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ABSTRACT

By means of the spherical-to-flat transformations for torsional waves, all the flat-

transformed components of motion (two for displacement and five for stress) have been

derived. This provides the formal basis necessary to treat the propagation of torsional

waves in spherical 3-D structures, by using the existing flat-structure computational tech-

niques.
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1. INTRODUCTION

The problem of finding an operator which transforms a

spherical, radially heterogeneous, structure into a flat equivalent

one was solved by Biswas and Knopoff (1970). The purpose was to

perform the dispersion calculations relative to torsional waves, by

means of the highly efficient algorithms developed for a flat

structures. Successively Kausel and Schwab (1973) and Schwab and

Kausel (1976) extended this procedure to point-source studies. In

such a way, the displacement due to the propagation of the different

torsional waves on a spherical Earth, with a given distribution

versus depth of the elastic parameters, can be determined using the

existing, highly efficient, algorithms developed for flat models of

the Earth (Schwab and Knopoff, 1972; Rorsch et al., 1991).

Since they were treating only radially heterogeneous structures,

Biswas and Knopoff (1970), and successively Kausel and Schwab

(1973), limited their attention to the two components of

displacement ue and uOl and to the ore and ar$ components of stress.

In order to treat 3-D structures, here we extend the study to all

the components of motion, since the continuity of all the non zero

components of motion, two for the displacement vector and five for

the stress tensor, is needed at each discontinuity surface. It will be

shown that these conditions can be satisfied in a transformed-flat

space only if cylindrical Love waves are considered; furthermore in

the cylindrical geometry it turns out relatively simple to introduce

the source in the treatment, using existing results (e. g. Harkrider,

1970).



2. CYLINDRICAL LOVE WAVES IN ONE-DIMENSIONAL MODELS

In Table I the various components of motion associated with

torsional waves, Love cylindrical waves and Love plane waves are

listed. Since for Love plane waves the receiver is supposed to be at

an infinite distance from the source, the associated displacement

and stress field has only three non zero components. On the other

hand, the cylindrical geometry is suitable to fit the transformed

torsional problem retaining all the characteristics of the starting

spherical geometry.

TABLE I. - Spherical, cylindrical and plane components of motion.

Torsional
waves
Urs0

ue

CTrr=O

Ore

Cylindrical
Love waves

UjsO

UR

Uft

OR*
a w

OfiR

Plane Love
waves

uz=0
Nx^O

Uv

CT22sO

azx=0
<Tzv

Oxy

avv=0
CXxs0

In addition, as it will be shown in this section where are

considered structures with only one dimension of heterogeneity (the

radial direction for spherical models and the vertical one for fla.

models), the use of cylindrical waves allows us to obtain directly all

the results already published by Biswas and Knopoff (1970) and

Kausel and Schwab (1973).

The differential equation satisfied by the vertical dependence,

c y i , of the displacement field of cylindrical Love waves in a

vertically heterogeneous half-space, is the same as that of Love

plane waves, i. e.

dz2 dz dz

where nc - uc(z), pc = pc(z) are the vertically varying elastic

parameters of the half space, co is the angular frequency and k is the

wavenumber. Therefore in the new cylindrical reference system, the

classical set of transformations (see Appendix I) can be obtained

again, from the comparison between the function which satisfies the

differential equation relative to the radial dependence of torsional

waves and the function cy.| which satisfies (1).

Let us consider the components of displacement associated with

torsional oscillations (Takeuchi and Saito, 1972):

j f - 0

im eim* eiHlt (2)

dG

where syi is the radial dependence of the displacement and the

functions

(3)



are the poloidal dependencies describing propagating waves,

respectively diverging from the epicentre or converging toward it

(Schwab and Kausel, 1976). P™ and CR1 are the associated Legendre

functions of the first and second kind respectively; m, whir ' i

represents the order of the associated Legendre functions, is ti e

azimutha! number, while n, the degree of the associated Legendre

functions, is the poloidal number.

The components of displacement associated with Love

cylindrical waves are (Takeuchi and Saito, 1972):

(4)

k dR

where HjJ,' are the Hankef functions of the first and second kind

0=1,2), describing respectively waves converging toward the

epicentre or diverging from it. In (2) and (4), C is an arbitrary

constant.

Both vertical components (sur and cuz) are zero, while the radial

dependence of the remaining components of displacement, sue and su*,

represented respectively by the functions sy^ and -sy-| in spherical

geometry, is given by the functions cYi and -cy^ in cylindrical

geometry (the subscripts s and c refer respectively to spherical and

cylindrical quantities).

