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Abstract

Goodman, S.. 1993, Problems Related to Stimulated Electromagnetic Emissions, Strong
Turbulence and Ionospheric Modification. Swedish Institute of Space Physics. IRF Scien-
tific Report 212, 95 pp. Uppsala. ISSN 0284-1703.

Optical pumping of the ionospheric plasma by high-frequency radio waves produces a state
of turbulence. Several consequences of the pumping are considered in this thesis.

At reflection altitude the plasma is thought to be dominated by parametric instabilities
and strong turbulence; these are both encapsulated in the so called Zakharov equations.
The Zakharov equations are derived and generalised from kinetic theory. Limits of validity,
corrections to the ion sound speed, effective ponderomotive force, nonlinear damping and
other generalisations are included. As an example of the difference a kinetic approach
makes, the threshold for parametric instabilities is seen to be lowered in a kinetic plasma.

Mostly relevant to the upper hybrid layer is the recent discovery in the pumping ex-
periments of stimulated electromagnetic emissions (SEE). In particular one feature of SEE
which occurs around the cyclotron harmonics and depends on density striations is investi-
gated. The observed frequency of emission, dependency on striations, time evolution and
cutoff frequency below which the feature does not occur, are explained. Two theoretical
approaches are taken. The first is a parametric three wave decay instability followed by
a nonlinear mixing to produce SEE. Thresholds for the instability are well within exper-
imental capacity. The second, less orthodox, approach, is a finite amplitude model. The
finite amplitude model goes beyond the traditional parametric approach by being able to
predict radiated power output.

Miscellaneous aspects of a turbulent ionosphere are also examined. The dependency
of the s«. rtering cross section of a turbulent plasma upon higher order perturbations is
considf r / In a turbulent plasma, density gradients steeper than characteristic plasma
scales -. , develop. The case of calculating the dielectric permittivity for a linear gradient
of ar • <r steepness is considered.
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CHAPTER 1

INTRODUCTION

The last two decades have seen a vast collection of new and complex phenomena observed
in experimental plasma physics. Ionospheric plasma physics has highlighted a wealth of
these new phenomena. The origin of this avalanche of new discoveries in the ionosphere is
undoubtedly the installation in the 1970's of powerful radio wave transmitters specifically
designed not for commercial purposes but for the radio wave heating of the ionosphere.
Originally expected only to heat the ionosphere in local hot spots the experiments revealed
that our seemingly tame near-Earth ionospheric plasma is in fact capable of the most
extreme nonlinear behaviour. For an overview of early work see [Fejer, 1975] and [Fejcr,
1979]. For more recent results of heating experiment results see [Stubbe et al., 1982] and
[Stubbe and Kopka, 1983].

Before heating facilities existed our probing of the atmosphere and beyond had been

purely passive—we simply observed rather than actively disturbed the equilibria in the

sense of traditional laboratory experiments.

Much of the new data has been associated with parametric instabilities and soli tons.
Tentative theoretical interpretation of F-layer observations in terms cf classical turbulence,
i.e., solitons and such like objects has, for example, been made by [Sheerin and Nicholson,
1982]. Their numerical solutions of Zakharov's equations [Zakharov, 1972] showed that
the electric field near the reflection layer of the ionosphere could drive a modulational
instability. Petviashvili showed that clusters of three dimensional solitons could form in
the ionosphere in the final stages of a parametric instability [Petviashvili, 1976]. Solitons
are an idealisation to reality and in general we expect 'cavitons', which simply means a
density depletion associated with the ponderomotive force of a strorg electric field of a
turbulent plasma. Direct evidence for the existence of cavi tons has been observed, for
example, at the Arecibo Observatory [Won</ et al, 1981; Birkmayer et al., 1986; Cheung
et al., 1989]. For detailed descriptions of the type of caviton they measure see these
papers. They have transmitted high power radio waves into the f-layer of the ionosphere
where the electromagnetic waves interact with density perturbations formed by either the
ponderomotive force or thermal pressure gradients. This results in the excitation of electron
plasma waves which were studied with the 430 MHz backscatter radar detecting density
perturbations of 35 cm wavelength.

Research in the area of HF modification has been led towards understanding the con-

nection between the microscopic processes of wave conversion, ponderomotive force effects



f tc. and macroscopic processes such as thermal transport and the generation of thermal
cavities. Density gradients near the upper hybrid or reflection level have apparently led
to the creation of large scale thermal cavities by thermal transport. These are due to
macroscopic pressure gradients that develop due to the heating of the ionospheric electrons
(either ohmicallv or by wave-particle interaction) and are at the -; a WV.^UH level. These
cavities can be of the order of kilometres in dimension and up to 50 percent deep [Duncan
and Sheenn, 1985; Djuth et ai. 1987: Wong et al., 1981].

More recently, possible evidence of the excitation of strong Langmuir turbulence and
caviton nucleation has been observed in high power radio wave ionospheric modification
experiments performed at the Arecibo observatory [Cheung et a/., 1989; Djuth et a/., 1986].
Their observation of the enhanced plasma line spectra did not display the typical decay
line structure of parametric instabilities. Instead they displayed certain distinct features
predicted by recent numerical modeling of caviton-collapse-burnout-nucleation processes
encapsulated in Zakharov's equations, the computation being carried out at the Los Alamos
National Laboratory. One of these features was the so called "free mode", a spectral line
appearing some 50-80 kHz above the HF pump frequency. This result could well be a
turning point in plasma theory away from parametric effects towards a more nonlinear
philosophy.

Recently discovered were Stimulated Electromagnetic Emissions, SEE. The observations
were in ionospheric heating experiments, early references being [Thidé et a/., 1982a: Thidé
et al., 1983: Stubbe et al.. 1982: Stubbe and hopka. 1983]. More recent works are [Thidé et
al.. 1989: Leyser, 1989: Leyser et al.. 1989]. These experiments amount to monitoring the
frequency shifted secondary electromagnetic waves induced by the strong pump wave. The
emissions can be analysed in respect of amplitude, phase, spectral content and temporal
evolution. It is this access to unprecedented amounts of information which makes the
discovery so promising. In addition, the equipment necessary, highly accurate HF receivers
and spectrum analysers, are relatively inexpensive so that an additional motivation to follow
up these observations with theory is the possibility of a cheap diagnostic tool to complement
incoherent scatter. The different features exhibit a dependence on such factors as small
scale density gradients, the geomagnetic field and pump power. They are also obviously
highly nonlinear, requiring a turbulent plasma. Certain features are sensitively dependent
upon the pump frequency relative to the electron cyclotron frequency. For example, the so
railed "Broad Upshifted Maximum", to be discussed in detail in this thesis, only occurs if
the pump frequency is at a harmonic of the electron cyclotron frequency. Conversely, the
so called "Downshifted Maximum" disappears completely in an extremely narrow ( Ä 100
Hz) frequency band around electron cyclotron harmonics [Leyser et al., 1992a]. These
features may certainly turn out to be new ionospheric diagnostics. It is interesting to note
that as long ago as the mid-1960's. when cyclotron harmonic radiation was observed from
laboratory plasma, it was suggested that the same phenomena may occur in the ionosphere
and be used as a diagnostic [Crawford. 1965].

The most celebrated and enduring of theoretical work of the last two decades has ar-
guably been Zakharov's [Zakharov, 1972] paper on the collapse of Langmuir waves. He
showed that arbitrary Langmuir turbulence of sufficient intensity is unstable and leads
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to density depletions (cavitons) which collapse during a finite time. The equations he
derived—now known as the Zakharov equations—have been studied intensely but are still
not fully explored. Perhaps the reason for the longevity of these equations is that they
actually reduce to the more approximate weak turbulence equations but are themselves
considerably more general whilst being rather compact in form. The physics of these equa-
tions, that of collapse of soliton/caviton structures as can be understood by an analysis of
the integrals of motion of the equations is also considered rather 'elegant' in the sense that
it is similar to methods of more developed branches of theoretical physics.

Long time simulations of the above equations [DuBois et al., 1988] has shown that
parametric instabilities in ionospheric modification play a role in turbulence only in the
first few milliseconds and that turbulence is sustained by the nucleation of trapped electric
fields in burnt out cavities. They also predict the existence of a "free mode" some kilohertz
above the plasma frequency which is possibly due to the radiation of Langmuir waves.
This feature has already been observed in ionospheric experiments [Cheung et al.. 1989].
However, it is really the only piece of convincing evidence so far, in favour of these equations
as a model for Langmuir turbulence, compared to the more approximate weak turbulence
theory. The validity of the Zakharov equations for application to the ionosphere is at the
moment a topic of controversy. The fact that the ionosphere is magnetized, whereas the
Zakharov equations are not. may be qualitatively important.

An intriguing new discovery is that of the driven cubic Schrodinger equation for a
medium with a linear density profile. It is found numerically, that, as a control parameter
depending on the density scale and driver field is increased, there appears to be a route from
the usual linear Airy pattern type solutions through to period doubling and finally chaos
[Spatsrhek et ai. 1990]. However, neither DuBois et al. [1988], or Morales and Lee [1974],
in their thorough numerical analyses of the Zakharov equations and driven inhomogeneous
Schrodinger equations respectively, have reported observations of chaotic behaviour.

To date there exists no well grounded theory capable of explaining to a satisfactory level
of detail more than a handful of the important newly discovered phenomena. Still an open
problem is Strong Langmuir Turbulence. In particular there is still no good grounding for
classical strong turbulence equations (Zakharov's equations, cubic Schrodinger equations
etc.) in the more fundamental kinetic theory of plasma. Stimulated Electromagnetic Emis-
sions have not been explained to a satisfactory theoretical level. Even the linear theory of
wave propagation is still hampered by the difficulties of working with the dielectrics of inho-
mogeneous and magnetized plasma. It is, quite simply, difficult to turn the dielectrics into
wave equations in real space. It is also difficult to calculate dielectrics without imposing
constraints on the ratios between the electron or ion Larmor radius, plasma inhomogeneity
scales and plasma mode wavelengths. Heating experiments on the ionosphere have shown
that inhomogeneity scale lengths of many scales from several centimetres to hundreds of
kilometres are formed.

The only satisfactory explanation for the bulk of the newly observed phenomena must
lie buried in the complex machinery of fully kinetic nonlinear plasma theory. Although
in the first approach a classical fluid description of the electrons and ions together with
Maxwell's equations for the fields of the collective oscillations of the plasma is appealing in
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its simplicity and has indeed achieved a great deal, especially when modified suitably by
kinetic additions of. for example. Landau dar ping it seems that this methodology has not
made much head way in the face of such uny ding physical reality.

Only a more unified approach is likely u succeed and this seems to be the direction
plasma physics is taking. Much work being published now seems to be in inhomogeneous
or and magnetized kinetic plasma.

1.1 Outline of the Thesis

Within the context of the above brief review of recent developments in the area of iono-
spheric modification experiments and related theory the aim of the work in this thesis has
been to address some of the problems in the present theory described above. The choice
as to which of the many gaps in our knowledge should be worked on has been influenced
partly by pure interest and partly by the discussions with colleagues working on ionospheric
modification experiments. In particular the need to find models for SEE and to put the
Zakharov equations on a firm kinetic basis and also to include electromagnetic effects. The
latter is first because in the ionosphere the ion temperature is about the same as the electron
temperature which makes a kinetic treatment worthwhile and second that electromagnetic
effects must be included if SEE is to come out of these equations of turbulence.

Chapter two gives a brief outline of those areas of basic plasma physics which form a
minimum prerequisite to the work that is to follow. This Chapter is aimed only at those
readers who do not have a specialisation in plasma or space plasma physics. These areas
are in basic kinetic Vlasov theory including calculation of the linear dielectric tensors and
the use of them to find the dispersion relations for ion-acoustic waves, Langmuir waves
and Bernstein waves. In the following sections the Zakharov equations and the nonlinear
Schrödinger equation are derived and briefly discussed. Finally, some basic properties of
th<> ionosphere are given.

Chapter three is devoted to an attempt to put the Zakharov equations on a kinetic
basis. Certain nonlinear damping terms are also discussed. In Chapter four a parametric
model of an important SEE feature is given. In Chapter five the same feature is treated
l>ut using a finite amplitude theory. In the following Chapter a corollary to the finite
amplitude SEE model, in terms of the cutoff frequency of the SEE is discussed. The final
two Chapters are devoted to more miscellaneous type problems. Extremely relevant to
incoherent scatter experimental observation of the heated ionosphere is the scattering crc?
section of a turbulent plasma and this subject is addressed in Chapter seven. Finally, in
Chapter eight, the permittivity of a magnetized, warm plasma containing a linear density
gradient of arbitrary steepness is considered.
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CHAPTER 2

BACKGROUND PLASMA PHYSICS

We discuss those areas of basic plasma physics which form a prerequisite for understanding
the research work contained in this thesis. This section is for the benefit of nonplasma or
nonspaceplasma specialists. Our aim is to discuss basic kinetic theory leading to calculation
of the distribution functions from the Vlasov equation. We use the results to calculate the
dispersion relations for Langmuir waves, ion-acoustic waves and Bernstein waves. Based
on our derivation of the former two dispersion relations we derive the Zakharov equations
in the usual heuristic way, as can be seen in [Melrose, 1986; Nicholson, 1983] and others.

2.1 Basic Kinetic Theory

In a collisionless plasma with particle species 0 and in which there exists a total electro-
magnetic field system E(x,<). B(x,t) the single particle distribution function obeys the
Vlasov equation given by:

The neglect of collisions is equivalent to the neglect of particle correlation reflected through
two particle and higher distribution t.inctions. In the case of zero external magnetic field
we write the Fourier transform (into (k,w) space) of Equation (2.1) as

^ 0. (2.2)
TT10 OX Ttlg

where we have denoted the Fourier transform of /(x,t) by fk and where we have adopted
the conventions

/(-;,k) = /

Above, fO0 is the background, time and space independent zeroth order distribution func-
tion. The solutions to Equation (2.2) are then seen to be given by the general formula

mä uj -
(2.3)

13



Here, the o means convolution. We have introduced a perturbative expansion for the
distribution expansion:

f

he =
+••• + ( ho + • • • (2.4)

This expansion, in which ( is the order parameter is substituted into Equation (2.2) and
terms in the same power of t collected. The first three terms in the series are

JkB * ' _
.e0 Ek -f v x Bk dfpg
m.0 OJ - k • v öv

v x
- k- v dv ) •

(2.5)

(2.6)

ö v V w - k - v dv) \ UJ - k • v
(2.7)

Practical implementation usually means expanding the fields in Fourier components and
writing the convolutions as sums over the discrete components instead of a continuous
integral.

2.2 Linear Dispersion Relations for Electrostatic Waves

The dielectric permittivity for linear waves is obtained by integrating fk
 o v e r velocity to

obtain the charge density, summing over particle species 0 and inserting the result into
Poisson's equation.

a '0 J

The dielectric permittivity is then defined by the equivalent relation

(2.9)

Note that we are assuming that all external effects are absorbed inside the fields for E(w, k)
and B(u/,k).

We take a Maxwellian for /o

V2 mgv*

(2.10)

In the above nOp is the background charge density of species 0. Trivial algebra leads to

k -Et = 0. (2.11)
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Writing

we easily obtain the expression
- k • v k *i - k • v

k -E*
l~k\*fi

= 0

(2.12)

(2.13)

where £ is a dimensionless variable and z = u:/(kvrg) with vjg as the thermal velocity of
particle species 0. This equation is then written as

V * 0 VT0

where <l>(z) is the plasma dispersion function defined by

(2.14)

+oc

Expansions for $(z) are, for

and for \z\ > 1

= 2z2 - - z

J_ _3_

With z = x + iy, the <r are defined by

0, y >

2,

(2.15)

(2.16)

(2.17)

(2.18)

Substituting into Equation (2.14) the asymptotic form for z > 1 for electrons and neglect-
ing the ion contribution yields

(2.19)

which when rearranged is
LJ2 = u>2

e + 3v\ck
2 (2.20)

which is the dispersion relation for electron plasma, or, Langmuir waves. The dispersion
relation for ion-acoustic waves is obtained by retaining contributions for both electrons and
ions. We obtain the expression

(2 21)

it2 m.

= o
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Assuming the phase velocity of the waves to be much less than the electron thermal speed
and much greater than the ion thermal speed we write *s2/(vjek)2 < 1 and ^2/(vnk^2 > 1
and obtain for the real part of the dispersion relation

mt

(2"22)

2.3 Damping

Including the imaginary part of $(z) in the dispersion relation for Langmuir waves, Equa-
tion (2.2) gives the expression, for some distribution function /o

where the prime on /o means differentiation with respect to its argument. Integration over
the pole in <t(z) has been carried out for small k so that the pole is close to the real axis.
This means that the damping 7 will be much smaller than w. Arguing that in general

f(u) = u]
( M 4 )

then near roots (uo.ko) of the real part of the dispersion relation we can Taylor expand
g(>j). which was defined together with f(ui) above in Equation (2.24), and write

^ ^ = 0 (2.25)

which gives 11s the small deviations from the roots to g(u:):

where the prime means differentiation. Then, to obtain the damping frequency 7e we take
the imaginary part of 6uo

(2.27)

For a Maxwellian plasma the damping is thus given by

" ^ - ( 2-2 8 )

2.4 Dielectric Permittivity for a Magnetized Plasma

The case of magnetized plasma is far more complicated. We shall now derive the dielectric
permittivity for a magnetized plasma neglecting nonlinear interactions. We shall work in
a cylindrical coordinate system as shown in Figure 2.1.
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Figure 2.1: Geometry of magnetized system.

