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Abstract

The Selberg zeta function £«,•(«) yields an exact relationship between the
periodic orbits of a fully chaotic HamiHonian system (the geodesic How on
surfaces of constant negative curvature) and the corresponding quantum sys-
tem (the spectrum of the Laplace-Beltrami operator on the same manifold).
It was found that for certain manifolds, £s(a) can be exactly rewritten as the
Fredholm-Grothendieck determinant det(l —T,), where T, is a generalization
of the Ruelle-Perron-Frobenius transfer operator. We present an alternative
derivation of this result, yielding a method to find not only the spectrum but
also the eigenfunctions of the Laplace-Beltrami operator in terms of eigen-
functions of T,. Various properties of the transfer operator are investigated
both analytically and numerically for several systems.
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1 Introduction
A new method of semiclassical quantization of multidimensional Hamilto-
nian systems was recently proposed [6, 7]. This approach is based on the
transfer operator T/.., realizing the semiclassical Poincaré map in coordinate
representation. In order to construct this operator, one should first define
a Poincaré surface of section E, in the coordinate space, and determine the
classical trajectories connecting the points q and q' on S, when the velocity
q, at both q and q', has the same orientation with respect to E. The kernel
of this transfer operator is denned as

,q) à 1
(2irih)T \

det

where 5/.;(q',q) = /J p(x,E)dx, is the value of the action calculated along
the classical trajectory at fixed total energy E1 connecting q and q', v is
the Maslov index of the trajectory, and N is the dimension of the surface
of section in coordinate space (i.e. the number of degrees of freedom minus
one).

The semiclassical Poincaré map is yielded by

(2)

where the integration is performed over the surface of section S. As h goes
to zero, the quantized energy levels of the system are determined by the con-
dition that the spectrum of the linear operator (2) contains the eigenvalue
one. In other words, at the value of the energy E, corresponding to an eigen-
value En of the Hamiltonian operator, Tf; has an invariant function, ij>(q):
rpW) — Jy, TEWI

 <Ù^>W)^N1- ^^ e compatibility condition of this equation can
be written in the form of vanishing of a Fredholm determinant,

det(l - T£) = 0. (3)

Under certain conditions [6, 7], this determinant coincides with the dynamical
zeta function [26, 16, 14], defined as an infinite product over all periodic
orbits:

= n 5(i-xkm(«)), (4)
p.p.". m=0
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where the external product is performed over all primitive periodic orbits
(only a single cycle is counted for each periodic orbit), labelled by the index
p. The calculation of the quantity Xi>m{E) requires the knowledge of pure
classical objects, associated with the given p.p.o.: the action Sp, the Maslov
index V1, and the monodromy matrix M;). The latter is defined as the linear
term of the expansion of the Poincare map in powers of the coordinates
perpendicular to the periodic orbit. For Hamiltonian systems, detMp = 1. In
the two-dimensional case, for a hyperbolic orbit, Mp has two real eigenvalues,
eAp and e"*", or -eA" and — e'Xp, where Xp > 0, is the Lyapunov exponent
of the periodic orbit. Thus, in this case,

C-vp ~ (5)

where e;, is the sign of the eigenvalues of Mp.
The semiclassical approximations to the quantized energy levels, are the

roots of the dynamical zeta function. There is only one known class of sys-
tems where those roots yield the exact eigenvalues of the Hamiltonian opera-
tor, namely the geodesic flows on manifolds with constant negative curvature.
In this case, the dynamical zeta function coincides with the Selberg zeta func-
tion Cs(s) [16, 26], whose non-trivial zeros yield precisely the eigenvalues of
the Laplace-Beltrami operator on a certain manifold with constant negative
curvature (i.e. the Hamiltonian operator of a free particle on this manifold).
The present paper considers only the class of completely chaotic Hamiltonian
systems defined by surfaces or billiards with constant negative curvature.

It was recently found [20] that, in the special case of the modular domain,
a surface with constant negative curvature and the topology of a sphere with
a spike reaching infinity, the Selberg zeta function can be exactly written in
terms of Fredholm-Grothendieck's determinants [12], analogously to (3):

Cs{a) = det(l - T.)det(l + T3),

where T, is the operator defined by

S

(6)

(7)

and s is the variable, related to the energy E of the particle moving freely
on the surface by E — s{s — 1).
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It is possible to argue [22] that, in general, the Selberg zeta function can
be written in terms of the Fredholm-Grothendieck determinant

where 6{a) is a function determined by the singular periodic orbits of the
classical system, and T, is a linear operator, that we call quantum map,
which generalizes the Ruelle-Perron-Frobenius transfer operator [23, 24] well
known in the theory of expanding hyperbolic maps. Namely, given a piece-
wise analytic map of the interval J, F : / — > / , inducing a Markov partition
/ = Ui h, with incidence matrix S(i «— j), and given the set of local inverses
of F, G, : I, —* I (that is, the branches of the inverse of F), the quantum
map is defined by

T,g(x) ê £ S(i - j)g{G,{x))\DG.(x)\', x e /„ (9)

where D denotes the derivative operator.
The purpose of this paper is the investigation of various properties of such

an approach. Preliminary results were communicated elsewhere [8].
The main body of the paper is organized in two parts, with the second part

addressing the practical realization of what is investigated theoretically in the
first part. The first part has five sections: after a concise introduction to the
theme of the geodesic flows on surfaces of constant negative curvature (Sec.
2.1), Sec. 2.2 presents the connection between quantum map and transfer
operator, in the special case of the modular domain. A general treatment is
yielded in Sec. 2.3, and a more detailed examination of the relationship of
the quantum map with the periodic orbit theory, is found in Sec. 2.4. Sec.
2.5 offers some considerations on the spectrum of the quantum map. The
second part has three sections. Sec. 3.1 introduces the techniques to compute
in practice the transfer operator and illustrates the problems related with
them, by means of the pedagogical example of the baker map. Sec. 3.2 and
Sec. 3.3, describe in details the method of construction of the quantum map
and the calculations that we have performed, in the two concrete cases of
Artin's billiard and the billiard of the Hadamard-Gutzwiller problem. The
paper is concluded by some final considerations in Sec. 4.



2.1

Theory of Quantum Maps of Hyperbolic
Flows

Geodesic Flows on Surfaces of Constant Negative
Curvature

The surfaces of constant negative curvature can be conveniently projected
onto the complex plane C. We adopt the system of coordinates mapping
conformally the plane of constant negative curvature (the Lobachevsky plane
or pseudosphere) to the upper complex half plane H2 [4, 28]. In this system
of coordinates, the metrics is

da2 = (dx2 + dy2)/y\

where z = x+iy. The isometry group of H2 is represented by the group of all
fractional linear transformations, holomorphic G{z) = (az + b)/(cz + d), and
antiholomorphic G(z) = (az + b)/(cz+d), with real coefficients a, 6, c, d, ad—
Jc / 0, z £ C and where z denotes the complex conjugated of z. The former
transformations include translations and rotations, whilst the latter ones
include parity-changing transformations like the reflections. Conventionally,
the determinant ad-bcis normalized to 1 or —1 for, respectively, holomorphic
and antiholomorphic transformation.

The geodesies are represented by circles orthogonal to the real axis. The
real axis is at infinite distance from all the proper points of H2. Any geodesic
can be completely identified by the two points in common with the real axis,
that is by its two points at infinity.

Among the other possible representations, the most important is the con-
formal map of the pseudosphere onto the disc \z\ < 1. Here the unit circle is
at infinity, and the geodesies are the circles orthogonal to the unit circle.

