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ABSTRACT

The conductance lliiclual.ions in the presence of a magnetic field B for a disordered
binary alloy an- numerically examined. The Ilamiltonian is quite different from the An-
derson model. We calculate the participation ration for finite systems in the whole range
spectrum to discriminate the nature of eigenstales. We then evaluate the conductivity
from the usual Kudo (.Irccuwood formula. The fluctuations are therefore extracted as
a function of energy for a given value of B and system size L. The data predict a delo-
calization of the eigenstates due to the magnetic field and a factor of 2 reduction of the
universal conductance fluctuations in agreement, with the theory.
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I-IHTRODPCTIOH

Over the last few years, ^considerable effort has been devoted

to the field of quantum transport in disordered systems. Mainly the

challenge is motivated by the spectacular results exhibited by these

disordered quantum conductors as well as a variety of interesting sta-

tistical phenomena [1,2].

** Recently various experimental studies [3 - 7] of resistance in

small metallic wires and rings (with typical dimensions 400 x400 x800

A ) at low temperatures have uncovered unexpected fluctuations {about

1 part 103) as a function of magnetic field. Numerical simulations by

Stone [S] revealed that the fluctuations are consequence of quantum

interference. In particular it has been understood two distinct regi-

mes. The metallic phase is described by the weak localization effects

in the average conductance, <g>, and the universal conductance fluc-

tuations (UCF), <(g-<g>)'> =var(g) = 1 <g measured in e'/fi units » 4

lO'̂ Sl"1) independent of sample size and degree of disorder as long as

the temperature is low enough so that k T and inelastic-scattering ra-

te are less than the inverse time to diffuse across the sample [9].

On the other hand, the strong localized regime corresponds to

<ln g>= L/Z, with exponentially large, i.e. log-normal, fluctuations in

g. In this description L is the sample length,^ the localization length

and for a metal 1 <L<^, here 1 is the elastic scattering length,whereas

for strong localization 1<E,<L, Such fluctuations effects have been stu-

died both experimentally and theoretically [10] with observable conse-

quences in the low-temperature transport properties of metals and semi-

conductors and in particular in typical small "mesoscopic" disordered

microstructures [11].A striking result of the discovery of observable

conductance fluctuations has consequently opened new questions: namely

the validity of the scaling theory of localization [12] as considered

for the whole probability distribution P(g).

Theoretical developments have introduced a variety of techni-

ques: weak-disorder perturbation theory (9,10,13], diagrammatic analy-

sis in the limit of weak scattering [14] numerical simulations [8, 14]

and transfer-matrix approach [15,16]. By now, it is well established

that the amplitudes Ag of the fluctuations depend upon the geometry and

the dimension of the system. The main results may be summarized as the

following: for current flow along the z-axis for the 3-D cubic lattice

with sides Lx =Ly = L7 the root means square (rms) of the conductance Ag



is Ag=1.08; for the 2-D square lattice with Ly<<LK=LI, Ag=0.86 and the

quasi 1-D lattice LK and Ly<< L,, Ag = 0 . "7 3 . The other relevant phenomenon

is that in the absence of spin-orbit scattering and in the presence of

a magnetic field, such as the flux entering through the system is much

larger than the quantum flux,the amplitude (Ag)2 is reduced by a factor

2 or equivalently its rms by a factor /?.

It is the purpose of this paper to check numerically the factor

of 2 reduction. Towards this end we consider a Hamiltonian, quite dif-

ferent, for a disordered binary alloy in 2-d. Firstly, we determine the

participation-ratio to characterize the nature of thi eigenstates th-

rough the eneryy spectrum and calculate the conductivity from the Kubo-

Greenwood formula. Then the fluctuations are extracted as a function of

the energy and the sample size for different values of the magnetic

field.

loy Ax Bi_x where randomness is introduced by assuming that the atomic

levels can one of the two possible values at random EA and EH if an

atom of type A or B respectively occupies the lattice site r{. Then the

associate probability distribution P(E) I S given by :

P (c ) = x 5<E - eA) + <l-x) 5(E - £„) (4)

and the set ( y(r) J can be used as basis function.

A uniform magnetic field B may be introduced via the momentum

p -» p* - eA*. Thus the original Hamiltonian transforms as:

H' = (p - eA*) '/2m + f, V (5)

where A* is the vector potential, i.e. B = v A /(.

By using the symmetric gauge where A = B/2 A r, H' may be de-

veloped as follow :

H' = pJ/2m + t V, - (e/m)p (B* A ?; + (C'72m) |f A t )
; (6)

I-FORMALISM

In the pnesenL description, the Hamiltonian is defined in a re-

al space on a square regular lattice in terms of the N local potentials

( V.) centred around each lattice site at r. :

II = D'' I V: (1)

Without loss of generality fi-/in is taken as our unit of energy and len-

gth measured in terms of the lattice parameter. We consider each local

potential relative 10 its centre in the following attractive form :

V - V (r - r ) (2)

For convenience, the asymptotic limits V̂ -* « and Ct-» » with (Vo/a)-> 1/2

is relevante since its determins v by only one parameter £ such as:

v, = e a + cc72 (3)

Assuming these hypothesis, the potential v exhibits only one bound sta-

te located at the energy E- -£-72 with wave function y(r)= -l£/27r e"

It must be keep in mind that this potential introduced by Berezin [17]

appears very convenient.