Letting Bo = Boz and fie = eB0/m,,, gives

F dfo dfo
(2.29)

Inserting (2.29) into (2.2) then gives

(2.30)

The solution for fk(0) is then

_fe



It is easy to show that

/ (~- - k- \)do= (UJ- Jt||t-||)c)- fcj.t'xsin«). (2.32)

For longitudinal waves E* = -jf(kj. + k||) the following identity holds

(2.33)
c/x;,,; K

With the following piece of algebraic manipulation

(2.34)

we can integrate by parts in Equation (2.31), and use the identity

e t o s i n*= £ Jn(a)e~tno (2-35)
n=—oo

where

a - —Q- (2.36)

to obtain an equivalent but more convenient expression for jk (4>)

+ f c

Substituting this into Poisson's equation will then give the requived permittivity, as defined
by Equation (2.9),

c(u,\k)= 1 +

*- *, r - *,, /" » /?w f - k « + 1 | , » ) /M(2.38)

This is the permittivity for a magnetized and homogeneous plasma. It is also possible to
derive it with the method of integration along the unperturbed trajectory. Since the total
time derivative is

d d dr _ dv d /n n^
Jt = ¥t + Jt^ + Tt-^ ( 2 3 9 )

the Vlasov equation, to first order, can be integrated with respect tot along the unperturbed
trajectory of particles moving in the field E and magnetic field Bo so that

/ • Eexp(-i0(r) - r)T)dt (2.40)

where

0(r) = k ( r - r ( O ) r = t - t'. (2.41)
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The trajectory in phase space r(t') and v(r') is prescribed by the system

dr dv T7iQ „ „, ,
— = v, — = — ( E + v x B o ) . (2.42)

With

noticing that

- exp H 0 ( T ) - IJT] = -i [k • v(r') - w] exp [-i^(r) - 7?r] , (2.44)

partially integrating and substituting in the trajectory of (2.42) gives Equation (2.37).
Similar integrations to before then yield the permittivity.

2.5 Dispersion Relation for Bernstein Waves

We take for /o in Equation (2.38) a Maxwellian distribution as in Equation (2.10). Em-
ploying the same trick again as in Equation (2.12) we obtain

Using the identity

we obtain the result

where we define

Afl = - 7 # (2-48)

and

S J ^ (2.49)

For pure perpendicular propagation we set k\\ = 0. We then have that 4>(<x) = 1 and we
then can greatly simplify matters. Note these properties of the modified Bessel functions

L f~AWA)=l (2.50)

and the symmetry property
I_n(A) = In(A). (2.51)
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This has the effect that

We explore the two limiting cases of XQ < 1 and XQ > 1. In the former case

e~A«MA0) ss — f y J (2-53)

and in the latter case

(2.54)

Inserting these forms into the permittivity Equation (2.27) with $(fc|| = 0) = 1 and in
addition looking only at the case when u » LQp : L = 0,1,2,... and including electrons
only we arrive at the dispersion relation for electron Bernstein waves:

2.6 The Zakharov Equations

Recall Equation (2.20) for Langmiur waves and include the (possibly (w,k) dependent)
damping term in it

J 2 i^Zk* (2.56)
m

We can take into account density perturbations in which will show up through the plasma
frequency by writing

W ' s w ^ ( 1 + r ) (2-57)
and we then have the nonlinear dispersion relation

^ l + ̂ . (2.58)
m no

For small k so that u Ä U;, we can write approximately

u, * *, + ^ J f c 2 + i7e + i l u ^ . (2.59)

We now inverse Fourier transform (into (x,<) space), in the transform convention elucidated
at the beginning of this Chapter, this equation to obtain a wave differential operator for
Langmuir waves. We also assume the Langmuir waves to be of the form

E(x,t) = l- [i>(x,t)t-tu'1 + cc.) (2.60)
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where cc. means the complex conjugate. Substituting this form of wave into the wave dif-

ferential equation which we obtain on inverse Fourier transforming the Langmuir dispersion

relation gives us the equation for t/'

(2.61)

We now take the ion acoustic wave Equation (2.22), add a small ion-sound damping term

•), by letting LJ — ui+i")a such that 7, < w and inverse Fourier transform (into (x,f) space,

using the Fourier transform conventions shown at the beginning of this Chapter) to obtain

the wave equation

The o convolution here allows for the fact that the damping % could be (w.k) dependent.
We write M instead of m, for the ion mass since it is a more usual notation for these
equations. The nonlinear correction to the ion-acoustic wave equation comes from the
ponderomotive force:

2

Fp = --~V\Eh\2 (2.63)

where Eh is a high frequency field. Writing the ponderomotive force as

v = Fp /M (2.64)

where v is the ion velocity due to the ponderomotive force we insert this velocity into the
continuity equation

J i + V.nv = 0 (2.65)
at

and with
n = no + in 6n<& n0 (2.66)

we find that

g» ^ 4 V | £ Y . (2.67)

Inserting (2.67) as a driver in (2.62) then gives

Equations (2.61) and (2.68) constitute the Zakharov equations. A trivial simplification
leads to the cubic Schrödinger equation. In Equation (2.68) we neglect the time derivatives
of n which amounts to an adiabatic approximation. Then,

n = -^jW2. (2.69)

We put this into Equation (2.61), the Langmuir wave equation, and obtain

at
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This is the cubic Schrodinger equation. These equations encapsulate both weak and strong
turbulence phenomena. The former means the superposition of monochromatic waves of
different wavenumber. The phase of these waves is random and assumed to be statistically
independent. Also, exact matching, I.E.. resonance, occurs. Strong turbulence is any
turbulence that is not weak.

The weak turbulence process, being random in phase space is nonlocal in real coordinate
space. This is because, by random in phase space, we essentially mean that only a finite
number of waves are excited because of the necessity of exactly satisfying the matching
conditions. Thus, our phase space spectrum consists of a finite number of Dirac delta
functions which are sine or cosine waves in coordinate space. The process typically in-
volves a three wave interaction in which a high frequency wave decays into a slightly lower
frequency wave plus a low frequency wave. A cascade of decays takes place going down
in frequency and wavenumber until all waves eventually stop decaying when the threshold
for decay is too high. This occurs when the dispersion relations between the participating
waves can no longer be satisfied for a three wave process. Thus, a condensate appears.
After this a four wave process, the 'modulational instability', carries waves back to higher
wavenumber. That this is possible can be seen by understanding that once four waves
are invoked in the interaction, an extra dimension or degree of freedom for satisfying the
dispersion relations is realised. The increase in wavenumber corresponds to a narrowing
of structures in coordinate space which eventually means that the waves become strongly
correlated since they are squeezed into a smaller and smaller space. Thus, the regime of
strong turbulence is reached in which the random phase approximation of weak turbulence
is not valid. Local structures are now formed. These structures, which exist as a density
fluctuation, are called cavitons and are caused by the ponderomotive force of the intense
high frequency fields. The more plasma is pushed out by the ponderomotive force, the
more the field intensity builds up and so the process is unstable. The cavitons begin to
collapse since they are all the time going up in wavenumber. The collapse does not go on
for ever since for a certain size, about 10 electron Debye lengths, electron Landau damping
arrests the collapse process as the field energy is fed to superthermal electrons.

2.7 The Ionosphere

In this section we present some basic properties of the ionosphere.
The Earth's atmosphere consists of several regions identified by their temperature struc-

ture. These include the troposphere, stratosphere, mesosphere and thermosphere as in the
diagram below. Above 50 km the region is partially ionised by solar radiation—this re-
gion is called the ionosphere. The ionosphere is divided into several layers. The F layer,
at around 250 km is the region most pertinent to the work of this thesis. As seen from
Figure (2.2) the density is almost linear between 200 and 300 km. There are also diurnal
variations—the ionosphere reduces at night when there is little radiation. Especially around
dusk and dawn the changes in density at a particular altitude occur rapidly. Notice the
sporadic £-layer where the density peaks. These layers can cause radio wave absorption.
A variety of ionospheric parameters [Genkin and Erukhimov, 1990] compared to those of
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Table 2.1: Typical parameter values for ionospheric, magnetospheric, laboratory and astrophysical
plasmas. Here Ar (cm"3) is the electron density, Te the electron temperature, H the magnetic field,
-,p, the electron plasma frequency, UH the electron cyclotron frequency, ve the collision frequency,
/fr the electron mean free path, L|| the characteristic longitudinal scale, p\ the ion gyroradius, L±,
the characteristic transverse scale, and j3 = &irN{T,. + T,)/H2 the ratio between the thermal and
magnetic pressures. From Genktn and Erukhimov, [1990].

other plasma environments are given in Table 2.1.
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Figure 2.2: Electron density in the ionosphere and neutral atmosphere temperature. Illustration
taken from EISCAT Scientific Association report, May 1990.
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CHAPTER 3

STRONG TURBULENCE EQUATIONS DERIVED FROM KINETIC THEORY

Two coupled wave equations, very similar to the Zakharov equations, are derived from the
Ylasov-Maxwell system. For low temperature ions they reduce to the Zakharov equations.
Corrections include a nonlinear damping term of significance to the turbulent ionospheric
plasma.

3.1 Introduct ion

The Zakharov equations [Zakharov, 1972} have been the focus of study of strong Langmuir
turbulence for two decades. Recent numerical and theoretical analyses of these equations
[DuBois et al., 1989; Robinson and Newman, 1990] have led to the notion of strong Lang-
muir turbulence as a cycle of nucleation-collapse-burnout events.

These results have been able to fully account for the behaviour in plasma where the ion
and electron temperatures are similar only by including phenomenological ion and electron
damping terms [DuBois et al., 1989]. This situation is relevant to the ionosphere [DuBois
et al., 1989] and to Type III solar radio bursts [Bardwell and Goldman, 1976]. The values
used for the ion damping have been anomalously large from the point of view of linear ion-
acoustic wave dynamics. This implies that in reality, ion nonlinearities may be significant.

In addition, particle in cell simulations (PIC) have shown that the size of the cavities
at burnout is considerably larger than they would be if linear electron Landau damping
was the burnout mechanism [Zakharov et al., 1988]. A better mechanism to explain these
observations would be transit time damping [Robinson, 1991; Newman, 1990].

These deficiencies in the usual equations point to the urgent need, at this point in strong
Langmuir turbulence research, to put the Zakharov equations on a sound kinetic basis as
well as generalizing to the case of an inhomogeneous and magnetized plasma. Applications
to the ionosphere would strongly suggest a generalisation to investigate coupling between
short scale Langmuir turbulence and large scale thermal fluctuations. This would necessi-
tate inclusion of Ohmic heating and extension of the system of equation to include large
scale transport behavior. In the ionospheric plasma large scale thermal density striations
are formed [Inhester et al.. 1981; Dysthe et al., 1983; Dysthe et al., 1983].

Generalization to the strongly magnetized case from kinetic theory [Pécseli and Ras-
mussen. 1980] and the weakly magnetized case [Dysthe and Pécseli, 1977; Dysthe et al,
1985] have led to derivations of the nonlinear SchTÖdinger equation and have included non-



linear Landau damping. These cases have treated the electrons kinetically but not the ions
and weak damping has only been included ad hoc. For the unmagnetized case Buti [Buti.
1978] has derived a nonlinear Schrödinger equation with complex coefficients and Landau
damping embedded.

Surprisingly, the problem of deriving the Zakharov equations from kinetic theory has
received little attention. To the authors knowledge, the only works on this subject have been
those of Melrose [Melrose, 1937] Shatashvili and Tsintsadze [Shatashvili and Tsintsadze,
1982] and Sitenko [Sitenko, 1982]. Sitenko derived a high frequency equation which was
cubic in the electric field but did not include Landau damping. Shatashvili and Tsintsadze
gave a rather thorough derivation of the Zakharov equations from first principles using
a reductive perturbation theory. They included Landau damping of ion sound waves on
electrons and weakly relativistic effects. However, it appears that this method made use
of the linear dispersion relations and also did not give a detailed interpretation of certain
extra nonlinear damping terms that we find. Also, the ions seem to have been treated as
cold.

Most recently, Melrose based a derivation on the weak turbulence expansion with ap-
propriate forms for the nonlinear susceptibilities taken from kiietic theory. An important
step in the calculation is ihe identification of a nonlinear coupiing term between high fre-
quency electric field potentials as the self consistent density fluctuation. Then, using this
identification and the limits of low phase velocities for the low frequency waves, which are
assumed to approximately satisfy the ion acoustic dispersion relation, and high phase ve-
locities for the high frequency waves the ordinary ungeneralized Zakharov equations can be
derived. This derivation, with electromagnetic and magnetic field effects neglected, justifies
the identification introduced in hindsight. However, since no generalized Zakharov equa-
tions exist for comparison, the generalized self consistent 'density' identification can not be
justified in the general case. This would seem to limit the applicability of the technique as
a way of deriving generalized 'Zakharov' equations.

In this Chapter it is shown that the Zakharov equations can be derived from kinetic
theory without assuming linear dispersion relations, and where the density arises naturally.
It is important, that the density arises naturally and is not just that which is induced by the
ponderomotive force, since the Zakharov equations have application in plasma where many
different scales of and mechanisms for the creation of density fluctuations exist. In par-
ticular the coupling of small scale Langmuir turbulence to large scale thermal fluctuations
can only be studied when the density term is general.

The equations derived will reduce to the Zakharov equations in the appropriate limit and
contain nonlinear corrections to the damping rate. One of these corrections has relevance
for a plasma with large scale density depletions, e.g., the ionospheric plasma. The range of
validity of the Zakharov equations will be discussed. The Chapter is arranged as follows.
In section 2.2 the low frequency equation is derived with Landau damping, both linear and
nonlinear, included. In section 3.3 the high frequency equation is derived and a nonlinear
electron Landau damping term included. This term is discussed for the ionospheric plasma.
In the last section a summary is given.
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3.2 The Low Frequency Equation

For a collisionless plasma supporting electromagnetic waves the starting point is the Vlasov
equation plus the full set of Maxwell equations which are

dfa/dt + v •Vfa + eo/ma(E + vxB)-dfa/dv = 0 (3.1)

= /ioJ (3.2)

O (3.3)

V • E = /»/£, (3.4)

V • B = 0 (3.5)

In the following derivation the first two perturbative orders of the non-relativistic distribu-
tion function will be used and implanted into a perturbation free system. In (u,\ k) space
the first order is

.k) = -ieo/ma(E + vxB) • ̂ f £ _ (3.6)

and the second is

where o means a convolution over (u>,k) inside the curly brackets and the E and B fields
are (w,k) dependent. Expressing Poisson's equation as

ik E = - £ ) ea Id3vfM(U,k), (3.8)
' " o n 0 Jo,n=0

using a Maxwellian background distribution

/o» = (MI2*KTa)
3l2e-MviluT° (3.9)

and assuming the inequalities y/nTt/M < LJ/'K < \ZnTe/m, gives the following equation

. it \ m

W 2 [U
On the left hand side is the usual 'dispersion relation1 and on the right hand side

/<"> = - [d3v/W(Lj,k), n > 2. (3.11)

The latter dispersion relation can be written as

D(u,k)= o: i
t>=2-° (3.12)
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which defines Z?(~\k). Splitting into real and imaginary parts so that Z)(u;,k) =
Dr(y\k) + jZ),(-\k), la = iir + Hal an<* w' = *'r + '">« an<^ assuming that 7, is small
so that D(^'.k) can be Taylor expanded about uT and noting that ik • E will be real, it is
pasy to see that the equation for the real part is

and for the imaginary part

The damping is here modified by nonlinear terms which would include, for example,
nonlinear Landau damping. For waves whose phase velocity u>/k is much less than the
electron thermal speed ve such that w2/(fc2r?re) <£ 1 the real part of the dispersion relation
can be rearranged as a quadratic in u2 and solved to give

2

where v, is the ion thermal speed, fcoe the electron Debye wave number and N is given by

N = Y, ^n)/»'k-E. (3.16)
a,n=2

With A' = 0 the ion acoustic dispersion relation is obtained. For k2/k^N < 1 the square
root and denominator in the above can be expanded. Terms in N2 and higher may be
neglected if fourth order nonlinearities are very small and this is assumed to be the case
(the domain of validity of this assumption will be given later on in this section). In addition
the tk-E term can be written in terms of the low frequency ion density n< using the plasma
approximation [Chen, 1984]:

(3.17)
<0 k*\le + 1

This relation holds for any low frequency electrostatic waves and associated density fluctua-
tion and as such can represent an equation for the general low frequency density fluctuation
in the plasma; it follows directly from the low frequency electron Vlasov equation and the
low frequency Poisson equation. The low frequency Vlasov equation, with the time deriva-
tive term neglected, can be solved to give fe = N exp(-mr2/2«flTe + e<j>/KBTC) (here N is
a normalisation constant) which can be integrated over velocity to give the low frequency
electron density, nt - noexp(e4>/nBTe), where E = -V4>. The result for ne can now be
substituted into the low frequency Poisson equation V • E = c/<o(n> — ne). If the electro-
static potential energy of the electrons in the quasineutral plasma is much smaller than
the therniJ energy of the electrons, i.e., e<p/ngTe < 1, ne, then ne can be expanded to
give, ne « no(l + t^JKeJr.)- This approximation then leads to equation (3.17). From now

28



on the plasma will be assumed quasineutral with n, ft ne = n. The nonlinear dispersion

relation above is then finally seen to be equivalent to

• 2iun, - c2*2) n = -k2\2
e^fT £ C (3.18)

a,n=2

where c2 = a2nTe/M and
1 1 I TV

(3.19)

(3.20)
For T,/Tt < 1/12 the usual fluid ion sound speed is recovered. This is a very bad ap-
proximation for, say, the ionosphere. Obviously, the £ ^ n = 2 / i term, in the above could
also include any additional terms so long as there is no explicit u> dependence. Since the
Zakharov equation are two equations both second order in nonlinearity we shall, in Ia ,

go to n = 2 only. Then, for the interaction between two high frequency waves at u>i and
w2 such that u»i,2/fci,2 > ve and with W1W2 ft J\ gives, going to second order, n = 2 only,

where the o stan»1, for convolution and 4>(ze) is the plasma dispersion function

ze f°° e~?
4>(ze) = — T = I (3.22)

V f J-oo C — Zt

with ; f = uj/y/2vek. The contribution of the ions to the nonlinear term is negligible.
Having evaluated l\ and ik • E we now know what JV is and so can say that the domain
of validity of neglecting (k^/k^N)7 and higher order terms is that <o£2 /(no*s7e) «C 1.
It should be pointed out that general frequency applications are possible. In the general
case, putting u>iu>2 a J1 leads to the condition, u*(OE2/{u;2noKBTe) < 1. So, the higher
the frequency of the wave, the larger the amplitude that can be treated in the Zakharov
like equations. This point is relevant to, for example, microwave energy transport, where
the wave frequency is high and the wave amplitude is high.