The covariant Laplace operator A, or Laplace-Beltrami operator, is writ-
ten in the upper half plane,

A =
dx2 + dy2) '

(10)

A surface of constant negative curvature is defined by a subgroup F of the
isometry group of H2, such that there exists a sufficiently regular domain D
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of H2 (e.g. a polygonal region with a finite number of vertices) that perfectly
tiles the whole H2, under the action of all the elements of F. Those subgroups
are called discrete groups. The closed geodesies of a surface are identified
with the conjugacy classes of F.

In the case of a billiard, one usually takes a polygonal region and consider
the discrete group F" of isometries generated by the reflections at the sides
of the polygon [4, 29]. The polygonal region of the billiard can be (but does
not have to be) the domain V associated to a surface. In this case, the
billiard tiles H2. Conventionally, discrete groups corresponding to triangular
domains are denominated from the angles ir/l, irjm and TrJn at the vertices
of the triangle: F(f,m,n).

The quantum problem corresponding to the geodesic flow is defined by
the equation

Aif/g = s(s - l)ip,, (11)

with the further requirement that the function ipa(x,y) must be an automor-
phic form of the group F, that is

for all elements G e F , where x(^) *s a one-dimensional representation of
F. In the case of billiards, it is natural to impose Dirichlet's or Neumann's
conditions at the boundary of the billiard (or some mixture of them).

In all these cases (and even in more general ones [16, 29]), the zeros of the
Selberg zeta function yield exactly the eigenvalues of the discrete spectrum
Of(Il).

2.2 The Case of the Modular Domain

In this section, we discuss how to construct the solutions of (11) starting
from the knowledge of the transfer operator (9) in a specific example.

The formal solution of (11) is yielded by Helgason's transform [4, 17],

This function is an eigenfunction of the Laplace-Beltrami operator for any
test function / . The further requirement (12), that singles out the eigenfunc-
tions corresponding to a certain surface with constant negative curvature, is

iv
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translated into a condition for the unknown function / :

I. (14)

for any G £ T.
Here we assume that F is the modular group PSL(2,Z), related to a

triangular domain T> with angles ^, | , and 0, at the corners, the modular
domain (see Sec. 3.2). The matrices representing the transformations G(z)
have integer elements and unit determinant [28]. The modular group has
two generators: z —» z -\- 1, and z —> —l/z. In the trivial representation,
x(G) = 1, it follows from (14) that the function / must be periodic of period
one, and satisfy the equation

'•(-{;}>
»-2 _ (15)

where {x} denotes the fractional part of x. The map x —* {1/a:}, restricted
to [0,1], is called the Gauss map. Let us define the operator

•"<•>*/({;})•"• (16)

Since the modular domain has the axis of symmetry x = 0, the eigenfunc-
tions of A for the modular domain are either symmetric or antisymmetric
with respect to the transformation x —» — x. Therefore, we can cast (15) in
the form

«./.(«) = e/.(«), * € [0,1], (17)

where e = ±1 is yielded by: f3(—z) — efs(x). The triangular domain ob-
tained by cutting the modular domain in two identical parts at the symmetry
line x = 0, is called Artin's billiard. The even (odd) eigenfunctions satisfy
Neumann's (Dirichlet's) boundary conditions for the billiard.

Now, (17) is too singular to admit smooth solutions (beside the case
a = 1, where a smooth solution is the ergodic measure). The invariant
measure defined by Us is a very peculiar object (see Sec. 3.2). To address
this problem, we find a good-behaving dual of the density / , .

Let g denote a test function and let T, be the operator adjoint to U8,
defined by

' = J\j,g(t))f(t)dt. (18)

: I
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From (16) one has

The change of variable x = 1/t — n, yields

Therefore, T3, the operator adjoint to U,, is

T'g{x) = (19)

The properties of this operator are well known [19]. In the half-plane
3Î5 > ,̂ it is a nuclear operator on the Banach space of functions holomorphic
in the disc \z — 1| < | . It follows that T, and U1 have the same spectra. In
particular, the equation (17) is equivalent to the equation

= eg, (20)

The formal condition of solvability of this linear equation is det(l—T,) = 0 for
Neumann's boundary conditions (e = 1), and det(l + T,) = 0 for Dirichlet's
boundary conditions (e = —1).

It is also possible to derive the relationship (6) between Selberg's zeta
function and functional determinants, from the Artin-Series coding of the
periodic orbits of the modular domain, based on the continued fraction repre-
sentation [5, 20, 27]. However, this is the Selbe.rg zeta function for the whole
modular domain, where the contributions from Neumann's and Dirichlet's
boundary conditions are mixed. It was earlier conjectured [20] that the ze-
ros of det(l — T8) were all the eigenvalues of the modular domain, and the
zeros of det(l + T.,) were identical to the zeros of Riemann's zeta function
up to a factor i. It is now clear that det(l - Ts) and det(l + Ts) yield the
Selberg zeta functions of Artin's billiard with, respectively, Neumann's and
Dirichlet's boundary conditions.

Until now, no explicit connection was found so far, between the eigen-
functions of Us, which enter Helgason's representation of the eigenfunctions

8
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of A (13), and the eigenfunctions of the adjoint operator J3. We show this
connection here, in the case of the modular domain.

Let us define the functional transform of / :

g(x) = £ Ka(x,t)f(t)dt, (21)

where K,(x,t) = (1 + xt)~7', and assume that / is a solution of (17). Thus,

g.{x) = 6j[! K.(x,t)(\}.f.(t))At =

where T;,'' denotes the operator adjoint to U,, acting on functions of the
variable t:

CC 1 1 OO 1

It is easy to see that

Thus, one can write,

(M))Z-(Od* = Tir) / ' Jif.(M)Z.(Odt.
Jo

We obtain in this way equation (20):

g'[x) =

Summarizing, the idea is to define a suitable integral transform g, dual
to the density / appearing in Helgason's representation, and determine the
equation for g, equivalent to the equation that / must satisfy in order to yield
the eigenfunctions of the Laplace-Beltrami operator on the given surface or
billiard. Such a transformation is not unique. By introducing a different
kernel, one obtains a different equation for the dual function. For example,
let us consider the integral transform

= x'~* fe-xlf{t)dt. (22)

' i
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Following the same steps as before, we have

where
OO 1 / r \

T(O6-" _ y __J exn I — )

which can be written [19],

^J (I + u)
— e x p ( -

e " -

where J,,(z) denotes the Bessel function of the first kind. The equation that
h(x) must obey, is finally obtained (2O]:

du
(23)

Also U» may take a different form. For example, in the case of the modular
domain, instead of the Gauss map, x —» {l /x}, appearing in (16), one may
use the map x —» {1/(1 - a:)} [2]. Moreover, Helgason's transform is not
the only representation of eigenfunctions of the Laplace-Beltrami operator.
A discrete transform, generalizing the Fourier series to the plane of constant
negative curvature [4], yields

(24)

where Kv{z) denotes Hankel's function and one takes the cosine series or the
sine series for, respectively, Neumann's or Dirichlet's boundary conditions.
In this representation, the eigenfunctions of the Laplace-Beltrami operator
on a certain surface are found by imposing a condition on the numbers Cn

instead than on a density f(t). However, the two approaches are equivalent.
By plugging in the integral representation of Hankel's functions [1],

+1/2'

' j

a
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valid for 3îi/ > -l-, into equation (24), and equating (24) and (13), one
obtains a Fourier series for / , :

/,(O =
F(s) ^S, Cn J cecos(27rnt)

«n(2îrn<) ' (25)

where the solution for Neumann's and Dirichlet's boundary conditions, cor-
respond to, respectively, the cosine and sine series. By taking Mellin's trans-
form, one obtains the Hecke zeta function, £//(s) [28]:

T f rl

where

= E S-
2.3 The General Case

It should be clear, now, how to proceed in the general case. The function /
appearing in (13) must satisfy condition (12) for any element of the group
F. Since any element of F can be written as the product of certain elements,
the generators, one has to consider only the conditions corresponding to the
generators. In the class of systems that we are considering, there is only a
finite number of generators, and thus a finite number of conditions.

