticks denoted positions of e\act eigenvalues.

a) 0 < En < 500; b) 500 < En < 1000; c) 1000 < En < 1500; d)
1500 < En < 2000.

Figure 8: Zeros of the functional determinant in the product form (52).
Ticks denoted points where the difference between an exact eigenvalue
and an approximate one is less than 1/10 of mean level distance. The
dashed line indicates the position of the Riemann-Siegel cutoff (41).

a) 0 < En < 600; b) 1000 < En < 1500; a) 2000 < En < 2500.

Figure 0: Minima of the modulus of the zeta function in the product form
versus the maximum periodic orbit length taken into account.

a) 0 < En < 600; b) 1000 < En < 1500.

Figure 10: The difference between the computed number of levels and its
mean value for hyperbolic triangle (T /2 , IT /5 ,0 ) and Dirichlet boundary
conditions.

Figure 11: The mean square difference between the computed number of
levels and its mean value versus « determined by condition that En is
the last level taken into account for hyperbolic triangle (TT/2,X/3,0)

and Dirichlet boundary conditions. The dashed line is the best fit in
the form ay/n/(l + ilog(n)) with a = .20 and 6 = .10.

Figure 12: The same as in Fig. 11 but for triangle (ir/2, TT/5, 0). The
dashed line is the best fit in the form a + Alogn with a = —.114,
b = .050. The dotted line the best fit in the form anb with a = .029
and b = .300.

Figure 13: The same as in Fig. 11 but for non-tessellated triangle with
angles (ir/2,17ir/50,0). The dashed line is the best fit in the form
a log an with a — .047, a = .04. The dotted line is the best fit in the
form ana with a = .0177 and a = .33.
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i
Fieure 14' The same as in Fig. H but for integrable plane rectangular

6 bUHard with sides 1 and (v^5 - l)/2. The dashed line is the best fit ,n

the form ay/n.

Fieure 15- The distribution function for differences between the exact and
' m e a n number of levels for a) the triangle (* /M/3 ,0 ) , b the tnangle

" / 2 , W5.0). c) the plane billiard as in Fig. 14 The sohd bne u the
Gaussian with the width taken from Ftp. 12-14.
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