Substituting in the expression for Ie leads to

(w2 - 21077* - c]k2) n = ~^jTk2E • oE(l - <t>(zt)), (3.23)

in which,
nr / T . N 3 2 rxr- ^ ^

;
For X, < Te the factor T — 1 and neglecting the 4>(zt) correction term we recover the
same equation as in fluid theory. Fourier transforming gives

£ % o n - c]V\ = ~T^2E2{\ - «*(*.)). (3.25)
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which reduces to the usual case in the appropriate limits. Of the nonlinear corrections to
•), an important contributor is nonlinear Landau damping of ion sound waves on electrons.
Consider this by looking at the residue of /i2 ) at the pole LJ - k • v = 0 where u> is small
and *j/k < ve. Then, expressing u? in terms of k using the linear dispersion relation for ion
sound waves, which is reasonable because, after all. we are looking at Landau damping of
ion sound waves on electrons, it turns out that the nonlinear dispersion relation becomes

n = "

where e(k) = y , and V means principal value part of. Fourier transforming into (x,t)
space using the formula

W (3.27)
nr J-oo y

gives, writing the high frequency field as E = ^exp(-iwpe) + cc,

d2n 2 2

dt2 ~c> n'

( 3 .2 8 )
X - X'

The third term on the first line represents Landau damping of ion sound waves on electrons
and ions. This term has been discussed by many authors, e.g., Shatashvili and Tzin-
tsadze [1982] and our term is the same as theirs for Te > T,. In the ionosphere, where
M/me Ä 54 000, choosing T,jTt = 0.2 (admittedly rather low for the ionosphere where the
ratio is typically 0.5 in the day and 1 at night) introduces a correction factor of 30 percent
compared to the crude cold ion approximation.

On the second line there is a nonlinear, nonlocal term of the type already discussed by
several authors, e.g., Pécseli [1985], Yajima [1978], and Watanabe [1977].

A significant correction to the usual fluid equation is the presence of the a2 term in
c2

s and the T amplification factor in the ponderomotive force term. In the adiabatic limit
this gives n 7/(T fa

2)£2 for the kinetic case as compared to n ~ - 1 / ( 7 ; + 3T,)E2

for the fluid case. Figure 3.1 shows that even for T,/Te = 0.1 (which satisfies Ti/Te < 1)
a correction of about 30% is achieved by including the kinetic effects. This is relevant
to Langmuir collapse. It could also be relevant to the overshoot phenomenon [Showen
and Kim, 1978] which has been tentatively associated with local electron he ting of the
plasma. An increase in the local electron temperature Te will lead to a reduction in the
ponderomotive force intensity. This effect will be more pronounced for the kinetic case.
Thus, the overshoot phenomenon would be stronger in the kinetic case.

3.3 The High Frequency Equation.

We now derive the equation governing the evolution of the electric field. Fourier trans-
forming (3.2) gives, with the standard definition of the current and the use of (4.3) and
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Figure 3.1: T/a7 (upper curve) and 1/(1 + 3Tj/Te) (lower curve) as a function of Ti/Te. As
T,/T, —> 0 the two curves merge.

(4.1)

integrating partially gives

- kx kx + —

Mo*

"0 a C

-£- (3.29)

(3.30)

v\v x •
kxE dfa

°U!

In the above we nave written the charge density as its background plus (w, k) dependent
part na:

f;|V<n)(v). (3.31)
n = l

The nonlinear term on the left hand side of (30) is completely general and valid for mag-
netized, inhomogeneous or any other plasma with fields of arbitrary strength. Now any
generalisation is possible by a suitable choice of /o(v). Inserting / i '(v) and / i '(v) in-
cluding electromagnetic effects such that the velocity of light c > va, an exact analysis
gives, with B/ meaning low frequency magnetic fields,

,2 2 n 2

- ( k x kx + ^ ) E + - ^ - o E - - f E =
c1 c1 n0 c1
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2 r F k y F f E

tio£ —EM-"») " 1) - *-<*&~ x ° — - ' - - ' •prB/x- + D E o E (3.32)

The last term. DE o E is given by

4 7 3 E Ii>E o E = 4 k 7 d 3 1 1 — T — E • I - ° ^ T * 1 - (3-33)
m* y w - k • v av w - k • v

For the electrostatic case all second order corrections to the high frequency equation come
from DE o E. To evaluate DE o E we first expand the convolution over the indices (1.2)
in the matching conditions

oj = u\ +u>2 (3.34)

k = k, + k2. (3.35)

For the principal value part we shall let one field be low frequency and the other high fre-
quency such that u\/k\ C ve and ^2/^2 > ve. The low frequency electric field divergence
can be related to the low frequency density fluctuation n in the plasma approximation and
in addition it will be assumed that u » u>2 « ue. Then

VDEoEx-^k2\le— oE. (3.36)

For the residue at the pole u> — k • v first enter the temporal gauge with E = »wA to obtain

a conductivity tensor aiiiX/ defined by, using the Einstein summation convention,

). (3.37)

The symmetry property
<r^(l,2) = <rJMV(2,l) (3.38)

is asserted and the replacement made at resonance on the Landau contour

_i_^_ l , ra (u ,_k .v) . (3.39)

Furthermore, in a second order process, in which occur only three wave interactions on
a two dimensional plane, it will be sufficient to work in two dimensional velocity space.
Without loss of generality we can let one axis be along k and the other orthogonal to it. It is
then a matter of partial integration, keeping only the part j = k and using the symmetry of
a Maxwellian plasma to show that the residue of the conductivity due to Landau damping
of electrons is given by, where I means residue of

n0ae
3
a LJ £

T6

(3.40)

where 0(2(i,2)o) is the plasma dispersion function defined earlier and

W ' ~ f c ' ' ^ . (3.41)
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We may now let one of the waves be low frequency and the other high frequency. This does

not violate symmetry because whichever of (1,2) we choose as the low or high frequency

wave we still symmetrise by then doing the same to the ether. The low frequency wave,

assumed electrostatic, can be related to a low frequency density perturbation using the

plasma approximation as was done earlier. Letting

it turns out that, keeping the dominant electron contribution only,

o E = _ H ! ^ ^ i L(l,2Qlk. E(2) - A^(2)k2 - E(2)k • k , ^ ) . (3.43)
c* 8we V no no /

There is one more symmetry that must be introduced. It is implied by the matching

conditions for wave numbers and our special choice of coordinate system with k± — 0.

Then itu. = - ^ j . and so we must symmetrise over kj _L -* — kj ±, i.e., symmetry under

reflection. The first term in ^(j) is even under this reflection and the second term is

odd. If we assume cylindrical symmetry so that n(fcx) = n ( -* i ) a"d |£(*i)l = \E(-k±)\
(remember that in the k • E(2) term no k± term appears because *x = 0) then the second
terms in rfr(j) will cancel each other leaving

IDE o E = -

where
f.2

Equation (44) is a nonlinear damping term. Consider the convergent r j , <C 1 and asymp-

totic rje > 1 cases. In the convergent case we see that

( 3 ' 4 6 )

With n < 0, i.e., when there are density depletions, we see that the total damping is
increased. The increase is minimised for small fc;|| and large k}±. This means simply that
the damping rate depends on the degree of coupling to the resonant particles.

In the asymptotic limit

The maximum growth is obtained when i>{l) and t/'(2) is positive (Since A£,efc
2 < 1 the

sign of t''(2) is not important). This is the case as long as k}i_ is small enough. Thus,
the gradient of the low frequency density fluctuation should be roughly parallel tc the
k direction of the high frequency waves. In other words the waves propagate down the
density gradient. In addition, k2 > fcj.. enhances growth so the length scales should h?
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very different, i.e., the scale length of the density depletion should be much larger than the
wavelength of the high frequency waves.

These correction terms are perturbative and can only be significant over a long period of
time. The time scale of a single Langmuir wave collapse is much too short. However, if cou-
pling to large space and time scale density depletions exists then the correction terms can
be important. In the ionospheric plasma large scale turbulent density depletions are gener-
ated via Ohmic heating ('large' means much larger than the Langmuir solitons/cavitons),
predominantly at the upper hybrid layer [Inhester et a/., 1981; Dysthe et a/., 1983; Dys-

the et a/., 1983; Perkins, 1974; Vas'kov and Gurevich, 1977; Das and Fejer, 1979]. They
have growth and decay time scales of the order of seconds. For the Ohmically generated
depletions the heating Q is given by

Q = - E • a" • E* (3.48)

where aH is the Hermitian part of the linear conductivity. It is then reasonable to expect

that,

Q ~ £ - 2 / . > ( " ( 1 + « ' » < " (3.49)

where ( represents the nonlinear perturbation to the damping (see equation (44)) and
the damping is treated as time dependent. The time dependence is considered related to
the property of the nucleation-collapse-burnout cycles in the sense that in each cycle the
clamping will build up as the cavitons collapse in dimension, i.e., k = k(t) so 7/, = 7i,(<)-
We have already seen that growth is largest when the gradient of the density depletions
is parallel to k. In the ionosphere at the Upper Hybrid layer where an upgoing pump
wave would have strong electric field vector components across the geomagnetic field and a
weak component along it the above can be taken to mean that the favoured configuration
of Ohmically generated density depletions will have their gradient across the geomagnetic
field and be stretched along the field. Then, for two hypothetical systems a and b such
that a is as just described, i.e., 1 is negative and b with a geometry such that c as 0 or
( > 0, the difference in amplitude between heating in the two cases is expected to be

Qa/Qb^E •' |o>i ' which is large for sufficiently long times. To estimate the length
of time t for this effect to be significant the asymptotic form of ip' will be taken. The time
dependence of n will be represented as

t/T

ri(t' - NT) (3.50)

in which k(, is the wave number at burnout, r is the duration of burnout and T the inter

caviton time. Values of T have been calculated numerically [DuBois et a/., 1989]. Taking

T = 0.2 ms., kf, = 0.25fcofl the dimension of the thermal cavity in the direction of k as 5 m,

A0e = 1 cm, T = \/uipe and in/n0 = 5% gives Qa/Qb ~ e( so that the effect is significant

for r > 1 s. This growth rate is not absolute but relative. The lifetime of growth and

decay time of thermal cavities is of the order of a second. This damping term can therefore

effectively connect large scale fluctuations to small scale turbulence and as an example of

its significance, it favours field aligned striations.
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An interesting question is how important this effect is for smaller scales. It has been
observed in the simulation of the collapse of Langmuir wave packets [Papanicolaou et al,

1991] that anisotropv in initial conditions for the electric field causes the same anisotropy
in the strong turbulence. This observation is qualitatively similar to the findings above.

Other damping terms contained in Z)EoE will be at the poles yjs - ks • v = 0. These will
include known effects such as thermal scattering of Langmuir waves off ions. or. nonlinear
Landau damping.

In summary, our final high frequency equation is

2\

^ r ) E - 2i
cl J

k x k x ) iL(,) ^
l c* no

a C

e 2 E kxE

E(2) - A^(2)k a • E(2)k • k , ^ ) (3.51)

Fourier transforming, inserting the ansatz E = i>exp(-iuet) + cc, letting zt > 1 and

ignoring the extra dispersive terms in the linear thermal term gives

t— - 3r?V2 + J\— - 2iu>eiL o +c2VxVx) t =
ät n0 J

—i> + i—ueB,xt + -u2
fBx [ dt'E(t')

UQ m m J-oc

'nJ£ -a- (vi)
It follows from this system that the number of plasmons /di |V' |2 ' s conserved but the

energy and momentum will change in time due to the damping and nonlocal terms. On the

first line is the usual Zakharov equation for the amplitude of the high frequency field. The

first term on the second line is a thermal correction to the Vm/no term and is essentially

the same as in the equations derived by Shatashvili and Tsintsadze [1982]. The second term

on the second line involving low frequency magnetic fields has been discussed in depth by

ter Haar and Tsytovich [1981] and others. The third term on the second line still contains

E because it can allow interaction between any electric field and any magnetic field. It is

implicit that in this equation the total product must oscillate at about the plasma frequency.

As mentioned earlier, the T factor may, for example, amplify the overshoot effect. It

also effects parametric instabilities. In the electrostatic approximation with k2^j)e *^ 1>

assuming that Landau damping has not yet set in, so that the nonlinear damping term

on the right hand side of (3.52) is negligible, neglecting the nonlocal term in (3.28) and

linearising the system (3.52) and (3.28) about a dipolar pump field Eoexp(-iu;ot) + cc,

with u>0 * - v - 8'ves- f°r t n e threshold field strength of the parametric decay instability

4= f^
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in which VE = eE0/nw0 is the quiver velocity, wvt is the Langmuir frequency, S = u;0 - Jefc.
-•jit is the ion-acoustic frequency and where 7L,7J

 are now considered to include collisional
damping. This result is of the usual form [Nishikawa, 1968] except for the kinetic correction
which reduces the threshold as T,/Te increases. The frequency shift at threshold is given
by

For vj,k > i, > 7L this frequency shift goes like w^, is therefore proportional to a and
thus lower than predicted by fluid theory or previous, less accurate derivations from kinetic
theory. The difference is 10% for Ti/Te = 0.3. The error would be about 1 kHz for a 10 kHz
frequency shift. The growth rate, 7, just above threshold is given by

7, , eHTP\Eo\* 21L

7 = --r +—n 2 , AH2- (3-55)
2 mMuek fl + 46*

The correction T increases the growth rate as Ti/Te increases. The quantity 7+75 increases
by 15% for Tt/Te = 0.3 and 25% as Ti/Te approaches 0.5.

To treat the modulational instability at threshold the inequality u/k <C v, must
be used to expand the low frequency distribution function (3.6). In this case the low
frequency equation then gives 2mve

i(\ + Ti/Te)n = -£oE o -E, leading to the threshold
vE/Vg — 2(1 4- T,/Tg)ie/ijj0, which is of the usual form [Nishikawa, 1968] as is the growth
rate. This result agrees with a direct analysis of the Vlasov equation linearised about a
dipolar pump field oscillating at about the plasma frequency, in the weak field limit with ion
charge number Z = 1 [Sanmartin, 1970]. Previous derivations of the Zakharov equations
from kinetic theory have usually assumed an ion-acoustic dispersion relation, implicitly
making the same inequality assumptions as here. In principal, when using these or other
equations we have learnt that there will be some error introduced at the threshold of the
modulational instability when we set u = 0. The reason is that the threshold for the modu-
lational instability calls for expanding the low frequency distribution function in a different
limit. This error, to the author's knowledge, is encapsulated in all other derivations of the
Zakharov equations from kinetic theory [Melrose, 1987; Shatashvili and Tsintsadze, 1982;
Sitenko, 1982] even though it has not been mentioned. However, for oscillating instabili-
ties, for example, the parametric decay instability, beyond thresholds and during the actual
collapse the equations do hold and contain kinetic correction factors. The high frequency
equation still holds everywhere.

3.4 Conclusion

The Zakharov equations have been derived from kinetic theory and conditions for their
validity established. This work should help provide a foundation for generalizations of
the equations. In addition, some nonlinear and kinetic corrections have been found and
discussed. The equations derived are valid in the range v, < u/k < vc and Ti/Te < 1
for the low frequency waves and u/k > ve for the high frequency waves. The field energy
must satisfy t0E

2/n0KBTe <C 1. The constraint on T,/Te does not necessarily reduce to
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the usual fluid Zakharov equations. Kinetic corrections can be significant for small but
finite Tt/Tf. The plasma is assumed quasineutral but no further restriction on n, the low
frequency density fluctuation is found. A nonlinear damping term has been found which
is dependent on the geometry of large scale density depletions. This term shows that field
aligned density gradients are damped less than density gradients that are not field aligned.
The kinetic corrections reduce the threshold field strength, increases the growth rate and
reduces the frequency shift in the parametric decay instability. Generalization of the high
frequency equation depends on integration of the appropriate distribution function. The
low frequency equation is more difficult, requiring inversion of the total susceptibility.
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CHAPTER 4

A COMBINED PARAMETRIC AND CONVERSION MECHANISM FOR UPSHIFTED

STIMULATED ELECTROMAGNETIC EMISSIONS

We study the combined process of a three-wave parametric decay of an oscillating elec-
tric pump field into an electron Bernstein and a lower hybrid wave, and a conversion of
the pump wave off slowly growing field aligned irregularities into an upper hybrid wave
which merges with the lower hybrid wave. It is found that slowly growing, upshifted stim-
ulated electromagnetic emissions, observed experimentally for pump frequencies slightly
above electron cyclotron harmonics, are well explained within this model. In the radia-
tion spectrum there is a lower cutoff frequency which increases linearly with the cyclotron
harmonic.

4.1 Int roduct ion

Stimulated electromagnetic emissions (SEE) is the term used for the particular type of sec-
ondary radio emissions from pumped plasma that were discovered in ionospheric modifica
tion experiments involving irradiation of the ionosphere by powerful HF radio waves from
the "Heating" ionospheric modification facility in Tromsö, Norway [Thidt et al., 1982a].
Later, SEE was observed in similar experiments in Nizhniy Novgorod, Russia [Erukhimov
et al., 1987], Arecibo, Puerto Rico [Tbidé et al., 1989], and Fairbanks, Alaska [Armstrong
et al.. 1990]. Characteristic signatures of ionospheric SEE are that the induced asymmetric
sidebands around the frequency of the injected pump wave (typically 4-9 MHz) are wide
(50-400 kHz), strong (up to 30 dB signal to noise ratio) and exhibit a well defined temporal
evolution, leading to a rich and systematic steady state spectral peak structure after a long
time (1-10 s) of pumping of the overdense ionospheric plasma.