For the modular domain, a fundamental role was played by the Gauss
map. It is generally possible to construct a map of an interval / , F : I —> / ,
such that certain properties are satisfied [3]. Namely, for any discrete group
corresponding to a surface with finite area (but not necessarily compact) one
can find a partition / = Ui ^M which may be finite or infinite, such that all the
restrictions of F to the subintervals of the partition, F1 : /, —» / , are analytic
(but F may be discontinuous, precisely at the nodes of the partition); the
F, are eventually expanding (there exists an integer n such that, the m-th
iterate of F,, for m > n, has a derivative definitely larger than one in absolute
value, over the interval /,: |DF,m(x)| > (3 > 1, for every x 6 /,); the interval
/, is mapped by F, to the union of some of the intervals of the partition
(in other words, the partition is Markovian for the map F); moreover, there
exists an integer r such that the r-th iterate of Fi maps Ii over the whole / .

11
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The functions F, are, in general, fractional linear transformations [3, 22]: ' 4

K- , " . ;
determined by a matrix A1, with the same coefficients, belonging to the dis- « ^k:}\
crete group. We shall consider the trivial unitary representation, x(-^<) — 1- • * Vv
The generalization to arbitrary one-dimensional representations is straight- 1Jb *
forward. The operator U, is written, in general, ; <

i !
"2, X G / , . (27) ' •> :•

y •'

In order to solve (17) for this operator Us, we proceed by defining the ,
adjoint operator, - , ,

•• >

g{x)(\JJ(x))Ax *

The adjoint operator is given explicitly, . j

i
' ;, j

where G1 denotes the local inverse of F, (i.e. GI(F1-(SB)) = x, x G Ii), and '<•%:
S(i <— j) denotes the incidence matrix of the Markov partition (that is, ',;f
S(i *— j) = 1 if the image of Ij under Fj has a non-empty intersection with
/,, and S(i <— j) = 0 otherwise). An equivalent way of writing T, is % f

ày' .... i « l
dz

where the summation is performed over all pre-images y of x.
The spectra of T, and U, should be identical, and the eigenvalues of

the Laplace-Beltrami operator are found from the compatibility conditions \\
AeI(I ± T.) = 0 [22]. . jj

The generalization of the representation (21) can also be found. The j§ '
one-dimensional map F is indeed the factor map of a two-dimensional one- \
to-one m a p [3], x ' = F(x), y = F(y'), of t h e rec tangle IxJ on to itself ( t h e
"ver t ica l" side J is no t generally identical t o t h e "hor izon ta l " side / ) . T h e *'
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interval J h?s a Markov partition induced by F, with the same properties
already enunciated concerning the interval / .

The canonical way of constructing a Poincaré map of the Hamiltonian flow
of a geodesic flow or a billiard, is based on considering the crossing (or the
bounces) of the orbit at the border of the fundamental domain. The Poincaré
map is conjugated to the two-dimensional map x' = F(x), y = F(y'), by
a certain transformation to the system of non-canonical coordinates x and
y. Since the geodesic flow preserves the Liouville measure in phase space, a
measure is also preserved in I X J. That is, there is a function fi[x,y) defined
on / X J , such that fi{x',y')dx'ày' — ii,(x,y)dxày. Thus, in each cell of the
Markov partition,

^(F,(x),y)\DF,(x)\ = /i(SD,F,(y))|DF1(t/)|. (30)

Let us suppose that fi{x,y) is known. We define the integral transform

where K3(x,t) = |/A(X,<)|S. Since is the invariant measure,

(31)

(32)

By multiplying with S(i <— j) and summing over all i's, one can derive the
property

T^Ks(x,t) = T^K,(x,t), (33)

where we use the same notation of the previous sections. Therefore, one
finds that g,, is an eigenfunction of T5, if f, is an eigenfunction of Us. The
importance of this statement lies in the fact that / s is a density, whilst g,
is, in general, piece-wise analytic, and thus relatively easy to determine from
the knowledge of T,. By formally inverting (31), one should be able to find
/ , from the knowledge of gs. The kernel Ka{x,y) is symmetric in s and y,
and one can find the corresponding spectral decomposition

*.(*,<) = E «n^(«^"(0, (34)
n

where the eigenfunctions ^ n are supposed to form an orthonormal set. If we
expand g in the eigenbasis of Ks(x,t), g(x) = Y,n9n<l>n(x), we obtain for / ,
the formal series

/(O = E T-M*)- (35)

F.'
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However, the convergence of this series is doubtful, since both gn and Kn go
to zero as n goes to infinity. This may be the reason why / can exist only as
a distribution (see Sec. 3.2).

2.4 The Role of Singular Orbits
We wish to stress that the main thrust of previous works [23, 24,10, 3, 20] was
the expression of the Fredholm determinant in terms of periodic orbits, whilst
the central object of the present work is Helgason's transform. This section
is devoted to the illustration of the relationship between the two approaches.
Since both the Fredholm-Grothendieck determinant of the transfer operator
det(l - T1) and the Selberg zeta function Cs(5)> vanish at the same points of
the line s = ^ + ip, they must be proportional: Çs(s) = #(s)det(l — T5). The
explicit form of the factor 0(s) depends on certain periodic orbits.

Let us represent the transfer operator T3 as an integral operator:

x', x)g(x)dx,

where
T3{x',x) = Y,S(i<- j)\DGi(x')\'S(x - GiW).

i
Let us take the trace of the operator,

trT, = £ / S(i «- i)\DGi{x)\'6(x - G^x))Uz,

which is equal to

trT* = E E

(36)

(37)

where one must sum over all fixed points xp defined by xp = F{xp). There
is a correspondence between the fixed points of the map F and the periodic
orbits of the geodesic flow. The length of the corresponding periodic orbit is
yielded by

I1, = -ln|DG,(*p)|. (38)

Therefore,

r. = E r ^ ' (39)

14
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where the sum goes over all fixed points of F, and e is the sign of 1(7 , ) ,
that is the value of the determinant of the corresponding matrix. In the
case of a non-trivial representation of the group F, a phase factor appears
associated to every periodic orbit. Clearly, the trace of the n-th iterate of T,
is written as (39), where the sum is performed over the fixed points of the
n-th iterate of the map F. The last step is done by using the result

ln(det(l-Ts)) = - E -

Finally, one obtains

fel*

- • = • <

where the sum is done over the primitive periodic orbits (the periodic orbits
traversed only once). Therefore, we have

det(l - T.) = I I I I (1 - emexp(~(s + m)lp)) = (s(s). (40)
p.p.... m = 0

Now, this derivation of the equality between the functional determinant
and the Selberg zeta function is valid if no singular orbits appear in the
periodic orbit expansion of the zeta function, and all periodic orbits are
uniquely associated to the fixed points of the iterates of the map F. This
is not true in general. Singular periodic orbits are periodic orbits whose
contribution to Selberg's zeta function is not yielded by the standard formula
(5). Such orbits appear for instance in billiard problems [29, 4], where they
are periodic orbits running along the edges of the billiard and invariant with
respect to an involution.

The trace formula for billiards on the pseudosphere is [29, 4]:

9{mlt)S I, ,S
(41)

The sum on the r.h.s. is taken over all eigenvalues of the Laplace-Beltrami
operator and the former sum on the l.h.s. is performed over the singular

15
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primitive periodic orbits. The latter sum on the l.h.s., performed over non-
singular primitive periodic orbits, contains all other terms in the trace for-
mula. The function h(p) is a function satisfying certain conditions and </(/) is
the corresponding Fourier transform. Neumann's and Dirichlet's boundaiy
conditions are obtained for e respectively equal to 1 and — 1.