The function cy, and the eigenfunction of a Love plane wave, fy1p

are the same function since they must satisfy the same differential

equation, therefore the transformation between the sy-| and cy i is

obviously (see Appendix 1)

(5)

Let us now consider the stress components associated with

torsional waves. The $&„ and so2 Z components are both zero. The

radial dependence of the sa^ component is given by

(6)

while the radial dependence of the sa r f l l component is obtained by

changing sign to the right end side of (6).

Using (5), equation (6) can be written as

(7)

where the function

dz
(8)

represents the vertical dependence, in cylindrical geometry, of the

stress components C^ZR and c^z*. defined as follows {Takeuchi and

Saito, 1972):

dz k, dR
(9)



c 0
M l ! -Mm.

dz ktR
C e i m * e ia)t ( 1 0 )

The quantities considered up to now are sufficient to treat the

problem relative to a vertically heterogeneous structure. To prov^

that the transformation set is correct, it is sufficient to show that

the boundary conditions, valid for the equation of motion in a

vertically heterogeneous sphere, transform into the analogous

conditions, valid for a vertically heterogeneous half-space. In

spherical geometry, the condition of vanishing of the stress at the

free surface requires that

when r = a ( 1 1 )

Equation (11) after transformation becomes

dz
when z - 0 (12)

which is the condition of free surface in flat geometry.

The other boundary conditions, i.e. the continuity, across each

surface of discontinuity in the elastic parameters, of the two

components of displacement, s u e and su4,, and of the S0re and

components of stress, given by:

f0-

( 1 3 )

implies that

dz
d(cyi

: dz

(14)

where

za - r0 - a bg (15)

Equation (14) represent the condition of continuity, across the

discontinuity surface, defined by z=z0, of the components C " R and cu$

of the displacement and C<*ZR and cCz* of the stress for cylindrical

Love waves.

3. LATERALLY HETEROGENEOUS MODELS

The quantities given by the equations (4), (9) and (10) are

sufficient to describe wave propagation in transformed structures

derived from spherical, radially heterogeneous, structures. If one

considers a laterally heterogeneous sphere, the saeo and soee

components of stress have to be taken into account as well. In fact,

if a lateral discontinuity surface, defined by the equation e - 60, is

present, the components sae« and soee have to be continuous across it.

Their expressions are given by (Takeuchi and Saito, 1972)

sin2 9

and

de2
( 1 6 )



sin e do sin 9
im e i m * e im t (17)

Since at the opposite sides of the discontinuity there are

structures with different radial distribution of the elastic

parameters, the condition of continuity involves the function

Us(Osyi(r), which, recalling (5), can be written as (see Appendix I)

(18)

Now if the components C<*R* and CORR of the stress, associated with

cylindrical Love waves, are considered (Takeuchi and Saito, 1972):

R dR
aidit (19)

(20)

one can see that the continuity condition (18) becomes

(21;

which implies, if the two structures in welded contact have the

same radius to the surface,

(22)

Equation (22) is the boundary condition valid whan one considers

a lateral discontinuity surface defined by the equation R=Ro, in

cylindrical geometry (see Figure 1).
EP

FIGUBA 1. - Spherical-to-Flat transformation of a sphere with a lateral discontinuity
surface, defined by a constant value of colatitude. The two vectors represent the two
components of displacement. The transformed structure is a flat one with lateral
discontinuity surface defined by a constant value of the distance from the epicentre.

If a discontinuity surface, defined by <t>=<t>o, is introduced, in

addition to the s^e* component, for which one can proceed as in the

case where the discontinuity surface is defined by e - 6o, the so«n>

component has to be considered, This last is given by (Takeuchi and

Saito, 1972):

2 n,«i4- -J
r L sinsin e de sin 6

im e im* e1"' (23)

and the boundary condition is

(24)

10
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which, if the two structures in welded contact have the same radius,

impl ies

(25)

Equation (26} is the boundary condition valid for the c<*w component

of stress in cylindrical geometry, which is defined as (Takeuchi and

Saito, 1972):

2 nc cy 1
kRL dR kR

j m (26)

In an analogous manner, it can be easily verified that the

continuity of the components of displacement across a discontinuity

surface defined by <(p=<]>o in a spherical reference system, becomes

the analogous condition of continuity of displacement in cylindrical

geometry, i.e. the condition

sy 1 le0- - sY 1 le0*

impl ies

(27)

(28)

and the condition

(29)

impl ies

(30)

Therefore all the boundary conditions valid for torsional waves

on a sphere transform into the corresponding conditions valid on a

flat structure, for cylindrical propagating waves.