The experiments have shown that SEE cannot in general be satisfactorily explained
in terms of simple three-wave parametric processes, where the electromagnetic pump in-
teracts with electrostatic low-frequency fluctuations in the plasma to produce sideband
waves, as is commonly discussed in the literature [Fejer, 1979; Porkolab, 1978; Baumgärtel
and Sauer, 1987]. These predicted processes either produce sidebands which are electro-
static and therefore, of course, cannot be detected outside the plasma, or, they produce
electromagnetic sideband emissions that bear no resemblance whatsoever with the actual
ones observed experimentally. For example, stimulated Brillouin scattering (SBS), well
known from elementary textbooks, e.g., [Chen, 1984], would manifest itself as a very small
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downward spectral broadening of only a few tens of Hz. i.e.. much smaller than observed.
Whereas SEE are repeatable and easy to excite in experiments, SBS is difficult to excite
and seems to be reported only once for HF pumping [Thidé et al., 1983]. The likewise well
known stimulated Raman scattering (SRS) would on the other hand produce EM daughter
waves offset from the pump with much higher frequencies than observed. SRS may have
been observed in HF experiments [Derblom et ai, 1989] but is generally very difficult to
identify. The scattering processes described by equations (8a-b) of Stenflo [1990] would
yield frequency shifts of the electromagnetic daughters which are orders of magnitude too
small or too large compared to those observed in the SEE experiments and can. therefore,
clearly not explain the experimental results. Furthermore, all the above stimulated scat-
tering instabilities grow on fast time scales (typically milliseconds), a prediction which is
in disagreement with the slow growth (seconds) of SEE observed experimentally and are
all unable to satisfactorily predict the saturation level. Hence, more realistic theoretical
models are required to explain the SEE phenomenon.

One of the hitherto unexplained steady-state SEE components is the so called Broad
Upshifted Maximum (BUM) feature [Thidé et al., 1983; Stubbe et al., 1984; Leyser et al.,
1992b]. Examples of typical spectra are shown in Figures 4.1 and 4.2. The purpose of
this paper is to discuss a possible theoretical explanation for the BUM feature in terms of
a combination of direct conversion (DC) and parametric decay (PD) mechanisms near to
the upper hybrid (UH) resonance altitude. The mechanisms entail the PD of the pump
at the frequency *J0 into an electron Bernstein (EB) and a low frequency (LF) mode. A
perpendicular HF wave, directly converted from the pump wave due to scattering off UH
layer irregularities, then merges with the LF mode into a radiating wave. An earlier paper
[Goodman, 1991] involved a finite amplitude wave model to explain the BUM feature.
A subsection of that paper requires some technical clarification that will be published
elsewhere.

The BUM feature has been observed only during O mode pumping, when »>o ~ pfie.
p being an integer (3, 4. 5, 6, and 7 in experiment), and fie = eBj/m, the electron
cyclotron frequency, B T being the terrestrial magnetic field. The upshifted SEE feature is
empirically observed to be at a frequency of ws ss 2u»o - pfle > w0 [Leyser et al., 1989];
it is typically between 20 and 40 kHz wide and the received power level is about 70 to
HO dB below the reflected pump wave's power level with a peak power level of up to 60 dB
below the pump. It has been observed to grow on the time scale of seconds or longer, the
same as for thermally generated large scale field aligned irregularities giving rise to HF
radar backscatter [Hedberg et al., 1983]. The feature is symmetric except very close to the
pump frequency, 10 to 30 kHz above wo, where there is a sudden cutoff in the spectrum.
Experimental results obtained during day-time heating at the Sura ionospheric heating
facility near Vasil'sursk (geographic coordinates 56.13° N, 46.10° E), in Russia, between
17 and 27 September 1990, have shown a new property of the cutoff frequency u>c- It was
empirically observed [Leyser et a/., 1992b] that the cutoff frequency was dependent on the
harmonic integer p approximately according to we * (6p- 14) kHz; this relation is for the
frequency upshift from the pump at the peak power point.

We will show that our theoretical model predicts that the threshold for growth of our
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Figure 4.1: Stimulated electromagnetic emission (SEE) away from the cutoff. The pump is the
largest signal, and the broad upshifted maximum is the symmetric feature to the right of the
pump Data from Lavangsdalen campaign, May 11, 1S^8, 16:14:25; /b = 5.443 MHz is the pump
frequency; A / kHz from /0.

PD is within experimental capacity and that there is a minimum frequency shift between

the radiation and the pump with properties that agree very well with those of the experi-

mentally observed we -

A decay into an EB and ion-acoustic wave was treated by Lombinadze [1981]. We do

not rule out this possibility as an alternative one and are planning an analysis of this and

related alternatives in a forthcoming publication.

Our calculation is organized into four sections. In the second section the kinematic

constraints of the suggested process are estimated in order to guide the further investigation

in the third section where a resonant PD is studied dynamically within kinetic theory.

Here the decay waves are the EB wave and a lower hybrid wave. In the fourth section the

thresholds and cutoff frequency for the resonant instability are calculated after estimating

a characteristic value for the pump induced density depletion wavenumber. The efficiency

of the DC and merging process is also discussed. The main findings are summarized in the

conclusion.

4.2 Kinematics

We consider the mechanism depicted in Figure 4.3. The 0 pump wave at frequency u>o

propagates through the ionosphere where the plasma frequency u/p(z) increases monoton-

ically with height z. It passes through the UH region, defined as the height region where

o ~ ^ec ' n l w o w*ys: incident from below and from above, as a result of re-
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Figure 4.2: Stimulated electromagnetic emission (SEE) spectrum near the cutoff. The pump is
the center peak and the broad upshifted maximum is the asymmetric feature to the right of the
pump. Data from Lavangsdalen campaign, May 11, 1988, 09:15:07; f0 = 5.423 MHz is the pump
frequency; A/ kHz from So-

flection at the up(z0) = w0 height. In the experiments, the reflection height ZQ is typically a
few km (a few tens of pump wavelengths) higher than ZUH- Near zuH the pump wave, with
u>0 ~ pQt. decays parametrically into a high frequency electron Bernstein wave (u/EBiknB)
and a low frequency wave (WLF^LF) - In addition, the pump wave is able to beat with
zero-frequency field aligned density depletions, with large wavenumber kd perpendicular
to B-r, present (and growing with time after pump turn-on) at the UH layer, to directly
convert into HF waves, (u?HF.kHF), propagating essentially across B j . One possible type
of such waves are UH waves [Antani et al., 1992]. Merging of the UH and LF waves then
produces an outgoing SEE wave of frequency u3 = 2w0 - pfle-

The kinematic restrictions of this combined process are set by the requirements that
the (u>,k) matching conditions of the whole process as well as the subprocesses must be
simultaneously fulfilled and that all participating modes satisfy their dispersion laws. We
denote the wave vectors of the incoming, parametrically decaying pump wave by k j , the
incoming, converting pump wave by k2, and by k3 the outgoing SEE wave, whose frequency
is so near WQ that its dispersion law gives £3 % Jt0-

The k matching conditions lead to the relations: kLF = ^3 - kjiF = -k2 + k3 - ka and
kEB = kj -kLF = k i + k 2 - k 3 + kd- All in all there are sixteen cases to consider, depending
on the relative direction of the k vectors participating in the process. Due to symmetry,
we need only consider four cases. Two of these cases involve the stronger upgoing wave as
the pump in the PD and two involve the weaker downgoing wave. We consider only the
former two cases.
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(«*>o,k2)

Figure 4.3: Diagrammatic representation of the suggested generation mechanism for the Broad
Upshifted Maximum SEE feature. The upgoing pump (wo,ki) = (wo,ko) decays parametrically
into the high-frequency electron Bernstein wave (WEBI^EB) and a low-frequency mode (WLF.^LF)
The upgoing or downgoing pump (u»o, k2) = (w0, ±ko) also undergoes direct conversion off static,
field aligned depletions (0,kd) into a mode (wHF.knF) * (wo,±ko +k<j). This mode merges with
the parametrically excited, low-frequency mode to produce the experimentally observed upshifted
SEE mode (ws.ks) ft (2wo - WEB. —ko).

4.2-1 Case A: Both pump waves are upgoing

Both incoming pump waves are upgoing, the SEE wave is downgoing: ki = ko, k2 = ko,

k3 « -ko and the matching conditions yield kLF a - 2 k 0 - ka, and kgB * 3ko + ka-

4.2.2 Case B: One pump wave is upgoing, the other is downgoing

The decaying pump wave is upgoing, the converting pump wave is downgoing, the SEE
wave is downgoing: ki = ko, k2 = -ko . k3 = -ko , and the matching conditions yield
kLF a -kd and kgB « k0 + k j . In this case the EB wave may be able to directly
convert on density irregularities (0,—ka) to produce an upgoing electromagnetic wave,
(^EB-kEB) = (wo - ^LF^ko). This wave may then reflect at the LJP = WEB height and
propagate down to the ground to appear as a weak symmetric downshifted spectral feature
perhaps similar to the observations in the so called BSS, Broad Symmetric Structure,
spectra [Stubbe, 1990]. This property of our model is beyond the scope of the present work
but will be included in a future publication.

4.3 Resonant Instability

Consider a three wave PD. as described in the previous section, in a homogeneous plasma

immersed in a constant and uniform magnetic field, assuming an oscillating dipolar pump

electric field E = Eosin>*>o<- When the decay is resonant we have 1 + X,R(U>I,F)+XCR{ULF) =
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1 + £R(^LF) = 0,1 + \e{u/EB) = 0> where \ e and \; are the ionic and electronic susceptibil-
ities, respectively, and the subscript R denotes the real part. The growth (damping) rate.
•), for W'LF *C -'o is then obtained from [Porkolab. 1978]

(4.1)

in which FLF.FEB are the linear damping rates, 6 = u>0 - U>EB, J I
 iS a Bessel function of

the first kind of order 1,

( 4-2 )

and k is the wavenumber of the parametrically excited waves. We shall use equation (4.1)
to calculate the threshold £oth for the instability. In order to proceed further we need to
know what the susceptibilities are.

Letting Ao = k2v\l$l\, $(&,,) be the plasma dispersion function, £a3 =
(u> - sQa)/(\/2k±va), va the Qth particle thermal speed, and Qa the ath cyclotron fre-
quency, the susceptibility for particle species o is

where wa is the o'th plasma frequency and I, is a modified Bessel function of the first kind
and order s. For the EB waves we take w a pfie and near perpendicular propagation. As
the LF daughter waves we take lower hybrid waves propagating nearly perpendicular to
By. Treating the ions as unmagnetized we have

= - £ (l + 3 , f ^ + 5vf£- + 7vf£ + . . ) . (4.4)
^LF \ WLF WLF WLF /

For the electrons, with U;£F < ^

K2 / fcLF||^lo(A«)e-A' \

^ j (4-5)

The LF waves are obtained by solving the dispersion relation

O. (4.6)

To find U>LF
 w e a l s o n e e^ the parallel and perpendicular wavenumbers. As we know from

the "Kinematics" section, the perpendicular wavenumber for the LF mode is equal to kj
which will be calculated later in the next section.
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4.4 Thresholds and Cutoff Frequency

The importance of the UH layer for SEE has been recognized by several authors, e.g., Leyser
et al. [1989]. We suggest that the density depletions present at the UH layer determine £Oth
and u;c- The reason is that the intensity of the density depletion determines ka. Consider
the usual type nonlinear wave equation for the electric field Eina plasma containing density
depletion 6n(ka), (<*? ~ 3r?V2 +u;? + fi2) E = -QlE6n/n0. Just after pump turn-on the
UH resonance is UQ = w2 + ft2. At a later stage we expect small, intense 6n to have grown.
Unless the interaction region moves in altitude until the 'linear' regime is found again, then
the resonance condition must require that the density depletion term and the dispersive
term balance each other, so that

in which we have used the resonance condition plus the fact that UQ ä pfte. A similar
value of kj is used by Dysthe et al., [1985], in their work on nonlinear electrostatic wave
equations for magnetized plasma.

Using kd from equation (4.7), the threshold field strength for the PD can be calcu-
lated. Substituting into equation (4.1) the susceptibilities (4.3) (for purely perpendicular
propagation), (4.4) and (4.5), and approximating i]{(ith) by H2

k/A and in turn nth as
(f./m)Eok1/(uS - ft2), (since k\\ < fcx, ft2 «•*. u2, and |£0±| « |£o||l at the UH layer), gives

(4.8)

where û> = WEB ~ P^e-
If can be seen from equation (4.8) that the threshold decreases as 6n/n increases. Den-

sity depletions are thus necessary for our process to function efficiently. This property agrees
with the experimentally measured time evolution of the BUM feature. The measured time
evolution is about the same as for the development of thermal density irregularities probed
by HF radars [Hedberg et al, 1983]. The existence of thermal density irregularities may be
prerequisite to the formation of smaller scale solitons/cavj tons, so that the participation
of the latter in the BUM mechanism would be a possibility. The dependence on 6n/n will
not make this BUM mechanism particularly susceptible to ionospheric conditions as long
as the density depletions reach some saturation level.

PD into EB waves lower than or higher than the local UH frequency is possible. The dis-
persion relations differ in these two cases and we treat them separately. For WEB < WUH(*<)>

at the altitude z< of the PD, the values of 8u and FEB have been calculated by numerically
solving the dispersion relation (4.3) for waves propagating at an angle 6 = arctan(fcd/&EB*)
to BT- (The reason for treating (4.3) numerically is that we are in the vicinity of a cyclotron
and upper hybrid double resonance where analytic evaluation is rather complicated.) The
value of &EB* is either Zk0 in the case of the upgoing pump wave directly convertir T into the
I'H wave or k0 for the downgoing pump wave. The wavenumber fc0 for a left hand circularly
polarized pump wave, propagating along B-r, is k0 = ,ypQe/c, where c is the velocity of
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light. With r ; = 2 x 1O10 m V 2 , tn/ii0 = 0.1. fie = 1.38 x 106 Hz, 6 is greater than 89.7°
for all relevant harmonics. Cyclotron damping was much smaller than collisional for elec-
trons (taking an electron collision frequency, uc, of 100 Hz). Thus, in calculating £oth. we
can take FEB a "«• The collisional damping of the lower hybrid waves is the same as for the
EB waves, since these waves involve the motion of electrons and ions and the ion collision
frequency is much less than the electron collision frequency. For ions with T, < Tr the colli-
sionless damping is also very small but for, say, Tf = 27; the collisionless damping must be
taken into account. The values of 6u were small for p = 6,7 but up to 100 kHz for p = 3.4,5.
It is impossible to satisfy the matching conditions for resonance if 6u is much larger than
U>LF so the case of UUH > ^ B works only for the higher harmonics. Results for the thresh-
olds for p = 6,7 were: for T, < Te, £oth(p = 6) = 0.02 V/m, £oth(p = 7) = 0.025 V/m
and for Te = 2Tt, £Oth(p = 6) = 0.34 V/m, £Oth(p = 7) = 0.5 V/m. The thresholds for the
upgoing and downgoing DC are approximately equal.

Now take WEB > ^UH(*<) - Note that in this case u>o > WEB > WUH (•*<)• Also, w0 =
*>UH(Z>) f° r ^ e DC altitude z>. So, UHJH(2>) > ^VH(Z<)

 a n ^ thus in the ionosphere,
z> > z<. The DC occurs at a higher altitude than the PDI. The frequency difference is
about LJLF- A natural density scale length in the ionosphere of 50 km gives a separation
of about 5 m which is much smaller than the pump wavelength (which is of the order of
100 m at the UH layer). The matching conditions require that the UH wave, due to DC of
the reflected pump wave, propagates down to merge with the LF wave. This means that
for lower harmonics it may be easier for the case of the downgoing pump wave to create
SEE. We calculate 6u from (4.3) for purely perpendicular propagation. The collisionless
damping from (4.3) then gives,

rEB = "'+ V i ^ ^ w C MAe)exp ( " 2 * 1 ^ ] (4"9)

where Aoe is the electron Debye length. Using exactly the same parameters as be-
fore gives, for T, < Te, £Oth(P = 3) = 4 x 10"5 V/m, £Oth(p = 4) = 6 x 10~5 V/m,
£o t h(p = 5) = 7 x 10~5 V/m, £o t h(P = 6) = 0.5 V/m, and £Oth(p = 7) = 3 V/m. (By in-
cluding the small but finite fcEB|| in 6ui, the thresholds would be reduced somewhat, par-
ticularly at the higher harmonics, where the collisionless damping is rather high due to
being very close to a cyclotron electron harmonic.) For the lower harmonics the instabil-
ity is well within experimental capacity (the pump electric field strengths for the Tromsö,
Arecibo, and Nizhniy Novgorod heating facilities, both parallel and perpendicular to B-r,
are about 1 V/m at the UH layer) but p = 6,7 are on the borderline for this case and are
probably easier to excite in the previous case. When Te = 2T, the thresholds for the lower
harmonics are still very small but for p = 6 and p = 7 the thresholds may be out of present
experimental capacity.

Inserting (4.7) into (4.6) also gives u>LF(kLF) = ^LF(kd + 1CLF||)- Since the
frequency of the SEE is given by U > S = W O + U L F then the cutoff frequency is
*>c = min(u>s - wo) = min(u>LF)- The minimum LF frequency is just given by inserting
the minimum wavenumber since we assume that all low frequency waves have positive
group dispersion. Equation (4.6) was solved numerically with ikLF|| = 0 for p = 3,4,5
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Figure 4.4: The cutoff frequency in kHz for 6n/n0 = 0.1. The linear dependence on p agrees with
experiment. The cutoff frequency calculated is for the threshold for growth. SEE at this frequency
is of zero amplitude.

and fcLF|| = -2fco for p = 6,7. In Figure (4.4) uc is seen to be linear in p but somewhat
lower than in experiment. This is as expected because the empirical formula in Leyser et

al. [1992b] is for the peak power point; threshold is at noise level. A larger we would be
obtained by choosing a larger in/no.