The contribution of singular periodic orbits to Çs{') has the form [29]:

n (42)
s.p.p.o. m

where the latter product is taken over even or odd m, for respectively, Neu-
mann's and Dirichlet's boundary conditions. In the case of ordinary periodic
orbits, this product should be taken over all m.

In deriving (40), we assume explicitly that there is a one to one corre-
spondence between the periodic orbits of the map F, and the periodic orbits
of the geodesic flow or billiard. However, periodic orbits living just on the
boundaries of the Markov partition have an ambiguous symbolic coding and
must be treated with special care. They can be taken into account by a
smaller partition [18]. The analytical properties of zeta functions (like the
existence of poles) are often greatly influenced by such orbits [9, 10, 18, 23].

2.5 On the Distribution of the Eigenvalues of the
Quantum Map

We have seen that when s = | + ip is an eigenvalue of (11), for a certain
surface or billiard, the spectrum of T, must contain 1 or —1, depending on
the kind of boundary conditions. Are we able to say something about the
spectrum of the quantum map when a is different from those special values?
It was shown [6, 7] that, under quite general conditions, in the semiclassical
limit (i.e. p —> oo, in the present case), the spectrum of the quantum map
should have a component close to the unit circle, and a component close to
the origin, with a few eigenvalues somewhere between the unit circle and the
origin.

We consider the case of the modular domain, with no loss of generality.
Let g = T,(7, denote the function obtained by applying the quantum map to
a test function g:

. * • !
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Let us compute the quantity

where

and

with

(44)

OO - [

r = E / cb«*p(v»(*))»(*)»
n,tn = l

= 21n x + m
x + n '

1
v ' (x + 7i)(x + m)

By changing to the variable y = l/(x + »), one obtains

Since J>rr is the integral of an analytic function times a quickly varying factor,
it becomes negligible as p goes to infinity, and therefore

(45)

That is, in the semiclassical limit, the quantum map becomes unitary and
the eigenvalues should lie on the unit circle.

3 Construction of Quantum Maps

3.1 On the Transfer Operator of the Baker Map

The practical realization of the program presented in the previous sections,
relies essentially on the construction of the quantum map T,. If one has found
a suitable matrix representation of T,, standard routines should be able,

17
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in principle, to yield a numerical evaluation of the functional determinant
det(l - T,), and of the associated invariant function g,.

In practice, two methods suggest themselves. Since ga is known to be
at least piece-wise analytic in a certain domain of C, including the interval
/ , one may well expand gH as a power series in each domain of analyticity,
and represent T, as a transfer matrix Ttj(s), connecting the i-th and j-th
terms of the expansion. More generally, g, may be expanded in some basis of
holomorphic functions [20, 22]. Another method consists in constructing a
partition of the interval / , and determining the transfer matrix T,j(s) relating
the elements i and j of the partition [7]. We call expansion method the
former, and partition method the latter. As we will see in the next sections,
both methods turn out to be necessary. Infact, there are cases where one of
the two methods works and the other one fails.

In this section, we show how both methods work in a pedagogical example:
the baker map. We consider the well known area-preserving map B : [0,1]2 —»
[0,1]2, defined by x' = F(x), y = F(y'), where

- i
0 < x < 0.5
0.5 < x < 1

(46)

The inverse of F has two branches. When inverting y = F(y') one must take
y' = y/2 if 0 < i > 0.5 and y' = (y + l)/2, if 0.5 < x < 1.

The map F acts as a shift from the right to the left, on the binary form
of x. That is, at each iteration, the most significant binary digit of x, is
canceled and the next one takes its places, etc.. Therefore, the baker map
acts by moving the most significant digit from x to y. The periodic points
of F are all numbers in [0,1] with periodic binary form. All periodic orbits
are hyperbolic in the square [0,l]2. The stable and unstable manifolds are
given by points with x and, respectively, y coordinate, having a binary form
where a periodic sequence is preceded by a finite arbitrary sequence of most
significant digits. The Markov partition of [0,1], induced by this map, is
composed by [0,1/2] and [1/2,1]. The corresponding incidence matrix is a
2 x 2 matrix, with all elements equal to 1. The transfer operator for this map

is

(47)

where we have used the definition (9), se t t ing 5 = 1 .
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It is easy to see that the Bernoulli polynomials Bn(x), B,,{x) — 1, B\{x) —
x - 1/2, Hj(z) = x1 - x + g, efc. [1], are eigenfunctions of T, with eigenvalues
An = 2 " . If we try the expansion method, where we suppose that g is
analytic, g(j:) = 5Z1̂ 11 a,x', the following upper diagonal transfer matrix is
obtained

1T - MO)- (48)

Now, we encounter immediately one apparent problem with this method.
The matrix (48) is infinite, and it should be truncated somewhere. However,
because of the binomial coefficient appearing in TtJ, it is not possible to
define apriori an order N where to truncate the expansion of g. It is true
that in this particular case, we are lacing a false problem, and eigenvalues
and eigenvectors of T,j can be easily found, but for more general systems, as
we will see, this may not be possible.

Let us consider now the partition method. Let J/v be a partition of
[0,1], defined by N + 1 nodal points Z1. The simplest way to implement the
partition method consists in approximating the function F by a step function
that jumps at the points a;,. Let F^ denote this discretization. For each point
X1 of the grid, one reads off all the sub-intervals Ij of the partition, that are
projected onto x, by the step function FN- Since there are always two of
them, for each row i of the transfer matrix T,y, two elements will be different
from zero, and equal to 1/2. Generalizations of this method can be invented,
where F is approximated by a Cm([0,1]) function, and some interpolation
procedure must be implemented. However, the idea is essentially the same.

To better understand how this method works, let us consider a par-
tition I{p), where the grid points are all the periodic points of period p:
Xj = i/(2'' - 1), i = 0,. . . ,2P — 1. The only non-vanishing elements of the
corresponding incidence matrix are

Sp(i*-[i/2)) = Sp(i+-2'-l+[(i + l)/2}) = l, i = 0 , . . . , ? - l , (49)

where [a;] denotes the integer part of a;. The transfer matrix is just Tp,,j =
|5p(i <-- j). Now, it is clear that the transfer matrix obtained by the parti-
tion method does not have the same spectrum of the transfer matrix obtained
by the expansion method. Infact, although derived from the same operator,
they are totally different. The spectrum of TPilJ is composed by the eigen-
value 1, corresponding to the ergodic measure, and by the p eigenvalues
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-, exp(i'2kn/p), k - 0, . . . ,p - 1, with multiplicity equal to the number of
periodic orbits of period p, mp = (2'' — 2)/p. The corresponding eigenvectors
are step functions jumping at the periodic points of period p, and they are
exact eigenfunctions of the transfer operator T. In other words, the difference
between the two representations lies in the simple fact that we are consider-
ing T acting on entirely different functional spaces. However, the two spaces
intersect at the ergodic measure, corresponding to the leading eigenvalue in
both representations.

The transfer operator of the baker map has the property,

D"T = 2""TD", (50)

where D" denotes the operator of ra-th derivation. Li other words, the ra-th
derivative of an eigenfunction of T with eigenvalue A, is also eigenfunction
of T, with eigenvalue 2"A. This means that the step functions that are
eigenfunctions of T with eigenvalues lying on the circle of radius 1/2, are
indeed derivatives of Cu([0,1]) functions, eigenfunctions of T with eigenvalues
on the circle of radius 1/4. Without restricting the action of the transfer
operator on a certain space, we can say that the spectrum of T consists of the
eigenvalue 1 corresponding to the ergodic measure, and to countable sets of
eigenvalues of the kind 2~"~2 exp(i2xfc/p), k = 0 , . . . ,p — 1, with multiplicity
nip, corresponding to C"([0,l]) eigenfunctions (where n = — 1 corresponds
formally to step functions). The Bernoulli polynomials are recovered in this
way, by repeated integration, starting from the ergodic measure (see Fig. 1).