4. SPHERICAL-TO-FLAT TRANSFORMATIONS AT HIGH FREQUENCIES

In the previous sections the transformation theory relative to

the radial dependence of the displacement and of the stress has been

extended in order to treat lateral heterogeneous structures. In this

section it will be shown that, under certain conditions, the entire

expressions of the different components of motion associated to

torsional waves, i. e. also the poloidal dependence transforms in the

corresponding expressions of cylindrical Love waves. Since the

function describing the azimuthal dependence is the same in the two

geometries, let us consider the functions defined by equation (3),

which are the functions describing the poloidat dependence of the

potential associated with torsional waves.

ft can be demonstrated that (see Appendix 2)

Mm
LHm

(1)(kR)J
( 3 1 )

therefore with the substitution

(32)

12



which considering large poloidal numbers, or equivalents small

periods, becomes 9 = B one has (if sine = 6)

s u r = c u z =0

2 a kR 2 a
(33)

sU , - l L ( n m + i)£Zj. t jH^
2 a k dR

^ l l ( n m + t) u

2 a '

i.e.

2 a
(34)

Using the same procedure for the stress components, one obtains

i m , i( ( 3 5 )

( 3 6 )

(37)

13

'(ft • • m + 1

2
(38)

(39)

Equations (34)-(39) represent the complete set of

transformation which is valid at high frequency.

5. SPHERICAL-TO-FLAT TRANSFORMATIONS AND ORTHOGONALITY

RELATIONS

The orthogonality relation for torsional waves when the poloidal

order number is fixed is:

0 if CO*<J

s if co=a where l s = I psf
(40)

dr

where sYi e sXi are two eigenfunctions corresponding to the

frequencies co and a and to the same value of n. Applying the

spherical-to-flat transformations (Appendix 1) we obtain



( 4 1 )

0 if

a2 If if co=o where If •f'
which implies, being a/0,

0 if

If if <o=a where If

(42)

Equation (42) is the orthogonality relation, when the wavenumber is

fixed, for the set of eigenfunctions of cylindrical and plane Love

waves (Takeuchi and Saito, 1972).

Similarly, the orthogonality relation for torsional waves,

corresponding to a fixed value of the frequency, i.e.

f-
0 if n*q

/s if n=q with /s "f
(43)

transforms into:

15

f' fy1 fx,dz.

0 ife k*p

ife k=p with /f = I j i f ( f y , f dzf'
(44)

Equation (44) is the orthogonality relation valid for Love waves when

the frequency is fixed for the set of eigenfunctions of cylindrical

and plane Love waves (Takeuchi and Saito, 1972).

In other words, the orthogonality relations are invariant with

respect to the spherical-to-flat transformations given in Appendix

1.

6. CONCLUSIONS

If the Earth is modelled by a three-dimensionally heterogeneous

sphere, obtained by the juxtaposition of spherical segments with

lifferent distribution versus depth of the elastic parameters, the

problem of the propagation of torsional waves can be solved

imposing the condition of continuity of all the components of motion

across each discontinuity surface. It has been shown that, by means

of spherical-to-flat transformations, the entire problem can be

formulated in a flat transformed domain, considering cylindrical

Love waves, propagating across discontinuity surfaces with

cylindrical symmetry. For the first time, the relation, valid at high

frequencies, between the poloidal dependence of torsional waves and

the longitudinal dependence of cylindrical Love waves is given here.

Therefore the computation of the radial dependence of displacement

can, in any frequency range, make use of the existing, highly

efficient, algorithms already developed for point source studies in

16



flat geometry. Furthermore, at high frequencies, the poloidal

dependence of displacement can be directly computed using the

expressions valid in flat cylindrical geometry.
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APPENDIX 1

Spherical-to-flat transformations {Kausel and Schwab, 1973)

hf

kf

n =2

z = log(a/r)
= a bg [a 4a -h,)]

Ht = Hslr/af

pf = ps(r/a)5

P(-P.(a/r)
= [n(n + 1) - 2]1 2/a
r , ,,11 a
[9 +<2 a kffj - 1/2

d n = 2k 1 a2 d k f

2n + 1

fy 1 = s y i (a/r )

rV M-f = "sy2 / ^s
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APPENDIX2

The functions % of negative order can be written as:

-
(A.1]

2 r ( n + m

and since m is an integer number, we have

hm \ r(n -m (A.2)

The relation between the associated Legendre functions and the

Bessel functions, can be written (Abramowitz and Stegun, 1970):

(A.3)

(A.4)

and then

fxh^coskB)
lim /

Xn

= n"m (A.5)

Since, from (A.2),

lim mg
>- r(n - m

(A.6)

Remembering the property of the r function (Abramowitz and

Stegun, 1970):

i t z - b )
i f z .

one can easily obtain equation (31).

(A.7)
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