For the record, we point out an alternative cutoff mechanism. Observe that electron
Bernstein and lower hybrid waves can only exist when fc||/ifcj. < is/mfM. With the pump
wavenumber k0 inserted, a lower bound on k± is obtained. The minimum fcj. gives a
minimum low frequency, and thus cutoff frequency, which increases like y/p but is a few
kHz below the one already calculated above.

So far we have established that the instability occurs for low thresholds, and has a cutoff
frequency, frequency and time dependency in agreement with experiment. The efficiency
of the DC and merging process is also important. The DC process studied by Antani et al.

[1992] was such that at ^ 0 = 4.03 x fie and Ae % [0.2,0.4], the excited upper hybrid wave
amplitude could be greater than 4 times the pump amplitude. This example corresponds
to the fourth harmonic. The DC process, which has zero threshold and grows secularly
wi*h time, has thus been shown to be very efficient.

The merging process involves the upper hybrid wave beating with the low frequency
parametricaJly excited wave. The general high frequency equation for the transverse waves
radiated at (ws.ka) and excited by the beating of the upper hybrid and low frequency
parametrically excited wave, is D(u;s,k3)E(ws) = v^EuH(wo)n(u>LF)/no- It is seen that
E(u>s) is large if its linear dispersion relation is satisfied. For frequencies of u>s « - k 0 it
must be the case that k3 as ko'z. This case has already been established in the "Kinemat-
ics" section. The merging is efficient if the matching conditions produce a frequency and
wavenumber satisfying the linear dispersion relation and this is the case in our model.
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4.5 Conclusion

A parametric decay (PD) of an intense pump field into an electron Bernstein (EB) and low
frequency mode has been studied. The threshold field strength for the instability is well
within experimental capacity. The threshold field strength increases as density depletions
vanish. A frequency of electromagnetic emission u>s = 2wo — pQe has been calculated: also
a cutoff frequency which increases linearly with p has been found. The above results are
in agreement with observations of the BUM feature of SEE. We therefore believe that the
Broad Upshifted Maximum could be caused by the PD of the pump wave into an EB and
low frequency wave, a direct conversion, on density depletions present at the UH layer,
of the purcp into an UH wave and the subsequent interaction of the pump with the low
frequency wave.

Using our model it may be possible to estimate the electron cyclotron frequency. In
addition, for example, measuring the cutoff frequency as the pump power is varied would
give an estimate of the dependence of density depletion intensity upon pump power level.

Concerning future work, it is rather easy to write down possible decay processes and
•nteractions which could also be consistent with some properties of the SEE. Thorough
investigation of competing processes as well as a fully nonlinear treatment will be absolutely
essential if a good understanding of the Broad Upshifted Maximum feature of SEE is to be
achieved.
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CHAPTER 5

STIMULATED ELECTROMAGNETIC EMISSIONS FROM MAGNETIZED AND

INHOMOGENEOUS PLASMA

In contrast to the previous Chapter, a nonparametric finite amplitude model of SEE has
been developed. This work follows Goodman [1991], with the section on 'Calculation of Cur-
rents1, significantly modified after discovering the existence of an inappropriate definition of
a current term. We model the radio emission spectrum for an electromagnetically pumped,
magnetized and inhomogeneous plasma a: id compare the results to observations of upper
sideband features of stimulated electromagnetic emissions (SEE) in ionospheric heating
experiments when the heater frequency, UIQ, is near harmonics of the ionospheric electron
cyclotron frequency, Qe. Our model involves solving the equations of motion for electrons
in an external electromagnetic pump wave and geomagnetic field and in the presence of
sharply varying density gradients, to calculate a current which excites electron Bernstein
and lower hybrid waves. We reinsert this current into the equations of motion and continue
in an iterative manner. The result is a current which depends on density gradients across
the geomagnetic field. The current intensifies with decreasing density gradient scale. It has
a frequency w = 2w0 - pfie, where p is an integer, is resonant for uo * pfie and for which
there is a cutoff in the spectra at about 10 kHz above the pump frequency. Our results
agree with observations made in SEE experiments.

5.1 Introduction

A description of the experimental observations was given in the previous Chapter. We
consider a magnetized, inhomogeneous and warm plasma which is pumped by a powerful
electromagnetic radio wave whose frequency u>0 is arranged to be near an integer p multiple
of cyclotron harmonics, i.e., that u>0 « pfte (see Figure 5.1 for heating geometry). Our
calculation involves solving the single-particle equations of motion iteratively.

We first introduce the basic equations of motion and deal with the zeroth-order iterate
in which the external uniform geomagnetic field, applied oscillating pump wave, and static
equilibrium electric field of the density depletion act as the forcing terms.

Our treatment of the equations of motion, which are nonlinear, due to the sharply
varying density depletion force term, follows Simon and Roenbluth [1963]. In the latter
work the authors examined electron motion in a static but sharply varying electric field.
The motion was such that the electric field varied during the Larmor radius orbit of the
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Figure 5.1: Heating geometry for northern Scandinavian site. Currents initiated by thermal cavities
at the upper hybrid layer interact with the pump to initiate electron Bernstein waves across Bo.
These waves ultimately act as the source for stimulated electromagnetic emission (SEE), generated
at the upper hybrid layer.
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electrons. The result of the latter is an incomplete cancellation of the phase of the electrons
around an orbit and the consequence remainder of coherent electron motion at the cyclotron
frequency. The Simon and Rosenbluth paper [1963] explained experimental observations of
electron cyclotron harmonic radiation from laboratory plasma [Crawford, 1965]. Associated
with the motion of the electrons oscillating at the electron cyclotron frequency, we calculate
a charge density T).

Concerning nomenclature we write the total electron density ne as the sum of the
natural background no plus the total fluctuation 6n. Three contributions to ne will be
considered: n = no plus thermal cavities and such like, the high-frequency fluctuation r),
and a fluctuation n' associated with lower hybrid waves.

In the next section we postulate that electron Bernstein waves are excited and propa-
gate along the small-scale (thermal) turbulent density gradients across the magnetic field.
We thus derive a nonlinear Bernstein wave equation in (w,k) space. This is achieved by
following the derivation of the linear dispersion relation but retaining a nonlinear interac-
tion term coupling the electron density en to electric field E. We substitute the charge
density 77 for the charge density 6n and the zeroth-order pump wave E[0] for the electric
field, and then the solution to the wave equation is a new first-order field E[l] oscillating
at the frequency u>o - ftf. The field E[l] then replaces the pump E[0] in the equations of
motion, which are solved again. The complementary part of the solution due to E[l] and
oscillating at UJ0 ± fie, where we retain the LJQ - Qe part only, is then used to derive a cur-
rent and, using the continuity equation and Poisson's equation, a new secondary electric
field e[l] still at the same frequency u>0 - fic- The field e[l] then replaces the pump in
the nonlinear electron Bernstein wave equation, thus generating another field E[2] whose
frequency is u;o - 2fit. This process is continued, each time adding the new fields E[/] and
e[/]. / being an integer symbolizing the number of iterates and telling us that the frequency
is *i0 - /fif. We continue until / = p - 1, after which the frequency UJQ - pQe is too low to
excite Bernstein waves.

We postulate now that lower hybrid waves are excited and in the third section heuristi-
cally derive a nonlinear wave equation in (w,k) space for them. This equation once again
has a coupling term for electron density and electric field, and we substitute 77 for the charge
density and e\p- 1] for the electric field. The result is a low-frequency lower hybrid charge
density wave n'.

The final important step of the calculation is to go back to the nonlinear Bernstein
wave equation and insert n' and E[0] to excite a field at the desired frequency 2u>0 - pQe.
From this field we can infer a current and with it a vector potential and hence electric and
magnetic field whose radiation patterns will be studied.

In the last section we estimate the radiated electric field strengths, compare with ex-
periment and discuss further possible experiments.

5.2 Calculation of Currents

This section mostly follows the paper of Simon and Rosenbluth [1963]. We consider the
motion of electrons immersed in a static and uniform magnetic field Bo = Bo'z and static
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electric field such that E = 0 in x < 0 and E = -Kxi in i > 0. In addition there is the /th
(the integer / was explained in the introduction and will become clearer later) time Fourier
component E[/j (to zeroth-order, / = 0, the pump) of a finite amplitude time dependent
wave. The single-particle equation of motion in x < 0 is then

= -e Bo-eE[/]
at

where va is the particle velocity and ma the mass. Starting at / = 0 with a pump electric
field of the form E[0]exp(-iwo<), the solution to the equation of motion is

<gBo(E[0]-Bo)

With Vro.fyo. vzo initial values of the velocity components, the quantity r x = v^ + i?^,,
and 0 = arctan(-rxo/t;vo)-

In x > 0 the main difference to the electron motion, in comparison to equation (5.2)
resides in the x and y components of the compulsory term oscillating at about the electron
cyclotron frequency. We have,

vx = A sin fi,< + B cos fi,/ + (e~""otterm) , (5.3)

|e|A'x Ail, BQ, / _t t \
vy — — ——cosf2,^+—-—sinfi,t+(e "** term) , (5-4)

where

The coefficients A and B are given by

= —v± ( —^cos^cosfijii +sin<Asinnsti 1A = —v± ( —^cos^cosfijii +sin<Asinnsti 1 , (5.6)
/

B = — t>x ( ^~-cos4>s\nQ3ti - sin0cosn,<j 1 , (5.7)

where tx = 2<£/Qt. The motion for x < 0 is regained by setting K = 0. Integrating the
velocities over <t> on [0,7r] in x < 0 and [jr,2ir] in i > 0, neglecting the parts oscillating at
LJ0. which are irrelevant to us right now, averaging over a Maxwellian distribution of v±. on
[O.oo]. and adding the results, gives,
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The first two terms on the RHS of Equation (5.9) constitute the usual drift veloc-
irv. Phase integration would have given zero without the broadening of the electron cy-
clotron frequency (see Equation (5.5)). The broadening is due to the change in phase
of the electron on passing through the sharply varying medium; it is a nonlinear effect
of the trajectory of the electron interacting with itself. For a density gradient instead
of an electric field we take E = — KBTeVn/\e\ and Taylor expand the density such that
JI = n0 + éxdn/dxo + \/26x2d2n/dx2

) + ... where ix is the electron excursion from the
equilibrium position xo- It is thus seen that A' = (ngTe/\e\)d2n/dxQ. From continuity
considerations we arrive at an effective charge density

Before going further the pump configuration is required.

5.3 The Pump Wave

Neglecting nonlinearities. the altitude-dependent E[0] can be calculated using linear wave
propagation methods such as WKB or the uniform approximation technique of Lundborg
and Thidé [1985, 1986]. These authors show that in the ionosphere with an altitude-
dependent monotonically increasing plasma density with a simple zero at altitude tj the 0
mode field is

E[0](x3) = (px(x3),hPx(x3)PL,o(*3))[px(x3)2 - l]-1/2F0(x3) (5.11)

and refers to a coordinate system (ii,x2,x3) with i i pointing towards magnetic east, x2

to magnetic north and x3 vertically upward. The terrestrial magnetic field Bo is regarded
a > ving in the x2x3 plane making an angle 0 to the negative x3 axis. The functions p\,
f>L,o and Fo are given by

PX =

PLO =

2(1 + J Z - A ' ) Y ' C O S 0

{y2sin26>- [Y4sin40 +4(1+ iZ-X)2Y2cos2ef/2\ (5.12)

iYs\nS , ,

in which, with electron collision frequency v, X = u; 2 /^ , Y = fte/wo, Z = U/UJ0, and

Y2s\n2e- [Y4sin40 + 4(1+ iZ-X)2Y2cos28}1/2} (5.15)

3 \ 2 / 3

itf) (5.16)
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fz3

c = k Jio(x3)di3 (5.17)
Ju

Q = 2[*7r(^(x3)-l]1/2£nexp{i[T-7r/4]} (5.18)

T = it f1 no(x3)di3 (5.19)

D = [1-MZ-A']{[1 + i Z ] 2 - V 2 } - A T sin2 0 (5.20)

where £ n is the amplitude of the upgoing wave at a point z 3 n below the ionosphere
and pointing in the x2 direction. The field components perpendicular and parallel to the
magnetic field are given by

Ex = (£i, £2cos0 + £3sin0) (5.21)

£|, = - sin0£2 + cos0£3. (5.22)

A necessary factor of the stimulated electromagnetic emissions (SEE) phenomena of this
paper is that small-scale density striations are present, and this condition is fulfilled at
the upper hybrid layer [Vas'kov and Gurevich, 1977; Das and Frier, 1979]. At the upper
hybrid laysr the plasma frequency is less than the pump frequency, and so A' is not too
close to u». ty. In addition, if Y C 1 then it follows that p\ W'U D e close to -? and pt,o

very small. For 0 small (but still greater than 10° due to the fact that the propagation is
only valid within the quasi-transversal approximation [Budden, 1966]) it is then seen that
the parallel component of the field is very small. We thus represent the pump field as

E[0] = —§=(1. i cose», 0). (5.23)
v2

This pump configuration is valid at the upper hybrid layer but not at the reflection layer.
At Troniso, 9 is small (12.8°) so we see that the upgoiag O mode pump wave is almost
right-hand circularly polarized.

We now rotate onto the axes used in the previous section, which were defined by Bo
and the direction of the density gradients of the thermal striations. With i? the angle
between xj and the direction x of the gradient of n(x), the pump field, in two dimensions
perpendicular to Bo, is then given by

Fo I cos tf + t cos 0 sin i?

v/2 \ - sin t? + i cos 6 cos •&

In the next section we examine the interaction between TJ and the pump E[0].

5.4 Excitation of Perpendicular Wave Modes

5.4-1 The Electron Bernstein Modes

The interaction between the charge density T) and the pump electric field E[0] can excite

cyclotron harmonic waves propagating perpendicular to Bo, and with large k from the

turbulent density gradients in n—electron Bernstein waves by definition. This excitation

53



will be calculated by deriving a phenomenological nonlinear wave equation for electron
Bernstein waves by perturbing the linear equation. In the derivation the pump wave number
will be neglected, since on these small scales the pump is almost homogeneous. Only in the
damping term where a parallel wave number is involved will the pump's wave number be
included. The linear wave equation, in (o-\k) space, for electron Bernstein modes is. with
Z an integer such that *; Ä Z9.e [Melrose. 1986],

.k) = L-2 - Z2Q2
e - 2Z2^_^Jl + 2»une) E{u>,k) = 0. (5.25)

where fe is the damping frequency and where

K = ^ r - (5.26)

We now insert the phenomenological correction to the plasma frequency

where bn is the total electron density perturbation on top of the stationary background n0.
It should be emphasised that bn o E is a convolution between in and E of any frequencies,
i.e.. bn does not have to be low frequency. The latter was demonstrated in Goodman [1992]
(and in this thesis) in a kinetic derivation of the Zakharov equations. The result is the
nonlinear wave equation

E = 2 Z ^ M ^ 1 ^ 0 E (5.28)

where o means a convolution over wave numbers and frequencies. The integer Z can be
found frjm

-; « ZQe (5.29)

plus the resonance condition

u>0 Ä pQe (5.30)

and the fact that

u; = u>0 - /fie. (5.31)

Thus we find

Z = p-l. (5.32)

The nonlinear electron Bernstein wave equations enable us to calculate new electric field
time Fourier components as a response to the interaction between the electron density n

(which we substitute for bn) and electric field time Fourier components starting with the
pump at /=0. Labelling the fields E[l], E[2] etc. according to the position in the iterative
hierarchy we described in the introduction, we begin with E[l]. Writing the nonlinear
electron Bernstein wave equation as

— o E [ / - l ] , (5.33)
7l0
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in which the propagator G'< and coupling ropffkient C; are.

Gt = J* -(p- l)2n? - 2(p - iUh-l{X;)e~X\ (5.34)

and

Cl = 2(p-l)^-l{X
i;

)€~', (5.35)

we see that E[l] is given by

^ ^ (5.36)

This field can act as a pump itself. We thus replace E[0] by it in the equations of motion
(equation 5.1). The resulting complementary component of the velocity solution can then
form a current which in turn gives rise to an electric field. This electric field then can act
as the next pump which interacts with the charge density T). In general, for the /th iterate
we write down a curren*

JiW = -encv±[l] (5.37)

in which we are only interested in Jx[/] at the same frequency as vj.[/] and so are interested
only in the slowly time varying parts of the total electron density, which are denoted by
n(x). Using the continuity equation

! V . J [ / ] 1 = 0 (5.38)+ V J [ / ] 1 = 0

and Poisson's equation, we calculate the electric field e[l] corresponding to Jj.[/],

Letting

(5.40)

sint?costf(l -cos2») , , ^

z=—n 2 2 (5.41)

e[l] is given by

e1 1 nG\C\ T) Fg
C[1] = — ' . , - f i f ) 2 - n 2 2 n T T l *

-*- .-n.)«. (5.42,

Putting e[l] into the nonlinear Bernstein wave (Equation 5.33), gives a new field E[2],

£ ^ 1 G 2 C 2 y_£̂
iOm (u;0 - fif)

2 - Q2 2i n0 °
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with which we start off again, putting E[2] into the equations of motion, deriving a new e[2]
t 'c. and continue in an iterative scheme, finally generating a series of fields E[/]. Letting

and

G] = (-*> - J U ) 2 - (P - J)2n? - Ip-:(Xe)e-"'/Xr

with j - 1,2,... and Äo = Go = 1, the fields E[/] and e[/] are given by

u,.A
J i 2't n0

' "^"(i- 'r 'n. * , ' e-t(«o-ni«»« (5.46)

in which 2 < / < p - 1, and

in which 1 < / < p - 1. and where the /// and i/; are defined through the recursive relations

M + ' ^ - i . ^o = 1 (5.48)

(5-49)

with fo = -£• The expressions for E[/] and e[/] are only valid for / < p - 1. For / = p the

frequency w0 - pfic is too low for the electron Bernstein wave equation (5.28) to be valid.