It is clear now, that any transfer matrix obtained by a discretization
procedure, will yield only the leading part of the spectrum of T acting on
6""([O, I]) functions, with the addition of "spurious" eigenvalues, correspond-
ing to functions continuous up to a certain order. The functional determinant
det(l — T), vanishes if T has the eigenvalue 1, which always belongs to the
leading part of the spectrum. Therefore, the "spurious" part of the spectrum
should not bother us.

• \

Sr

3.2 The Quantum Map of Artin's Billiard

The modular domain has the topology of a punctured sphere, that is a sphere
with a protuberance reaching infinity in such a way that the area of the
surface is finite. Artin's billiard is obtained by simply cutting the modular
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domain in two identical parts (Fig. 2a), obtaining a new triangle with angles
7r/3, 0 and ir/2 at the vertices. The corresponding discrete group, F(3, oo,2),
is generated by the reflections at the sides of the triangle: z —> - z , z —» 1/z
and z —> 1 - z, where z denotes the complex conjugated of z, with symmetry
axis, respectively, the line 9lz = 0, the circle IzI = I and the line 5îz = 1/2,
and represented, respectively, by the matrices

o ) ) S 3 = ( o - i (51)

These matrices satisfy the identities: (S,)2 = (S2)
2 = (S3)2 = 1, (SiS2)

2 = - 1
and (S2S;!)1 = 1. The grammar of the symbolic dynamics can be simplified
if one takes the new coding A = S2, B = S3S1. Any word of the symbolic
dynamics can be written in the form A1Aj... Ak, where An = AB" and t,
. . .n are integers. This new symbolic dynamics is free with the countable
infinite alphabet {.4,,}. The matrix

corresponds to the antiholomorphic transformation An(z) = 1/(71 + z).
The surface of section of the geodesic flow is constructed by taking a

parametrization of the geodesies. In H2, one may take the abscissae a; and
y of the two improper points of a geodesic, that is the positions where the
geodesic crosses the real axis in the complex plane (Here x and y denote two
points on the real axis and not the coordinates of a complex number). This
system of phase space coordinates is not canonical, but it has the advantage
that the stable and unstable manifolds of periodic points are composed by
straight lines parallel to the x and j/-axes of the phase space. The partition of
the surface of section associated to the Poincaré map written in this system
of coordinates, is Markovian and the cells of the partition are rectangles with
the sides parallel to the x and y-axes [3].

Therefore, one needs to consider only the restriction to the real axis of
the transformations An[z), or, in other words, their action on the points at
infinity of the geodesies of the pseudosphere. The quantum map takes the
form

1

n=l WW' (52)
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coinciding with (19).
The transformations An(x) are the infinite branches of the inverse of the

Gauss map (Fig. 2b), which appears in the Poincaré map of the billiard
written in the coordinates x and y, G : [0,1] X [l,oo] —•» [0,1] x [l,oo],

x'

y'

= llx - n, \
= 1/y + n, J

n< l/x <n+l. (53)

The Gauss map is equivalent to a shift from the right to the left of the

continued fraction form of a; € [0,1], x = \j{a\ + l/(a2 + l/(<i3 + ...))) =

[0,ai,a2,a ; i,...], where the coefficients a, are integers. The most significant
coefficient of a;, <Z|, becomes the most significant coefficient of y £ [l,oo],
and all the remaining coefficients of x and y are, respectively, pulled up and
pushed down. In this respect, the Gauss map generalizes the baker map to
the case of an infinite Markov partition. The interval [0,1] is partitioned by
the countable sequence xn = 1/n, n = 1 , . . . , oo.

The periodic points of the Gauss map are the most irrational numbers,
yielded by a periodic continued fraction form (noble numbers). Convention-
ally, one assumes that 0 is the first periodic point of period 1. The second
one is the golden mean, x = [0,1,1,1,...] = [0,T] = (\/5 - l)/2. AU peri-
odic orbits are hyperbolic. Their stable and unstable manifolds are yielded
by points with, respectively, x and y-coordinate having a continued fraction
form starting with a finite arbitrary sequence followed by an infinite periodic
one. Thus, for instance, the rational numbers form the stable manifold of
the fixed point 0. Quasi-periodic orbits are yielded by numbers with con-
tinued fraction form yielded by an endless aperiodic sequence of integers.
The rational numbers are also limit points for the set of periodic points of
the Gauss map. For instance, 0, the numbers 1/n = [0,n], the numbers
n/( l + nm) = [0,m,n], etc., are limit points of the sets of periodic points of,
respectively, period 1, 2, 3, etc..

Let us consider the operator (16). We construct the invariant function
/, , by first dividing the interval [0,1] in components which are not mixed by
the flow defined by the Gauss map. First of all, let us consider a periodic
orbit. Let i denote a periodic point of period 1 (e.g. the golden mean). We
wish that
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The interesting case is s ^ 1. It is clear that, in this case, unless £ = 0,
/«(£) = 0. The case of a periodic orbit of period longer than 1 is similar. VVe
may draw the conclusion that / , vanishes over the set of periodic points of
the Gauss map, with the exception of O.

Let us consider now the stable manifolds of the periodic orbits. One can
also see that /„ vanishes on the stable manifolds of all periodic orbits, except
0. The stable manifold of 0 is the set of all rational numbers in [0,1]. We
wish that

+1/6)) =
etc..

Ft is clear that if x = p/q, where p and q are integers without common
divisors, one has fH(p/q) = Zi(O)?2'1 ^- Since /s(0) can be different from 0,
we can say that the value assumed by /„ on the rational p/q, is proportional
to q2'1"''. On the other hand, if we consider the points of the stable manifold
of a periodic orbit, for instance the stable manifold of the golden mean x,
after a finite number n of iteration, we end up with the expression /,(«o) =
/a(£)(njt=u z*.)2'" ^ = 0, because f,[x) = 0. Moreover, the closer the rational
number p/q, to an irrational number x with periodic continued fraction form,
the larger q, and therefore, we have

Jirn^ f,[xn) = cxD f f,(x) = 0,

for any Cauchy sequence of rationals Xn converging to the irrational x in
[0,1].

Finally, nothing can be said about the value of / , at the quasi-periodic
points of the Gauss map. In this case one should have

jt=u
n = 0 , . . . , oo. (54)

The limit of the product of the points of the orbit, for n —> oo, is not well
denned, although all the a:* are smaller than one, because of the erratic nature
of the sequence Xk- The points Xk are distributed on [0,1] according to the
ergodic measure fi{x) = 1/(1 + x). It is evident that the invariant measure
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defined by the operator U., is a very singular object (Fig. 3), existing only as
a distribution [17].

Let us construct the transfer operator by the expansion method. We set
g(x) = Ï2^nat(x ~ 1)'» a n ( l ^n(^ ^n e following expression for the elements of
the transfer matrix representing the operator (19):

(55)
J=o

where (z)n = z(z + I)(z-f2).. . (z + n — 1) denotes the Pochhammer symbol,
and ((s) is Riemann's zeta function. The computation of Tij(s) does not
present major problems. However, we remark that the location of the point
of expansion is crucial. As we shall see, the eigenfunctions of Tij(s) have a
complicated singularity structure at a: = —1. Expanding g around I = O , for
instance, leads to a simpler expression for TtJ(s) which, however, diverges for
large i and j .

In this way, we evaluated the determinants det(l — T,) and det(l + T3) on
the line a — ̂  + ip, where they vanish at the eigenvalues pn = JEn — i of the
Laplace-Beltrami operator on Artin's billiard, for, respectively, Neumann's
and Dirichlet's boundary conditions. The quantity det(l—T5) was calculated
also on the line s = j + ir, where it must vanish at the points 2rn, which
are the zeros of Riemann's zeta function (Fig. 4). We have also found the
invariant functions </n,± corresponding to the eigenvalues pn of A and to the
eigenvalues ±1 of T, (Fig. 5).