5.4-2 Lower Hybrid Mode Excitation

After the (p - l)th stage of the iterations the frequency u = u>o - pCle is small, so it is
not possible to excite electron Bernstein waves. We postulate that lower hybrid waves are
excited. We shall again derive a nonlinear equation for lower hybrid waves, this time using
the usual fluid derivation of the lower hybrid dispersion relation [Nicholson, 1983]. We
shall consider nonlinearities in the convective, inertia! and Lorentz force terms. We shall
need the fluid momentum conservation equations of motion for particle species a,

the

rn

continuity

ana(dtva +

equations

v o - 'vvo) =

dtna +

n'

V

na

v o

+ qana

= 0

vo X 2, (5

(5

.50)

.51)
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and will write

na = nOa + n* + n£ (5.52)

va=< + vh
a (5.53)

where * and h refer to the slowly varying and high frequency parts, respectively, and in

which it will be assumed from quasi-neutrality that UQC = nOl = n0. n* a n* = n" and that

vt
A, n-1 = 0. All cubic nonlinea'ities will be neglected as will all nonlinear products of slowly

varying terms, since there is no slowly varying driving field present. For the high-frequency

electron velocity we see that

men
h
tdtv

h
t a -nen

h
eE

h (5.54)

which cancels a term on the right of the electron momentum conservation equation. Sum-
ming the momentum conservation equations, taking the divergence and using the continuity
equations gives

(me + m,)dttn
s - {leTe + 7,T,) W + en0V • ((v4 - ve) x Bo) =

-med,V • n*ve
fc + men0V • (v* • Vv*) + eV • (nty x Bo) . (5.55)

The first nonlinear term on the right-hand side involves the time derivative of a low-

frequency product and can be neglected compared to the other nonlinear terms present.

To express the last term on the left in terms of n, we take the curl of the electron momentum

equation to get

- iwroen0(V x ve) = -en 0 V x (ve x Bo) - eV x (nh
e o Eh) (5.56)

Fir longitudinal waves with n£ such that

Vx (nh
eoEh) = 0 (5.57)

we obtain

k x v , = — -̂k x (\e x z). (5.58)

This gives three equations in the velocity, and using the continuity equation again, we
obtain a relation between the density and velocity components which we substitute into
the equation for n'. The final result is, in (w,k) space, and where we have substituted 77

for n£ and e[p - 1] for E \

J - k2c]

(5.59)

where Q, is the ion cyclotron frequency ct, the ion sound speed and M the ion mass.

Explicitly, n' is given by



P o - I P -

( j - o k + j k - o ) TT fp —G C —o]

j = i

where Gi is given by

GL=u2-k2c2,+Qtnt.

(5.60)

(5.61)

Finally, we insert n' from equation (5.60) describing the simultaneous excitation of lower
hybrid and electron Bernstein waves into equation (5.33) together with the pump field and
include damping in the equation:

E[p] = Cp— o E[0] (5.62)
n0

This equation for E[p] can be much larger than the preceding fth fields because n* contains
the resonant fields e[p - 1]. These fields are not limited by perturbation theory to be
smaller than the (p —2)th fields and down because the last step in the calculation was with
the equations of motion, which were general and contained a resonance in Rv-\. Also, the
equation looks parametric but the presence of the convolution means it is more general.
We take for -)t electron cyclotron damping which for a Maxwellian plasma is [Ichimaru,
1980]

m '"" (5.63)

(5.64)

(5.65)

For fc|| <C fci. the cyclotron damping ->f blows up when

ft,, > 0.35 [ ^ (uk - pQe).

From the resonance condition, Equation (5.30), we know that

where 6*j gives the frequency upshift of the radiation relative to the pump frequency. For
fixed fc|| the relations (5.64) and (5.65) give a minimum frequency upshift 6fc at the cutoff
where the damping blows up. The value of k^ is given implicitly from equations (5.60) and
(5.62). To estimate the cutoff frequency, we shall neglect the contribution to fc|| from the
thermal density striations (see discussion below), in which case we simply use the fact that

then

£[0]

E\p] ~ E[0}2

(5.66)

(5.67)
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then kt\ is seen to be twice the pump's parallel wave vector. This is the case because we
have twice introduced the pump as a Fourier component in our analysis.

So for a pump wavelength of Ae|| along the magnetic field.

*„ = £L
and it follows from equations (5.64) and (5.68) that the frequency cutoff 6fc is

(5.68)

(5-69)

Taking Ae|| to be 100 m and Te of 2 000 K gives a Sfc of about 10 kHz. This is a bit low but
reasonably close to observations [Leyser, 1989] (see Figure 4.2). Inclusion of the parallel
wave number of the thermal striations would increase the cutoff frequency somewhat. In
fact, their inclusion could also make 6fc dependent on p, in qualitative agreement with
recent observation [Leyser et al., 1992b]. In addition, increase of Te due to plasma heating
would increase the cutoff frequency.

From E[p] of equation (5.62) a current J[p] can be found:

J[p] = ^|nä |E[0]e- | (2u ;o-pn« ) ' (5.70)

Written out in detail, it becomes

3[p] =
A/

2 2TV <

where, with j the current related by continuity to 77,

(5.71)

a = j • ok
p-1

X X V •»_ ^ •* * i _

b =
n0 vp-i

(5.72)

(5.73)

and

fi (fG/7Ä)l 4 ( ^ ) . (5.74)
This current is the central result of our calculation. It oscillates at the frequency u =
2ui0 - pfif, is resonant, through the RT-\ factor at uo - pQe = 0, and varies with density
gradient scale /' as l'~2p as can be seen by looking at the form of J and J/. Thus, it favors
small scales. These properties are in good agreement with experiment [Leyser, 1989].

The current is directed across the magnetic field, and the spatial dimension where
it is nonnegligible is small compared to the vacuum wave number (2u0 - pQe)/c. Its
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spatial dimension along Bo is of the same order as Af||, and n, which makes it essentially
homogeneous compared to the perpendicular dimension. This is essentially equivalent to a
chain of dipole moments whose electromagnetic fields may be able to interfere constructively
and then radiate out of the plasma and be observed on the ground.

5.5 Radiation Field

We now estimate the far-field radiation characteristics of the current equation (5.71). To
do this we inverse Fourier transform J(k) with the definition

(5.75)

The retarded solution in response to a current source for the vector potential A(x,i) in
the Lorentz gauge and SI units is [Jackson, 1975]

A(x,r) = p

At retarded time t' the current is assumed to take the form

J(x',0 = J(x')elu"'sin0, jfco = - . (5.77)

We choose the observation point in the radiation zone for a large distance r at angle of
observation 0 to be

z = rn, n = (0, -cos0, sin0) (5.78)

and expand the distance to the source point x' about x to second order:

|x - x'| * [(r - n • x')2 + (n x x')2] 5 « r - n • x' + (n x X')2/2T. (5.79)

Substituting this expansion into A(x,<) and keeping only terms up to r"1 gives

A(x.r) = — / dz' I dy' / dx'J(x') x
47IT J-L J-l' J-l>

eik0(y' COS«+^T[J2'+(I' sinB+y'ca»)7)) ^ (5.80)

where L is the dimension of the small-scale density striations along the magnetic field and
/' is their dimension across the magnetic field.

The z' integral can be performed with the help of the identity [Abramowitz and Stegun,
1964]

I cosfax2 + 2bx + c)dx = , /^-cosf — I C I \ —(ax + b) 1 +
J \ 2a \ a J yv av J

~aC ) S (y/2alr(ax + 6)) + const. (5.81)£- sin
la
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where C and S are Fresnel integrals. We shall assume that L > /' and thus neglect the

third term in the argument of the exponential in the expression for the vector potential

A(x.r). We then find that, using Maxwell's equations to calculate the electric field E(x,r)

from A(x.f).

E(x,f) * _ ^ ^ ) , . ^ ) g : c (\l^-) f «te'J(zV*""'«»'. (5.82)
xc V rk0 I V T 2 / J-v

Treating the current J[p] as a source term, the SEE radiation can be estimated. An
exact analytical expression for this Fourier transform of J[p](k) is probably impossible.
However, the current J[p](k) does have a convenient structure for Fourier transforming
since it mostly consists of a chain of convolutions. We use the property that convolution in
one domain is multiplication in the other so that, for any functions A(x), B(x) and their
Fourier transforms A(k), B(k),

Ft (Ä(k) o B (k)) = A(x)B(x) (5.83)

and the associativity of convolution, i.e.,

ao(boc) = (aob)oc. (5.84)

As an approximation made for the sake of obtaining a rough estimate of the electric field

strength we assert that, except in Äp_i,

u;0 = pfie for; = \...p- 1, (5.85)

is exactly satisfied, so that we take

Gjl=Cj for j = l . . .p- 1. (5.86)

Additionally, we assume that
Q,QC » c]k2 (5.87)

so that GL is approximately independent of k. The Fourier transform of J[p], (Equation

(5.71)) is then

I°.e-i(*«>-pnt)t x

V2

In order to proceed we need detailed knowledge of n(x) containing the density striations.
A self-consistent calculation of these small-scale density striations requires a nonlinear
transport equation analysis and would be inappropriate here. We shall simply assume the
following form for the total background electron density after it has saturated in a steady
state:

n(x) = n0 (l - He13'21") (5.89)
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and suppose the Gaussian striations to be of length L parallel to the magnetic held along
the z direction. Then, for

(5.90)j
we find that, to an acceptable approximation,

and the current associated with TJ from the continuity equation

Also, we shall approximate
n(x)/n0 ~ 1- (5.93)

We calculate E[p] using the parameters F0=lV/m,Te=2 000 K,/'=l m, Qc = 1.35xlO6Hz,
3=0.1, A//m=54000, 0 = 13°, k0 = 2TT/100 m"1, and u0 - pQe=l kHz. Then it is found
that |£[3]| = 1.3 x 10"5 V/m, (-50 dBm), |£[4]| = 1.4 x 10~8 V/m, (-77 dBm), and
I£[5]| = 2 x 10"8 V/m, (-75 dBm). These results are in reasonable quantitative agree-
ment with experiment (see Figures 4.1 and 4.2). The results are perhaps an overestimate
because we have not considered mode conversion from electron Bernstein waves to electro-
magnetic waves or losses associated with propagation to the ground. These effects may be
large. Also, there appears to be a slight falloffin electric field strength with increasing p.
This property of our model is in accordance with perturbation theory. A fully consistent
nonlinear treatment would not necessarily lead to the same behavior. However, nor would
it allow such an easy way of obtaining the desired frequencies.

5.6 Conclusions

Using simple heuristic arguments, we have derived a current from which we can infer
a radiation spectrum remarkably similar to SEE measurements of the broad upshifted
maximum feature. The model is only valid at the upper hybrid layer. Several testable
properties of the radiation spectrum are predicted. For example, its cutoff should depend
on pump wavelength. The physical picture suggested by our model may, we hope, prove
useful in setting up a rigorous and self-consistent theory.

The most serious deficiency in our treatment has been in not discussing the breadth
of the spectra and not incorporating mode conversion in calculating the final radiation.
Also, various alternative methods of creating the cyclotron oscillation of electrons should
be considered. Also, more accurate evaluation of (5.80) and (5.88) using more specific forms
for n(x) and proper numerical integration over k would be somewhat more informative.
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CHAPTER 6

ELECTRON CYCLOTRON HARMONIC DEPENDENCE OF THE FREQUENCY CUTOFF

IN STIMULATED ELECTROMAGNETIC EMISSIONS

Following the finite amplitude wave theory of the last Chapter we model the cutoff fre-
quency below which the Broad Upshifted Maximum feature of Stimulated Electromagnetic
Emissions (SEE) does not occur. Using the finite amplitude theory for SEE it is found that
the cutoff is essentially cyclotron damping and shown that the cutoff frequency is linearly
proportional to the electron cyclotron harmonic number that the external pump wave is
resonant with. Our results agree with experiment.

6.1 Introduction

Experimental results obtained during day-time heating at the Sura ionospheric heating
facility near Vasil'sursk, in Russia (geographic coordinates 56.13°N, 46.10°E), between 17
and 27 September 1990, have shown a new property of the cutoff frequency bfc. It was
empirically observed [Leyser et a/., 1992b] that the cutoff frequency was dependent on the
harmonic integer p approximately according to 6fc « 6p - 14 kHz; this relation is for the
frequency upshift from the pump at the peak power point.

The model for the Broad Upshifted Maximum feature was described in the last Chapter
and in the paper [Goodman, 1991]. This model agreed with the empirically observed
frequency of 2uo-pQe, the dependence on density striations, observed power levels received
on the ground and was in approximate agreement with the cutoff, predicting a value of
about 10 kHz. It was also mentioned that a p-dependence in the cutoff frequency might
exist, although a detailed prediction was not made at that point.

The model involved the pump wave exciting currents across the geomagnetic field along
the gradients of density striations. The currents then excited electron Bernstein and lower
hybrid waves in a multiple scattering process, resulting in a radiating current. In the model
we considered a magnetized, inhomogeneous and warm plasma pumped by a powerful elec-
tromagnetic radio wave whose frequency u;0 was arranged to be near an integer p multiple
of cyclotron harmonics, i.e., that w0 « p£lt- The calculation involved solving the single-
particle equations of motion iteratively. We first introduced the basic equations of motion
with the zeroth-order iterate in which the external uniform geomagnetic field, applied os-
cillating pump field and equilibrium static electric field of the density inhomogeneity acted
as the forcing terms. The solution gave a compulsory term oscillating at the cyclotron
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frequency and a complementary term oscillating at the pump frequency.
We then postulated that electron Bernstein waves are excited and propagate along

the small-scale (thermal) turbulent density gradients across the magnetic field. We thus
derived a nonlinear Bernstein wave equation in (u\ k) space containing the coupling between
a charge density fluctuation 6n to electric field E. We substituted the charge density 7;
for the charge density 6n and the zeroth-order pump wave E[0] for the electric field, and
then the solution to the wave equation gave a new first-order field E[l] oscillating at the
frequency u;0 - fie. The field E[l] then replaced the pump E[0] in the equations of motion,
which were solved again. The complementary part of the solution due to E[l] and oscillating
at -Jo i fie. where we retain the uo - fie part only, is then used to derive a current and,
using the continuity equation and Poisson's equation, a new secondary electric field e[l]
still at the same frequency u>o - fie- The field e[l] then replaces the pump in the nonlinear
electron Bernstein wave equation, thus generating another field E[2] whose frequency is
~o - 2QC. This process was continued, each time adding the new fields E[/] and e[/], / being
an integer symbolizing the number of iterates and telling us that the frequency is u;0 - /fif.
We continued until / = p - 1, after which the frequency w0 - pfte was too low to excite
Bernstein waves and then considered the excitation of lower hybrid waves. It should be
understood that lower hybrid waves were not excited before because the frequencies would
have been too high. An effective lower hybrid charge density n* was calculated which
coupled to the pump wave to excite a resonant field oscillating at the desired frequency
2~o - pfif This field, and the radiation properties of a current associated with it, gave
agreement with experiment.

The cutoff in the spectrum of the calculated current arose due to the cyclotron damping
of the Bernstein waves. The idea of the present Chapter and of the paper [Goodman,
1992b] is to take into account the wavenumber, or spatial variations, of the thermal density
striations. upon the damping. The damping will obviously determine the cutoff frequency.
To the knowledge of the author, most theoretical works on thermal density striations have
been in connection with a dipolar, or, homogeneous pump, and have found the striations
to be homogeneous along the geomagnetic field lines, i.e., with zero wavenumber parallel
to the geomagnetic field, k,^ = 0. In reality the pump wave is inhomogeneous and has a
standing wave nature so that we would expect the striations to vary in some way along
the field lines. It is reasonable to expect that the striations would be strongest at the
peaks and troughs of the pump wave and weakest at its nodes. In other words, it has
the same variation as the pump and so we shall assume that the parallel wavenumber of
the striations is related to the wavelength of the pump by k,\\ = 2?r/A||. Although thermal
transport along the field lines will smear out the variation with the pump, it would probably
not destroy the basic structure. A theoretical calculation [Das and Fejer, 1979] taking into
consideration the standing wave nature of the upgoing pump wave found that the local
heating would be in phase with the spatially periodic heating of the pump wave, which is
in qualitative agreement with the above argument.

The Chapter is arranged as follows. In section 6.2 we shall summarize the essential
components of the model. In section 6.3 we shall discuss a more general cutoff frequency
than was used before. In section 6.4 we compare to experimental findings.
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6.2 The theoretical model

In the model of Goodman [Goodman, 1991] the central result was a current given by

et0

Z k (6.1)

in which, using the symbols Xc — (k±vr/Qe)
2, vj- is the electron thermal speed, fic the

electron cyclotron frequency, FQ the magnitude of the pump electric field strength, n(x)
the slowly time varying electron density, including the background, no and thermal density
striations, p, / and j are integers.

a = j • o k g
no

/ v /
O I "p— 1

V2 \ vv-x

b =
jL,

(6.2)

(6.3)

c = -(u>0-(p-l)ne)|r/|o

F'
(6.4)

It is essential for what is to follow to understand how the quantities in square brackets in
a, b, c are to be evaluated. As an example, for p = 4, with the generalizations to other p
being, hopefully, obvious,

n - ^ - <
I — C 3 O 3 — 1 o I —C 2 <J2—I o I—C1G1 — I o ̂ 0 (6.5)

so it is seen that this product notation produces a chain of convolutions in (w,k) space.
These convolutions will Fourier transform into a non-convoluted function in (x,<) space.
The other quantities are

1

- J f l e ) 2 - ( P - J
(6.7)

(6.8)

(6.9)
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the vector quantity j takes the amplitude of the components of the vector current j , with n
being the total stationary electron density and primes denote differentiation with respect
to space

and 17/| is the amplitude of the oscillating quantity T/, where

Furthermore,
Fo = Fo(costf + tcos0sintf) (6.12)

sin0co8fl(l-cos2g)

(6.14)

1/1 = w o - ( / - D a T" 1 + ä H (6"lD)

with UQ = -£ . The current was derived directly from the electric field solution to a
nonlinear Bernstein wave equation containing electron cyclotron damping given by. in a
more accurate form than used previously [Trulstn and Bjernå, 1978]

and i/; are defined through the recursive relations

u / 0 - ( / -

where Ip(Ae) is a modified Bessel fi action. In this model, u>o Ä pQt so that u>k - pf2e ~ ^ ,
where 6u gives the frequency upshift of the radiation relative to the pump frequency.
Previously [Goodman, 1991] we observed that as fc|| varies the damping will blow up when
fc|l > O.So/rjfujt - p£le)- For fixed k\\ we said that iui then determines the point at which
damping becomes significant. An estimate of fcy is needed to calculate bjc. In the original
model it was observed that J[p] ~ E[0]2 so that we took fcy = 4TT/A||, where Ay is the
wavelength of the pump along the geomagnetic field. This estimate gave a cutoff of about
10 kHz. It was mentioned that had the k dependence, in both the parallel and perpendicular
directions, of the density striations in n(x) been considered, then the cutoff would have
been p-dependent. In the next section we discuss the role of the density striations in the
cutoff frequency.

6.3 Cutoff Frequency

The cutoff frequency will depend on the total wavenumber which has contributions from
both the pump and the density striations. We shall consider the density striation wavenum-
bers perpendicular, k,i, and parallel. ktn, to the geomagnetic field Bo. It can be seen from
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equations (6.5),(6.10). and (6.11) that J[p] scales with the striations. approximately ac-
cording to

J[ph"'x(nr'- (6-17)

In deriving the above scaling relation we have neglected the n/n0 terms in the products
in J[pj. This is because n = n0 plus thermal density striations. The thermal density
striations are only a few percent of the background 7»o and so n/no is approximately unity
everywhere. If the striations in n(x) are characterized by a wavenumber kt\\ along the
geomagnetic field lines then the total parallel wavenumber of the current is given by

*U = P*,|| ± -£-. (6.18)

From the discussion of the introduction we take

*ll=£(p-2) (6.19)
All

in which we have taken the negative sign from the previous expression because the current
withe lowest wavenumber will be cutoff at the lowest frequency and will therefore be the
component of the current relevant to the observed spectra at the observed cutoff. For a
rough estimate we can use the collisionless fluid dispersion relation for a parallel propagating
electromagnetic wave (left hand circularly polarized) to calculate A||. With w0 = pfi«,
u,pf = Up - fij at the upper hybrid layer, we obtain A|| = c/y/pfee where }ce = Qe/2n.
The value for k±, is approximately pk,i where we have neglected the very much smaller
contribution from the pump. Using the above we find, with Xp = P2K^

so that the frequency upshift, b/<-, is given by

which has a rather complicated dependence on p. For the ionospheric upper hybrid layer
at Sura we have taken / « = 1.33 MHz, Te = 2000 K and considered density striations of
0.75 m across, so that the characteristic value of ks± — 8ir/3 m"1. We choose ks± from
theoretical works on the development of thermal striations. In [Das and Fejer, 1979] it
was shown at threshold for the growth of thermal striations that E2

h ~ k, k being the
wavenumber of the striations. With a field strength of 0.225 V/m the shortest linearly
unstable wavelength is 5.2 m. For the Sura facility generating 270 MW the perpendicular
component of the linear pump wave at the upper hybrid layer is approximately 1 V/m
without D-region absorption and about 0.32 V/m with a 10 dB absorption so that it will
immediately be possible to excite shorter wavelength thermal striations. Due to nonlinear
swelling at the upper hybrid resonance the field strength may actually be locally much larger
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Figure 6.1: In this Figure we show the cutoff frequency ifc vs. harmonic number, for a parallel
propagating pump of frequency pfte. The cutoff is for a damping of 7«/ui, = 0.0001. Observe
that the dependence on p is linear. The linear behavior is observed experimentally. The cutoff
calculated here is somewhat higher than in experiment.

than these values. However, more important was their observation that if the frequency
of the pump wave was twice (but in general, they say, an integer multiple of) the electron
cyclotron frequency then the threshold for the growth of the thermal striations would
be much lower. This would mean that even shorter wavelength thermal striations could
be excited. A mechanism [Vas'kov avd Gurevich, 1977] for the generation of thermal
striations by an ordinary mode pump wave which involved stimulated resonant scattering
into high frequency electrostatic waves gave 0.5 m as an optimum transverse dimension of
the striations. A model for the thermal striations due to heating at a cyclotron harmonic
would be invaluable in this context.

In order to just begin to damp away the current J[p] we assume that the damping
must be atleast of the order of the collision frequencies and set, for the F-layer ionosphere,
•)e/ue = 0.0001.

The cutoff frequency for the parallel propagating wave is shown in Figure 6.1. The

dependence on p is linear as in experiment but the cutoff is a bit higher than in experiment.

We have also calculated the cutoff frequency using values of Ay obtained by an accurate
numerical solution [Lundborg and Thidé, 1986] to the linear wave equation of the pump in
a magnetized, inhomogeneous and collisional plasma, with the correct angle of propagation
to Bo included. Using a 50 km scale inhomogeneity in the electron density, a propagation
angle of 19.3° for the Sura facility, and a collision frequency of 100 Hz, the cutoff is shown
in Figure 6.2. The dependence on p is again linear but this time the cutoff is lower and
in good agreement with experiment. The cutoff is a few kHz above the (p - 2)4.6 kHz
empirical formula but since we are calculating at the onset of damping and not at the - 3
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Figure 6.2: In this Figure we have used accurate wave propagation calculations to calculate the
wavelength of the pump. The angle of the magnetic field to the vertical is 19.3°; otherwise,
parameters are the same as for Figure 6.1.

decibel point then a difference of a few kHz is to be expected.

The above calculation of the cutoff was for a near parallel propagating pump, and this

is suitable for the northern latitudes of Sura and Tromsö. For "hypothetical" equatorial

latitude heating facilities, a perpendicular propagating pump is more realistic and in this

case the pump wavelength is given by An = c/fie and the damping is given by

(6.22)
8 v\

which will give a frequency upshift of

(p - 2(p - 2)»4

I vTJcc

iLl "<* ' c-*°\ (6.23)

The cutoff frequency is shown in Figure 6.3 in which we take / « = 1.1 x 106 Hz and 1 m
wide striations. The width of the striations is assumed larger here since the closest to
equatorial heating facility, Arecibo, is weaker than the Sura and Tromsö, facilities. It can
be seen that the cutoff deviates from linearity slightly and that it is considerably lower than
before. The cutoff for the mid-latitude Arecibo facility can be expected to be somewhere
between this case and the case of an almost parallel propagating pump. We have also
calculated the cutoff using A|| for the pump at the upper hybrid layer from the accurate
linear wave propagation model [Lundborg and Thidé, 1986] taking 42° as the angle between
the vertical and Bo- The results are shown in Figure 6.4 in which it is seen that the cutoff
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Figure 6.3: In this Figure we show 6fe vs. harmonic number for a perpendicular propagating
pump wave. This situation is mure realistic for equatorial latitudes. It can be seen that the cutoff
frequency is lower than for northern latitudes.

still deviates slightly from linearity, especially at higher harmonics, but the cutoff is higher
than with the exactly perpendicular propagating pump whilst still considerably lower than
at Sura.

6.4 Conclusion

It is shown that the finite amplitude wave model of SEE presented in Chapter (5), leads
to the same cutoff frequency dependence on p as has been observed in experiment. The
damping explains the cutoff when we take a k number given by the multiple scattering
process of the model used, which builds up the k number with each scattering process
corresponding to each step up in the cyclotron harmonic. For equatorial latitudes a lower
cutoff is predicted. For the midlatitude Arecibo facility a lower cutoff is predicted. This
v ill be tested in experiment.

There is an essential dependence of the cutoff frequency upon the transverse dimension
of the thermal striations. It is reasonable to conjecture that these dimensions are related
to the pump strength and it would thus be interesting to measure the cutoff frequency
during a power stepping experiment during which the cutoff frequency would be expected
to decrease as the pump is decreased. Also, a deviation from the linear dependence of
tfc on p wouid be expected at higher harmonics. These features may be tested in future
experiment. This model, and modeling of ionospheric heating in general, would be improved
by the existence of theories of the formation of thermal density striations in which heating
at cyclotron harmonics and with an inhomogeneous pump, are taken into account.
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Figure 6.4: In this Figure we have used accurate wave propagation calculations to calculate the
wavelength of the pump. The angle of the magnetic field to the vertical is 42°, otherwise, param-
eters are the same as for Figure 6.3.
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CHAPTER 7

QUESTIONS RELATING TO THE SCATTERING CROSS SECTION OF A TURBULENT

IONOSPHERIC PLASMA

One of the most important experimental techniques of ionospheric measurement is inco-
herent scatter. Of vital importance to this technique is the scattering cross section of the
plasma. In particular, when the ionosphere is heated by an external pump wave so that
turbulence is created, the scattering cross section of the turbulent plasma is of interest.
Calculating this necessitates solution of the nonlinear equations governing the evolution
of the electric field and density fluctuation. The simplest model equation is the cubic
Schrödinger equation. We solve the usual cubic Schrödinger equation with a fifth order
perturbation term added. It is found that the density of pulse like solutions increases as
the coefficient of the fifth order term increases. This is significant in terms of the scattering
cross section of a turbulent ionospheric plasma.

7.1 Introduction

In performing ionospheric experiments or observations there exist several measurement
techniques available. These include incoherent scatter facilities, such as those installed
in Northern Scandinavia, and Puerto Rico; also, satellites and rockets carrying Langmuir
probes, antennas, chemical release apparatus etc., fly through the particular 'hot spots'.
More recently the possibility of Stimulated Electromagnetic Emission or SEE has been
introduced as another remote sensing technique to complement incoherent scatter.

Of particular relevance to incoherent scatter is calculations of the scattering cross sec-
tions of plasma in various states.

In ionospheric heating experiments, which are our main interest we are interested in the
scattering cross section of turbulent plasma. This problem is of the utmost importance to
our being able to identify the existence of turbulence in the ionosphere. This problem has
been partially addressed by Sheerin and Nicholson [Sheerin and Nicholson, 1982].

Whichever picture of turbulence is adopted, the typical scenario is of a collection of
stable pulse like objects which are regions of intense high frequency electric field and low
frequency density depletion. In the model of Zakharov [Zakharov, 1972] the objects, called
cavitons. undergo collapse to smaller Himensions and eventually burnout being dissipated
through superthermal electrons. The process leaves behind a seed of the caviton in the form
of ion acoustic waves and the process begins again by a process of nucleation. Anyway,
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to experimentalists the important thing is that in the process plasma waves are radiated
covering a broad spectrum of wave numbers making it possible to observe intense plasma
lines by incoherent scatter.

In such a scenario the main problem of calculating the scattering cross section is to
know the density or distribution of cavitons. It has been suggested by DuBois et al. [1989]
that they sit on lattice structures. However, this is not confirmed in experiment.

A simpler model, related to the Zakharov equations is the cubic Schrödinger equation
[iS'icholson, 1983]. This is derivable from Zakharov's equations in the limit of adiabatic
ions. The cubic Schrödinger equation yields soliton solutions. In general the space part
of the cubic Schrödinger equation can be thought of as a class of cubic equations yielding
cnoidal wave solutions in general and the soliton as a limiting case.

When the cubic Schrödinger equation is perturbed by a higher order term it is not in
general integrable and then does not yield soliton solutions.

The question in this Chapter is in knowing whether the simplest model of turbu-
lence, i.e., the cubic Schrödinger equation is quantitatively realistic for the ionosphere and
whether more complicated or higher order equations will significantly change the physics.

We shall consider a fifth order correction term to the usual cubic equation. This equa-
tion, for boundary conditions vanishing at infinity is topologicaUy the same as the cubic
one. It still supports stable soliton solutions. This can be shown using inverse scattering
theory [Lamb, 1980] or, more simply [Fauvt and Thaul, 1990] by identifying subcritical
Hopf bifurcations which support the soliton solutions.

We will not be asking any questions about the formal nature of the solutions. This is
really already a closed problem. We will be interested only in the quantitative solutions.
The main difference in our approach will be to use periodic boundary conditions. The use
of periodic boundary conditions is consistent with a pump of finite beam width illuminating
a region of the ionosphere very large compa-e<l to the dimensions of the pulse like objects
(cavitons, solitons etc.) to be consistent with a large area of heating compared to the
dimensions of the pulse like solutions.

We shall begin with the basic nonlinear equations and their numerical solution for a
range of coefficients of the fifth order term. We then estimate the size of the coefficient for
an ionospheric plasma.

7.2 Basic Non-Linear Equations

Perhaps the most well known equation in the topic of 'nonlinear plasma phenomena' is
the cubic Schrödinger equation describing the evolution of the amplitude of high frequency
waves:

+ 4 £ ! + _a_|B |>E . , „.„
at 2u>* Ox1 cjMn

where

*-T;±2£ (7.2,
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and where M is the ion mass, the -, "s specific heat capacities etc.. In dimensionless variables
the equation is

| g f ,7.3)

V= f • M )

and
, 1 / M y / y 3€O£2 y / 2

This equation yields the well known family of one-soliton solutions:

4>(Z,T) = r(z) exp(—iO(r)) (7.8)

with
r(z) = 2rosech(2roz), (7.9)

9(T) = -ATIT + 60. (7.10)

In order to test the accuracy of the Schrödinger equation as a way of predicting scattering
cross sections we shall investigate whether the important property of the density of pulses
change when it is perturbed by a higher order term. We are interested in the fifth order
equation

dr dz'2 • t •

It has been shown that this equation also supports stable pulse like solutions [Fauve and
Thaul, 1990]. As mentioned elsewhere, higher order terms could also be important—maybe
more so. By only taking the fifth order term all that can be achieved is to show that the
cubic equation may be inaccurate. However, even this is a help in the sense that it is a
warning to be careful.

7.3 Periodic or Vanishing Boundary conditions

Making the ansatz

(7.12)

in the cubic Schrödinger equation gives

a'2*
— T ft* + | * |2* = 0. (7.13)
dzi

In general the solution to this equation is [Davis, 1962]

• = *(0)cn(A(«-*,),*) (7.14)
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where en is a cnoidal wave (Jacobian elliptic function) and

ft. k*=^p-- (7.15)

When it — 1 it follows that cn(A(; - ^o)) —• sech(A(r - z0)) and we recover the soliton

solution. This solution is suitable when vanishing boundary conditions are wanted but not

otherwise.

In ionospheric heating experiments the illuminated cross section (see Figure 7.1), which

depends upon the pump beam width, can be very large—several square kilometres. The

usual prescription for finding solutions to the cubic Schrödinger equation is to assume an

infinitesimally small region of heating and vanishing boundary conditions. The correct

way would be to insert a finite region of heating or illumination and vanishing boundary

conditions. A plausible intermediate approximation would be to assume an infinite area

of illumination and periodic boundary conditions. This is reasonable if the true heated

region, of, for example, the ionospheric F-layer at an altitude of 250 km is much larger

than the typical dimensions of the pulse like solutions. With this approach in mind we will

solve the quintic order equation

T ^ f i * + | * | 2 * + Q|*| ' l* = 0. (7.16)

Before proceeding we shall estimate Q for an ionospheric plasma using the Vlasov equation.

7.4 E s t i m a t e of o

We shall estimate the order of magnitude of Q for a kinetic plasma by calculating the
coefficient of the fifth order term deriving from the third order distribution function of
Vlasov's equation.

We start with the wave equation in (w,k) space for electrons. This is derived using the
Maxwell and Vlasov equations. It is found that

(w? - w2 + 4 * 2 + 2iu;7ro)E(w,k) = -u>2— + ic2fiaek j dvv2f{3)(v) (7.17)
n0 J

When coupled to the usual low frequency nonlinear equation in the adiabatic approxima-
tion, the first term on the right hand side leads to the usual cubic term. The next term, I,
can produce a cubic term and a fifth order term. Since we are using perturbation theory,
the cubic term must be smaller than the cubic term mentioned earlier and coming from the
first term on right hand side of the wave equation. We thus neglect this contribution. We
can ignore fourth order terms since they can contribute only low or very high frequencies,
i.e.. frequency doublings or total cancellation.

From Vlasov's equation, now in only one dimension

4 I^^^^
m-5 J u) - kv ov u)2 - k2v ov u>3 - k3v
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Figure 7.1: Schematic illustration of the heating geometry. The finite beamwidth of the upgoing
pump wave means that a large area of the ionosphere is turbulently heated. The dimension of the
heated region L is much larger than the dimension of a single caviton.
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where it is implicit that

w' = ^i +U2+CJ3, k = ki + k2 + k3. ("-19)

Asserting £(^3) to be a high frequency wave whilst £(u l i2) are low frequency waves such
that, because we are integrating over the electron distribution function which has a high
thermal velocity,

u>i,2 - kxjv ss —fc1>2r. ("-20)

Then taking a Maxwellian zeroth order distribution function

/ m N1/2
 L

we can integrate / by parts.
The low frequency fields can be expressed in terms of a low frequency 6u density per-

turbation n(6) through the plasma approximation [Chen, 1984]

e kX
( M ( L 2 2 )

which in one dimension gives E(u>it2, k\j) trivially. The low frequency density perturbation
n/ can now be written in terms of the high frequency fields using the adiabatic form of the
low frequency Zakharov's equation [Zakharov, 1972], or, simply, using the ponderomotive
force. Then substituting

^ W I 2 (7-23)

back into / and transforming to the dimensionless system we find that o is given by

a(u/,it) a 10-7Tr7?3[<I>3(2) - •(*)] (7.24)

where we have evaluated combinations of physical constants numerically and taken
M/nif — 54 000 as an average for the F-layer of the ionosphere. The notation $3(2) is
defined by

/ £——. (7.25)

This function is related to the usual plasma dispersion function 4>(z) [Fried and Conte,
1961]. Letting

/ 4 i f r r <7-26>
where

j t (7-27)

the following relation is found [Lundborg and Christiansen, 1989]

fg(z) = g(z)*{z) + -4 E E M*r (3-^) (7.28)
* v l '
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Figure 7.2: Field strength * for Q = 0 (cubic Schrödinger equation). The full-drawn curve is *
and the dashed curve is d*i/dx against distance, x. This is the solution to the cubic equation with
periodic boundary conditions. It is a superposition of Jacobian elliptic functions. For it = 1 (see
7.15) a soliton solution is obtained.