The extension of the invariant functions gn,± to the interval [l,oo] (Fig.
6) is easily accomplished by means of the identity

*,*(» + D = **(«) - ^~y,9n.± ( ^ 1 ) • (56)

We can easily find also a continuation oî gn,± in the interval [—1,0] (Fig.
6). By means of the substitution x —» l/(x -f-1) in the previous equation, we
obtain

( ) 2 ( 5 7 )

The functions gn,±(z) belongs to a Hardy space of functions holomorphic
in the half-plane Sz > — ̂  [19, 20]. Infact, the continuation of the func-
tions gn,±{x) to the left of a; = — | , shows infinitely many discontinuities
cumulating onto a singularity at z — — 1 (Fig. 6b).
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Finally, the arguments presented in Sec. 2.5 on the structure of the spec-
trum of the quantum map, seem to be confirmed by our calculations. The
eigenvalues of T,, on the line S = ^ + ip, P > 1, are mainly concentrated in the
vicinity of zero. As p is increased, a few of them move toward the unit circle.
When they arrive there they turn around it so that at the right value of p
one of them will cross 1 and — 1. The number of eigenvalues in the vicinity
of the unit circle increases with p, although some of them abandon the unit
circle and return close to zero. There seem to be two one-way "avenues",
both spiral-shaped, taken preferentially by the eigenvalues, one going toward
the unit circle, the other coming from it (Fig. 7).

Artin's billiard is a special case of dynamical systems described by the
so-called Hecke groups Hq, i.e. the triangle groups F(q,oo,2), where q is an
integer larger than 2 [15]. The case q = 3 corresponds to Artin's bilLiard.
Let us consider here briefly, for example, the case q = 5. The corresponding
domain is simply obtained by moving the second side of Artin's billiard from
the circle \z\ = 1, to the circle \z\ = R = (\/5 - l)/2. The generators,
represented by the matrices

i~ o - i/R

R\ * - I 1 -*
o y ' 3 ~ v ° -1 (58)

satisfy the identities (S,)2 = (S2)
2 = (S3)

2 = 1, (S1S2)
2 = - 1 , (S2S3)

5 = 1.
A free symbolic dynamics is obtained with the new coding An = 82(SiS3)",
Bn = S2S3(S1S3)" and Cn = S2S3S2(S1S3)", where n is an integer. The cor-
responding transformations are An(z) = R2J(z-n), Bn(z) = R2J(I + n — z),
Cn(z) = Rl(z - n)l(z - n — R7). Hence, the quantum map is written:

R2'

n = l \x-n\f9

R2

+ n — x\
nia

where e = 1 or — 1, for, respectively, Neumann's and Dirichlet's boundary
conditions. The interval invariant under the action of the restrictions to the
real axis An(x), Bn(x) and Cn(x), is yielded by —R < x < R2.
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y 3.3 The Quantum Map of the Hadamard-Gutzwiller - *
I billiard !
h S

; r The Hadamard-Gutzwiller model is the Hamiltonian system yielded by the F
m ; geodesic flow on a compact smooth surface with constant negative curvature ';' ; V
I* and genus two, Mi [4]. There are several ways of conformally mapping this ' 4 Ir--
* surface onto the complex plane. The image of M.t under the most usual |
\ map is an octagonal region T) tiling regularly the Lobachevsky plane, with »•'
! the opposite sides identified, and area An. UV possesses the highest possible ' i .
; symmetry for an octagonal region, it is possible to find a triangulation of M? '. • '

in 96 identical triangular tiles, with angles | , | and | at the corners (Fig. '.'•
8a). This triangle of area f-t is is called the Hadamaxd-Gutzwiller billiard, <j
albeit other regular triangulations of V in larger triangular tiles are possible.

!' • The group of isometries of the Lobachevsky plane, generated by the re-
flections at the sides of the triangle (Fig. 8b), is the triangle group F(3,8,2). '
The three matrices representing in H 2 , the reflections generating F(3,8,2),
are

1 0 \ e ( 0 1 \ «. 1 ( -L R2 - P \ ( 6 0 )

1 L

where L — Rcos | and R is a root of R2 sin2 ~ + I = R. Their numerical
values are R = 5.611581789 and L = 5.184425560. Besides the three obvious
identities (S1)

2 = (S2)2 = (S3)
2 = 1, one has (S1S2)

2 = - 1 , (S2S3)
3 =

- 1 and (SiS3)
8 = —1, because S1S2, S2S3 and S1S3 represent rotations of,

respectively, | , | and | , at the corresponding vertices of the triangle.
Periodic orbits are yielded by finite sequences of the three symbols Si, S2

and 5.1, constrained by the six grammar rules enunciated above. Two slight
modifications of the alphabet are required in order to simplify the grammar
[25]. First, one takes the new coding A = SxS2Ss and B = SiS3, with the
simplified grammar where no more than two consecutive B letters are al-
lowed, and two consecutive A letters cannot stay adjacent to two consecutive r

B letters. This simplified grammar actually misses the words (AAB)nBABB -J
and (ABABB)"AAABB, corresponding to iterations of singular orbits run- 1 JJ
ning along the sides of the billiard. The primitive singular orbits are yielded *L-».
by AAB (or, equivalently, BABB), and by ABABB (or AAABB). The ™
second step consists in considering the new alphabet A1 ^ A, A2 = BA,

4 . •



A-| = BBA, with the only grammar rule forbidding A.iA). The singular or-
bits are yielded by A2Ai and A2A;|. The chain constructed in this way is
Markovian, because the next symbol can depend on only the previous one.

The isometries A 1(2), A-i(z) and A:i(z), map geodesies onto geodesies. Let
us consider their restriction to the real axis, and determine the points o, b, c
and d, in such a way that 6 = A\(a), d = Ai(6) = A2(a), c = A2(6) = As(a)
(Fig. 9). There is only one solution, a = -3.213900083, b = -0.092626836,
c = -2.341063835, d = - 1 , determining the interval / = [a, b], which is
mapped onto itself by the function x' = F(x):

F(X) =

x)i X fc |O,CJ,

(x), ze[c,<£],
A r 1 W , *e[<*,6] .
A2-' (61)

There is only another way of finding an invariant interval, by determining
the points a', b', c' and d', in such a way that a' = A:i(b'), c' = A3(a') = A2(6'),
and d' = A2(a') = A,(6'). One finds a' = -5.184425560, 6' = -0.192885400,
c' = -2.147459380, d' = -0.889506800. The interval J = [a',V], uniquely
determined, is mapped onto itself by the function y' — G(y):

i .- '

*H

G(y)= •{ A2(t/), *€[c , J j ,
4,(y), a; G [d,6].

(62)

The surface of section is just the rectangle IxJ. The Poincaré map is defined
as

(Aj'(x),A3(?/)), xe[a,c],
x£[c,d], (63)
x£[d,b).

The Markov partition associated to this map, divides the rectangle IxJ
in four rectangular cells: C,( = [a,c] x [a',b'], C2 = [c,d] x [a',6'J, C\ =
[d, 6] X [c',6'] and [d, 6] x [a',c'J. The last cell is not accessible to the dynamics
because of the grammar rule forbidding the word A3A1. Thus, the surface of
section is actually the region C\ UC2UC3 (Fig- 10).