Thus

(7.29)

Although a(u>,k) is an operator in (x,<) space it can be seen from Equation (7.29) that

for small z that it is in fact approximately constant. Thus, in the case of small z, when k

is large so that pulse dimensions are small, which is the case for a turbulent plasma, we

see that it is reasonable to make a correspondence between the Q in (w,k) space and the

coefficient of the fifth order term as a number in (x,<) space.

Using (7.24) to (7.29) the coefficient Q can be estimated. With -)c — 3 and 7, = 2,

it is found that for electron and ion temperature pairs, Tc — 2000 K, T; = 2 000 K, and

Tr = 1 000 K, T, = 500 K that Q is 0.01 and 0.001 respectively. The solutions to the fifth

order equation, which have been obtained numerically with a fourth order Runge-Kutta

software package, are presented in the Figures 7.2, 7.3, and 7.4.

7.5 Discussion

We have solved the fifth order equation numerically with ionospheric parameters and with
periodic boundary conditions. The results show that the density of 'pulses' in the field tp

increases rather quickly with increasing a. Since a pulse represents a density depletion,
or, caviton, we can say that the density of cavitons increases with increasing a. The
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Figure 7.3: Same as Figure 7.2 but for the quintic Schrodinger equation with Q = 0.001. Even
with a very small fifth order perturbation to the cubic equation, the 'pulses' are beginning to move
closer together.

Figure 7.4: Same as Figure 7.2 but for the quintic Schrodinger equation With o = 0.01. With a
small fifth order perturbation to cubic equation the 'pulses' are seen to move closer together.
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scattering cross section is proportional to the square of the density fluctuations so that the
scattering cross section, according to these results would go up as the coefficient, a, of a
fifth order perturbation goes up. This is clearly of interest in the ionospheric plasma in
which, in incoherent scatter experiments, the scattering cross section is of vital importance.
Of course, as mentioned in the introduction, these results say no more than that the fifth
order term in an ionospheric plasma can significantly change the results of just using the
usual cubic equation. We know nothing about higher order terms. The fact that adding
a fifth order term has had a large effect implies also that higher order effects could be
important. In a way these results only tell us that the cubic equation is unreliable as a
way of predicting the scattering cross section.

7.6 Conclusion

We have indicated the possibility that a fifth order term in the usual nonlinear Schrödinger
equation can significantly alter the physics in terms of the density of pulse like solutions.
The values for the coefficient of the fifth order term, small as they are, are large enough
to have a significant effect. We thus conclude that we have provided evidence that there
may be a large role for higher order terms to play in theoretical plasma physics of heated
ionospheric plasma. Unfortunately, since there are an infinite number of higher order
terms we cannot say that our calculation is accurate. All that can be said is that the
cubic equation could be inaccurate at least for determining scattering cross sections. This
phenomena should be explored further both numerically and analytically.
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CHAPTER 8

PERMITTIVITY OF INHOMOGENEOUS AND MAGNETIZED PLASMA

The purpose of this Chapter is to present an (w,k) space analysis of a magnetized plasma
containing density inhomogeneities of the same scale as plasma mode wavelengths and
electron or ion Larmor radii. An ordinary differential-difference equation in k space is
obtained. This equation reduces trivially to the usual dispersion relations for an inhomo-
geneous and magnetized plasma in the geometric optics limit as the inhomogeneity scale
length becomes much larger than all wavelengths and Larmor radii. In the case of no as-
sumption being made about the scale of the inhomogeneity compared to wavelength, the
solution to the differential-difference equation reduces directly to the Fourier transform of
solutions to the inhomogeneous problem in real space, for example, the Airy wave pattern
for a linear density gradient in an unmagnetized plasma.

8.1 Introduct ion

Inhomogeneous, magnetized and warm plasma are often faced in experiment but can present
a formidable challenge theoretically. Take as an example the io.iosphere, though there are
undoubtedly many better and more suitable ones. In the unperturbed state the ionosphere
contains only long scale density inhomogeneities but when perturbed, for example, by
a powerful externally applied electromagnetic wave, short scale inhomogeneities develop.
The short scale inhomogeneities in the density, usually called cavitons, are characteristic of
strong turbulence. By short scale in this context we mean down to 10 or so Debye lengths
for cavitons. In the ionosphere one Debye length is about 1 cm whilst the electron Larmor
radius is about 10 cm. Thus the inhomogeneity scale length can be of the order of a Larmor
radius. The wavelengths in such systems may be of the same order of magnitude as the
inhomogeneity scale length so that the usual geometric optics approximations do not apply.
It is thus of interest for the ionospheric plasma to calculate the dielectric permittivity where
wavelengths and inhomogeneity scale lengths are of the order of (he Larmor radius. Such
a problem requires a kinetic treatment for the ionosphere because the ion and electron
temperatures are of the same order. Of course, a nonlinear treatment is also required but
this is very difficult. Here we shall concern ourselves only with the linear case, taking the
inhomogeneities as just being there rather than being created self-consistently by the very
waves we shall try to find a permittivity for. Also, we shall assume the inhomogeneities to
be stationary in time. In reality they may vary on the time scale of the oscillations of ion
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acoustic waves. Thus, for the ionosphere, application should be limited to the permittivity
of high frequency waves—electron Bernstein, upper hybrid etc. No such limitations to
application exist in general though.

The nonlinear case has. to the knowledge of the author, only been treated with wave-
lengths and inhomogeneity scale lengths much larger than a Larmor radius [Beskin et ai.
1987: Stefan et al.. 1987]. Then, the x dependent distribution functions needed to calcu-
late permittivities for a kinetic plasma, are Taylor expanded about the homogeneous wave
modes, or, some kind of wave packet formalism used.

In the linear case there is already a vast body of work on the propagation of elec-
tromagnetic waves in warm, inhomogeneous and magnetized plasma. Two outstanding
contributions have been from the whole area of gyrokinetics and the work of Mikhailovskii
[Mikhailovskii, 1967]. The former approach is especially useful since it allows general mag-
netic field geometries to be taken into account. Also, the method allows exact treatment
for wavelengths of the order of the Larmor radius. However, it suffers from the drawback
that the scale length of the variation of equilibrium functions must be much larger than
a Larmor radius. For example, in [Taylor and Hastie, 1968], on page 482, 'functions vary
slowly on the scale of the Larmor radius1. In [Catto, 1978], 'gyroradius small compared to
unperturbed scale lengths'. In [Rutherford and Frieman, 1968], they say, 'We suppose that
the equilibrium varies over some characteristic length scales much larger than a particle
radius". Then, in [Chen and Tsai, 1983b], it is stated quite clearly on page 141 that 'Our
results are thus only limited by the existence of the small parameter A = p/Lo', where p is
the Larmor radius and LQ is the scale length of the equilibrium plasma and magnetic field'.
Continuing in this manner, in [Lee et al., 1983], 'First we require the existence of the small
parameter pjLo, where, p is the particle gyroradius and LQ represents the shortest equi-
librium scale length". In [Chen and Tsai, 1983a], 'Noting A = p/Lo < 1... ', where they
use the same notation as before. In [Tsai et ai, 1984], '...while expanding in the small
adiabaticity parameter A = pjLo\ again with the same notation. As the final example,
[Antonsen and Manheimer, 1978], 'We assume that the scale length for the variation of the
magnetic field and electron density is greater than the electron gyroradius and the vacuum
wavelength".

In this Chapter we shall consider finding the linear permittivity of a plasma with a linear
density profile of arbitrary steepness. With respect to the ionosphere, inhomogeneities in
the magnetic field will be neglected since they are long space scale even in the turbulent
case. Temperature gradients, in the ionosphere, which occur in regions of local heating,
e.g., cavitons, are not really negligible but will not be considered here simply for the sake
of simplicity. As mentioned later our objective is more to derive earlier results in a slightly
different way leaving generalisations to the future. We make no attempt at reproducing
the full generality of the above methods, either in their applicability to variations in a
host of physical parameters, or ability to cope with general magnetic field geometries.
To reiterate, the chief purpose of this Chapter is to demonstrate a method rather than
discovering new physics associated with a "new" method. The method will be to use
the correspondence principle that xn in (x,i) space turns into the operator {-id/dk)n

in p . k ) space. By reproducing earlier results for the special case of a linear profile we
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Bo

Figure 8.1: Geometry of inhomogeneous magnetized plasma.

will have shown, first of all, that the method works, and secondly, that it may be worth
trying in more complicated situations. Our contribution to the field will simply be to
provide the possibility of an extra tool for tackling problems in inhomogeneous plasma
where gyrokinetics, the works of Mikhailovskii or whoever, are inappropriate for whatever
reason. Of course, the fact that, for the singular case of a linear density profile only, this
approach makes less approximations, means that some corrections are introduced. These
corrections are in the form of the variation of the field potentials in the direction of the
in homogeneity. It will be shown that this is consistent with well known results.

The geometry of the problem is illustrated ir. Figure 8.1
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8.2 Permittivity Wave Equation

In a collisionless. electrostatic and warm plasma in an external and uniform magnetic field

Bo. and external, constant and uniform force field Fx the Vlasov equation may be written

-L + v • V / - — (E + Fi + v x Bo) • — = 0 (8.1)
dt m ov

where we only consider electrons now, generalisation to other particles being trivial. We
consider a linear density profile in the i direction perpendicular to Bo which will be point-
ing in the z direction. The zeroth order Vlasov equation is then satisfied by the time
independent distribution function

- y/2u+jT+h.\)^j_^+n_] (8.2)

where Q is the inverse of the inhomogeneity length scale and Q the electron cyclotron

frequency. The first order distribution function if(v) can be obtained by integrating the

first order Vlasov equation along the unperturbed orbit prescribed by

dx dv e F. ,

d * = v ' * = m v x B o + ^ ( 8"3 )

Then, writing E = -V<t>, with r = t - t',

6f(v) = t - r dTd>(k) exp f-ik • / ' vdt" + iur) k o - ^ - (8.4)
m Jo \ Jf J ov(r)

where o means convolution. The convolution is handled exactly by letting x —» —id/dnT

with kT — KT = kx + IFI(KBT). Where the derivative of fo with respect to v means with
respect to the velocity vector of the unperturbed crbit, éf(v) is given by

... . . e / m \ 3 / 2 / • « • [ Q . k - v / a v y . d \ ]
6f{v) = i - / dT\-ky r 1 + - ^ - I Q ^ — ) x

m \2ITKBT) Jo [ii v* \ Q dKzJ\

exp (-ik • £ vdt" + iur^j exp ( - ^ - J <p{k) (8.5)

which is equivalent to

. .. . .t ( m \ 3 / 2 /•* \a. 1 f . d \ / avy . d \ 1

m \2TTKBTJ JO [Q v< \ dr j \ Q dnz/\

exp (-ik • j vdt" + L;T\ exp ( - ^ - J ̂ (k). (8.6)

Integrating by parts gives, where w1* - kyo/(Qvj),

3'2 '

r
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With

/

' Fit
\dt" = kxv± sin(c- - Sit' + v) - k±v± sin(— - Qt + v) + ktvtr

 y-r (8.8)
• mil

where k2
± = KJ 4- k2, v = arctanffcr/K^) and — = arctan(-rx/r ! /) in which vT,vy.v. are

the usual initial values, we can evaluate the integrals over r using the equality

oo

exp[-i£sin(ir - fit + ̂ )] = ^ </n(O exp[-in(c? - Qt + ip)]. (8.9)
n=—oo

We see that

Writing ry = v± sin cr it is seen that, integrating over d3v in cylindrical coordinates, the

charge density perturbation p is

en0 -ai£— + / [u [l-ai—\ -u* V
'• ~ kzv:

, 2

e *T Vidvldvz>0 (8.11)

We now write p = \é. To evaluate \ the following identities will be u.ed

0̂ iff

and define the plasma dispersion function <p{z)

Then, with A = k\ vf/fi2

J*\. . d I, . d u* / , na;\

. (8.15)

When the d/dnT terms are neglectfd, this result is the usual one for the regime 1/Q much

greater than a Larmor radius. See, for example, Melrose [1986], page 256. In this case o is
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equivalent to d\un(x)/dx in the sense of a Taylor expansion of the density n(x). This is
because, n(x) » n(xo) + dn/dxox +... = no+ (dn/dx)\ox + ... which means that when the
long scale inhomogeneity approximation is made, all second order and higher terms can be
neglected and a linear profile is all tnat is left of the expansion. In this sense our results
turn out not to be less general in terms of the density profile. They are of course more
general in the case of the linear profile since no approximations are made in dealing with
the spatial dependence.

The d/dnx operator introduces corrections. The result of operating just on the Bessel
functions etc. but not on 0 will reproduce the more general results of Mikhailovskii. We
see that

7n(A)e~A = - Kz*T {In - I'n) e
x (8.16)

in which case \ becomes

(8.17)

We have so far neglected the ad4>/dnz terms which are essentially second order in \/(aL)

and take into account wave propagation in the direction of the inhomogeneity, an effect
which lies outside of the geometric optics approximation. These terms will be included
later. First we shall outline the steps which show that the above result is the same as the
reference work result of Mikhailovskii in the limit of longitudinal wave propagation. In this
work the susceptibility is given by

In our case the temperature is assumed uniform and the profile to be linear so that the

last term is zero. The total scalar susceptibility is obtained by the evaluation of xgkg. To

make the comparison we must first take F = 0 in our equations since this is the regime of

the Mikhailovskii susceptibility. The components in the above aie given by

(8.19)

\' - ~

With ko = (sin V», cost/% kz) it follows that Xpkp = \ ° + x°z in which the components of

the calculation of Mikhailovskii are

( l ^ W ' ) / - \ (8.20)
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where W'n = W(zn) - »MT<Z>(*n)/[\/*(w ~ n ^) ] -
components

vector \l
0' is made up of the

(8.21)

in which

Cn =

9r =

9r = vzjn.

1
u - nfl - kzv:'

^

(8.22)

In evaluating the components of \g we use the properties I2n^=-oo(^n ~ ^n) = 0 and
E ^ - o o n^n = 0- After some algebraic manipulation it is seen that our result is equivalent
to the result of Mikhailovskii. Now we go on to consider the QÖ</>/ÖKX terms. With these
included, our susceptibility in its most general form is

( 8 ' 2 3 )

Inserting this result into Poisson's equation will give a differential-difference equation ior

k24>(kx,ky,kz) + x<t>(Kx,ky,kz) = 0. (8.24)

Setting F and fi to zero just leaves the dispersion relation for Langmuir waves on a lin-
ear density profile. The solution to this wave equation, expanding the plasma dispersion
function is

„• rk I , ,2 i \ 1
(8.25)

(8.26)

(8.27)

0(k) =

Fourier transforming into x space we have

dk

from which it follows that the real electrostatic field is

Re«Hx) = 20o

However, the right hand side is just an integral representation of the Airy function and we
therefore have that,

Re<t>(x) =
-1/2

^ 1 jrAi
2a

- uj/ui2

(8.28)
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well known as the solution to the wave equation on a linear profile, see, e.g., [Budden,
1966]. It is not possible to derive this from the permittivity calculated by Mikhailovskii.
The fact that we can reduce our formulas to a well known results seems to indicate that
the corrections in our permittivity are physically reasonable.

Since the permittivity derived here contains the result of Mikhailovskii (for the singular
case of a linear density profile) in the longitudinal approximation, it follows that all other
results of this author must follow. For example, this permittivity automatically contains the
drift cyclotron instability, the high frequency ion drift instability etc. For a comprehensive
account of the instabilities contained in this permittivity formalism see the review article
of Mikhailovskii [Mikhailovskii, 1967J.

Clearly, however, since our calculation is in the longitudinal approximation, drift waves
of non-longitudinal, e.g., Alfvén waves, are not contained. Generalisation to relax the
longitudinal approximation is expected to be straightforward but, as usual for magnetized
plasma, algebraically cumbersome, and will not be performed here.

The other aspect of the permittivity we have not yet discussed is the presence of the
external force Fx. This term is felt in the plasma dispersion function argument zn and
in the shift of the kx wavenumber. The former is the usual F X Bo drift velocity in the
y direction. This is elementary on all accounts and cai. be found in most textbooks. The
shift in k space is less usual. This clearly represents the fact that particles will gain energy
while accelerated by the force. The complex part of the wavenumber thus corresponds
to a growth rate in space—a convective growth. Its inclusion is not consistent with a
linear problem since it would involve wave growth into the nonlinear regime. Its inclusion
obviously is limited by the requirement FX/KT < 1, i.e, the external field energy should
he much less than the thermal energy and that the regime of applicability be limited to
very small distances x. This is equivalent to limiting wave propagation in the direction
of the field and of the inhomogeneity (which are in the same direction) which is entire'y
against the spirit of the present work.

8.3 Conclusion

The usual permittivity of a warm plasma in a uniform magnetic field and inhomogeneous
density profile, has been derived in a "different" way. In the experience of the author the
method was actually less algebraically complicated than usual-readers can test this for
themselves and make up their own minds. Additionally, for the singular case of a linear
density profile, the usual approximation of large inhomogeneity scale length compared to
Larmor radius has not been made. The consequence of this is that it is possible to include
wave propagation in the direction of the inhomogeneity. For example, as a very simple
example, the case of Lcxngmuir wavesfwe took away the magnetic field to show that the new
terms were physically reasonable) on a linear profile was treated. Analogous calculations
for the magnetized case would be an interesting generalisation to pursue.

Generalisation for future work would be to the electromagnetic case, and inclusion of
temperature and magnetic field gradients. This should not be difficult in principle.

The most useful generalisation would be to include nonlinearities. Would using the



correspondence principle make the nonlinear problem any easier? It is then expected that
nonlinear integro-differential equations would be arrived at in (u>.k) space. These could be
a subject of future investigation. Also, direct applications to examine kinetic corrections
to the usual Airy patterns could be pursued.
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