The invariant measure of the Poincaré map is defined by the equation

(64)

I •
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By imposing this condition to the test function p(x,y) = (a,j0 + aU)x +
a,iiy + a\[Xy)~2, simultaneusly for n = 1,2,3, one can uniquely determine
the coefficients ar,. We find a,N, = 1.726970783, alu = a,,, = -0.671633427
and On = 1. The ergodic measure on / is found by averaging over y:

xe[d,b].
(65)

The construction of the transfer operator T,, is now straightforward. The
interval / , is decomposed by the projected partition /3 = [a,c], I2 = [c,d],
/i = [</,&]. Because of the grammar rule forbidding the word A3Ai, the point
d may be a point of discontinuity. Thus, Js acts on the cartesian product of
the Banach spaces of functions analytic in I1 = [d,b] and in /2U^3 = 1«>̂ ]>
C""'([d,6]) x C"([a,d}). Let 31 and g2 denote functions analytic respectively,
in [d, b] and [a,d\. Thus, in this case, the quantum map is

(66)

92(A3(x))\DA3(x)\'.

where An(x) = (anx + bn)/(cnx + dn). The numerical values of the coefficients
an, 6n, etc., are given in the following table:

n
a
b
C

d

1
0.178202873
0.923879532
0.923879532
-0.821797126

2
0.594603557
-1.528903908
-0.885309655
0.594603557

3
-1.276886987
1.901166522
0.711959407
-0.276886987

Let us use the expansion method to compute the transfer matrix repre-
senting Ts. This has to be a matrix of matrices, Tkuj(s), where the former
indices, k and /, concern the functional spaces of gt and g2, and the latter
ones, i and j , are related to the power expansion of 51 and g2. By expanding
T.,t/,(2) and T.,g2(z) in powers around I0 , and collecting terms of the same
order, one obtain the following formulas:

T,I0-(«) = T1 ,,•,-(*), Tl2ij(s) = T2,,j(s),
Taiii(a) = T1M, T22ij(s) = T2^(S)

28
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where

m = min(i, j), Sn(

(m

(68)

(69)

and en = andn — 6Kcn, which is always equal to —1 in our case. Moreover,
in order to correctly compute the quantity (CnX0 + dn)'

+h+2*, when s is not
an integer, one must perform the numerical calculation as in the expression

(«ur'KwuFi1.
Now, contrary to the case of the modular domain, it is not possible to

find any point X0 G / , such that the elements of the corresponding transfer
matrix do not diverge by increasing either i or j . This means that one
cannot know where to truncate the expansion (and therefore how large the
transfer matrix should be). For the modular domain, it was demonstrated
that eigenfunctions of T5 generate a Hardy space of functions holomorphic
in the half-plane 3?z > —\ (2O]. However, we have no such information
for the present case, and it may well be that the eigenfunctions of T, have
some singularity too close to the interval / (presumably to the right of b).
Nevertheless, the same problem appears also in the case of the baker map,
as we have seen, where the eigenfunctions are polynomials.

In the present case, if we restrict ourselves to real values of s, we find the
correct spectrum and the eigenfunctions of Ts, by expanding around X0 = a,
that is the point of / farthest away from the poles of the three fractional
transformations An(x). If the order of the expansion is sufficiently large, the
results do not change significantly with the order. For example, for s = 1,
the ergodic measure 4>(x), corresponding to the eigenvalue A = 1 of Tj,
that we found analytically above, is reproduced with great accuracy by our
calculation (Fig. 11). For s = 0, the contribution from the derivatives DAn

becomes trivial, and one can find analytically that, for example, T0 must have
two eigenfunctions, constant in the intervals [a,d] and [d, b], corresponding
to the eigenvalues (3 ± \/5)/2.

Moreover, one can find analytically that the eigenfunction corresponding
to the eigenvalue A = - 1 for s = 0, is just the integral of the ergodic
measure (that corresponds to the eigenvalue A = I for s = 1). This result
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can be generalized. It is possible to see that the spectrum of T, is related
to the spectrum of T1-,, in a rather simple way, if s is integer. From the
identity

>'"-( « -
\2n-l

+ Af"
(ax + b\
\cx+d)'

(70)

where e = ad — 6c, one can understand that if Aj_n is an eigenvalue of
T1 _n, with eigenfunction g\~n(x), the operator Tn will have the eigenvalue
ein"1AI_n, with eigenfunction D2n~l<7i_n(a;). Thus, the spectra of the two
operators are the same (up to the sign), with the exception of in — 2 polyno-
mials of degree 2n — 2, which are eigenfunctions of T|_n and are annihilated
by D2"-'. These polynomials and the corresponding eigenvalues can be easily
found with the help of a computer algebra program. The M = in - 2 "triv-
ial" eigenvalues appear always in pairs of reciprocal values A1-Aa/-i+i = 1.
Moreover, for n > 1, one has A^n-I = A2n = ( — 1)". The following table
presents the eigenvalues absolutely larger than one, for n = 1,.. . ,4.

n
1
2
3
4

s
0

_ i
- 2
- 3

2.618
7.936
27.048
98.889

-
-2.403
-6.674
-21.176

2
5
.307
.350

-
-

±
±

-
-

0.294Î
1.38Ot -2.215 ± 0.433»

All those result were reproduced accurately with the expansion method.
On the other hand, no reliable result could be obtained with this method
for complex values of s, that is where we are mostly concerned. Nonetheless,
where the expansion method seems to fail, the partition method can be used
successfully, as we will see in a moment. Here we are in a situation exactly
opposite to the case of the modular domain, where the partition method
could not be implemented, whilst the expansion method worked excellently.

In the simplest implementation of the partition method, one makes a
partition of the interval I in N identical sub-intervals, and calculate the
transfer matrix

(71)

K1
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} That is, for each node x, € / of the partition, one finds the three or
two precursors X1 from the non-vanishing elements of the incidence matrix
S(i <— j ) , and for each precursor assigns the appropriate value to the cor-
responding element of the transfer matrix. The simplest way to calculate
S{i <— j) is to approximate the precursor of a;., A11(X1), with the nearest
node of the partition. For sufficiently large N, this approximation does not
introduce a significant error. Nonetheless, we have learned from the peda-
gogical example of the baker map, that the transfer matrix obtained in this
way, may not correspond to the transfer operator T, that we wish to calcu-
late, but to a similar operator acting on a space of functions which may have
discontinuities at the nodal points of the partition.

One can argue (see Sec. 2.5) that Ts can be decomposed in "unitary"
and "contracting" components: T, = S, + Ps. The operator Ss, has a spec-
trum lying inside a narrow annulus containing the unit circle and thus this
spectrum contains the eigenvalues 1 and —1, which are the only eigenvalues
of T5 relevant to us. Only the contracting operator P5, with spectrum ly-
ing entirely inside the unit circle, is not reproduced correctly by the partition
method. S., is yielded correctly, within the accuracy of the numerical method
adopted, and the corresponding eigenfunctions have only one discontinuity
in the interval [a, 6], at x = d. Actually, by increasing the order of interpola-
tion m, the operator P, becomes more "nuclear", that is the corresponding
spectrum collapses further toward the origin, whilst the spectrum of S5 re-
mains virtually unchanged (Fig. 15). The size of the annulus containing the
spectrum of S3 can be estimated [22]:

<T~mA < |A| < A,

where A is the largest eigenvalue of T3 when s is substituted with %ts (In(A)
is known as the topological pressure [24]), and <r, always larger than one, is
the expansion rate of the map F.

Therefore, the functional determinants det(l —Ts) and det(l-|-Ts) vanish
at the right points on the line s = i + ip, corresponding to the eigenvalues of
the Laplace-Beltrami operator for Neumann and Dirichlet's boundary con-
ditions. The accuracy of the calculation is especially evident if one plots the
density of states (Fig. 12), instead of the functional determinant itself. The
former is defined as

d±(p) = -arg(det(±l-T,))
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The corresponding eigenfunctions can be easily obtained (Fig. 13).
We said that the partition method can be improved by making a suitable

convolution of the operator T, with an interpolation operator. The corre-
sponding transfer matrix has eigenfunctions with discontinuities of higher
order, the higher the order of interpolation (Fig. 14). This means that a
larger part of the spectrum of T, is yielded correctly (Fig. 15) and the ac-
curacy of the positions of the zeros of the functional determinants can be
increased (Fig. 16).

4 Final Considerations
We have shown in this paper, by means of theoretical considerations con-
firmed by the results of our calculations, that the thermodynamic formalism
is an effective approach for the understanding of quantum chaos and yields
a practical computational tool, in the case of completely hyperbolic systems.

We have seen that the zeros of the Selberg zeta function Cs(s), and there-
fore the spectrum of the Hamiltonian operator, can be calculated from the
Fredholm-Grothendieck determinant det(l — T,), for arbitrary co-compact
surfaces and billiards on the pseudosphere. The construction of the quantum
map T, requires the knowledge of a one-dimensional map F, which cam be
easily determined if the Markovian symbolic dynamics of the classical system
is known. The knowledge of the periodic orbits of the classical system is not
required, with the exception of singular periodic orbits and only in the case
one is interested in the actual value of (s[s) and not just in the zeros.

We have seen that the eigenfunctions of T,, relevant for quantum mechan-
ical calculations, are piece-wise analytic. This property suggests a method of
construction of a matrix representation of T,, based on the Taylor expansion
of the eigenfunctions. A more general method is yielded by the discretization
of the map F over a partition of its domain of definition. We have shown
the implementation of both methods in different cases and we have discussed
their effectiveness.

The further development of the method that we have just presented, is
important, in our opinion, both from the point of view of quantum mechan-
ics, as it is a working method of computing eigenvalues and eigenfunctions,
and from the point of view of classical mechanics and of its connection to
quantum mechanics, because it is entirely based on the classical structure of
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1

Figure 1: Twelve eigenfunctions of the transfer operator of the baker map
are plotted in the interval [0,1]. The corresponding eigenvalue is printed
on top of each picture. The three eigenfunctions of the leftmost column
are obtained by partitioning [0, l] at the periodic points of period two: 1/3
and 2/3. Stepping one column rightward, the smoothness of the functions
increases by one order. The functions on the top row are the first four
Bernoulli polynomials. Similar results can be obtained by partitioning [0,1]
at periodic points of higher period.

Figure 2: (a) Tessellation of the pseudosphere H2 , by repeated application
of the generators of the modular group on Artin's billiard (the region with
thicker border), (b) The Gauss map is plotted in the interval [0,1].

Figure 3: The invariant function /* of the operator U3 for the Gauss map,
has been numerically evaluated over a grid of 2 • 10* points, by iterating U,
six times starting from the constant function. Only the absolute value of the
result is plotted.

Figure 4: The absolute value of det(l — T,) and det(l + T5), for the modular
domain, are plotted against p, where a - l/2+ip, respectively, in the top and
center pictures. The vertical ticks below the p-axis, denote the eigenvalues
of the Laplace-Beltrami operator calculated elsewhere [28]. The quantity
|det(l - T,)| is plotted against 2r, where s = 1/4+ ir, in the bottom picture.
Here the ticks denote the zeros of Riemann's zeta function.

Figure 5: Four eigenfunctions 9n,±{x) of the quantum map T, for the modular
domain, corresponding to the eigenvalues A = 1 or —1 of T3, with s — l/2+ip,
where p is an eigenvalue of the Laplace-Beltrarni operator. The real and the
imaginary parts are represented by, respectively, solid and dashed curves.

Figure 6: (a) The eigenfunction g\,-{x) corresponding to p = 9.533695, the
lowest eigenvalue of the Laplace-Beltrami operator on the modular domain,
and A = - 1 , is plotted over the extended interval [—1,4]. (b) A detail of the
previous plot, concerning the interval [-1,-0.9], shows the rich structure of
the singularity of g\,-(x) at x = - 1 .
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Figure 7: The spectrum of T., for the modular domain, is plotted on the
complex plane in the interval 1 < p < 25 of the line s = i/2 + ip.

Figure 8: (a) The fundamental domain of the manifold with genus two is
shown as a regular octagon paving the pseudosphere, projected conformally
onto the interior of the unit circle. A few other octagonal tiles are also
shown. The octagon itself is tiled regularly by 96 identical triangles, (b)
This triangle is projected conformally onto the upper half plane, with the
three sides numbered as the corresponding reflections defined in Sec. 3.3.
The invariant interval [a, 6] of the real axis is also shown.

Figure 9: The three functions x = A,,(x') (or y' — An(y)), n = 1,2,3, defined
in Sec. 3.3, are plotted on the plane x'x (or yy'). The invariant x-interval /
and the invariant y-interval J are yielded by a side of, respectively, the small
square and the large square, which are crossed diagonally by the bisectrix.

Figure 10: The rectangle IxJ, containing the surface of section of the
Hadamard-Gutzwiller billiard, is shown with the Markov partition M in the
top-left picture. The three cells of M are called .1, .2 and .3. Going clockwise,
we refine the partition by applying the Poincaré map (63) two times. After
one iteration, for example, the cell .1 intersects the other cells at 1.1, 1.2 and
1.3. After two iterations, the cell 1.1 intersects the primary cells at 11.1, 11.2
and 11.3. In the last picture, M is iterated backward in time. Thus, the
precursors of the cell .1 are .11 and .21. In this way, each point of / x J can
be identified with a bi-infinite string .. .y2yi-X\X2 .. -, of the three symbols 1,
2 and 3.

• " - • -

Figure 11: The ergodic measure of the map associated to the Hadamard-
Gutzwiller billiard (solid line) must coincide with the eigenfunction corre-
sponding to the eigenvalue A = 1, of the transfer operator T1, calculated
with the expansion method, for s — 1 (dots).

38
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Figure 12: The density of Neumann's (a) and Dirichlet's (b) states for the tri-
angle group F(3,8,2), has been calculated from the corresponding quantum
map T8 on the line s — | + ip, by applying the simplest partition method,
with no interpolation, with a partition of the interval / in 300 cells. The ver-
tical thicks below the ai-axis, denote the eigenvalues calculated with different
methods elsewhere (see [25] and [4] for, respectively, the Neumann and the
Dirichlet spectrum).

• , '
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Figure 13: Several eigenfunctions gn<±(x) of the quantum map T, of the
Hadamard-Gutzwiller billiard, corresponding to the eigenvalues A = 1 or — 1
of T3, where s = ]- -f ip, for different values of p, equal to eigenvalues of
the Laplace-Beltrami operator on the billiard. They have been calculated
by means of the partition method, with no interpolation, with a 500 point
partition.

Figure 14: The calculations of the ergodic measure of the Hadamard-
Gutzwiller billiard, yielded by the partition method on a 500 point parti-
tion, without interpolation (solid curve) and with linear interpolation (dashed
curve), are plotted together for a comparison. One can see that the simplest
version of the Method does not yield a result significantly different from a
more sophisticated one.

Figure 15: The eigenvalues of the quantum map T3 of the Hadamard-
Gutzwiller billiard have been calculated for s = 0.5 + ip, p = 119.836, using
the partition method without interpolation (top left), and with linear inter-
polation (top right), with a 500 point partition. The eigenvalues of Ts have
been calculated in the interval 116 < p < 120, using the partition method
with linear interpolation (bottom picture), reveiling the trajectories of indi-
vidual eigenvalues as a function of p (the eigenvalues closest to the origin
have been removed).

< i

Figure 16: The density of Dirichlet's states of the Hadamard-Gutzwiller bil-
liard, obtained with the partition method on a 500 point partition, without
interpolation (top) and with interpolation (bottom), is plotted in the interval
100 < p < 110, for a comparison.
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