In this description, the formalism is developed on a binary al-

H ' = H + H:( + H ^ + • • • < 7>

The Hamiltonian H' exhibits cylindrical symmetry. Here HQ and HB? are

respectively the linear and quadratic part in the magnetic field and

can be written as:

eB
T~ (vyy -

and

(8)

(9)

Here vx and vy stand for the x and y-components of the velocity opera-

tor.

At this stage we have not been able to make any use of these

general equations and thus we are looking for approximate solutions.

Therefore, we concentrate our interest to the weak magnetic field re-

gime such that the magnetic length Li( = (R/eB) •
J? is larger than the

elastic scattering length. This asymptotic limit enables one to redu-

ce the Hamiltonian H' to the first order in the magnetic field, i.e.:

H' = ^ p (8* f») (10)

Furthermore we consider the case where the flux $ entering the



sample is larger than the quantum flux <(i* = 2ltri/e which ensures that

the sample size L is larger than L:i.

According to Malwah et al. 118], the products vxy and vyx may

be symmetrized to (vxy + yvJ/2 and (vyx + xvy)/2 respectively which

in turns implies the hermiticity of the Hamiltonian.

The matrix elements of H., in term of the set ) yj = yfir-r^) }

may be written :

eB ,
x,)

where

and

i CyL-y,)

(11)

(12)

(13)

Substituting of Egs. (12) and (13) in (11) yields to the first order

in the magnetic field :

= i|5 [<y;- y,) X.) - (x - (y ,-y,)

where the matrix elements of the umperturbed Hamiltonian are:

(e , e ) e"ei !?|-r,|-e? e-
U'•;-£'•>•) I ? . - ? . |

and the overlap matrix elements have the form :

( e : £ , ) ' • • ' •

(£- -f |r; -r
e-E,

(14)

(15)

(16)

In the present approach, we calculate the eigenfunctions yk=S clk (?t-r
>
1)

directly from the Schrodinger equation and then evaluate the partici-

pation ratio :

As well known, the participation ratio has been powerfull in numeri-

cal studies [19] to measure the spatial spread of the eigenstates and

then to characterize their nature. For extended eigenstates J>k vani-

shes to o(l/N) and for localised eigenstates goes to a constant close

to 1/3 corresponding to the coefficients c,k which are distributed ap-

proximately in a Gaussian form for each eigenfunction.

The other physical quantity of interest is the conductance for

the Fermi level at a given energy which may be expressed in terms of

the conductivity ozz:

Here o is determined by the Kubo-Greenwood formula :

J>| 5(E - E])5(E - E,)

(18)

(19)

where Q describes the volume of the system.

The 5 functions in Eq. (19) are calculated by considering each

eigenstate spread out over a range AE such as AE is smaller than the

total bandwidth to respect the discret character of the spectra of a

finite system.

Ill- RESULTS AND DISCUSSIONS

We have considered systems of up to N= 30x30 sites in 2-d geo-

metry with L =L . Numerical results have been performed for a disorde-

red binary alloy Ax B1_x in the dilute limit x = 0.9 with eA= 1 and

eB= 1.5 for different values of the magnetic field, B= 0.02; 0.05 and

0.075 in atomic units. Here the system of units corresponds to e=R=m=l,

i.e. units of energy are R2/m, of conductance and its fluctuations are

2ne2/R and of magnetic flux are 2nR/e [20].

For the above parameters, the length of the sample L7 in the

direction of the current flow is larger than the elastic scattering

length 1 such as Lz<< 1 {= 20 lattice parameters) and Ly > LH. Basi-

cally these assumptions are relevante since the reduction of conduc-

tance fluctuations by a factor 2 has been predicted under these con-

ditions [3, 10, 12, 211.

In Fig.l we have reported the results for the participation

ratio T as a function of energy for different magnetic field, T exhi-

bits an abrupt lower band edge. In the range -1< E< 1,9 is nearby con-

stant (about 1/3) and decrease continuously above E >1. Therefore, it

is apparent that the localization character of the eigenstates near

the lower band edge is more pronounced than the localization of the

eigenstates near the upper band tails in agreement with the predictions

of Ando [22],This feature is presumably coming from the typical attra-

ctive nature of the potential [23] and seems to suggested a "mobility

edge" separating exponential to power-law localized eigenstates (24].
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Similar predictions have been reported for 2-dimension systems [25].

The magnetic field introduces particular changes, mainly a sig-

nificant increase in the middle of the band, -1 SES 1. In this range,

P(B) is about a constant value P (B*0) =1.5 J>(B=0) and seem- apparently

independent in the magnitude of the field. Furthermore an appreciable

decrease in P with increasing B near the upper band edge (E^l.T). This

feature translates an enhancement of localization of the eigenstates.

An other effect is also observed: the tendancy of the magnetic field

to shift the lower band edge (E* -1.4) to lower energies and to incre-

ase T, These two effects are more important with increasing B.

We conclude that the magnetic field acts differently in the

band tails since the associated eigenstates a?e quite different in

their nature. Similarly Shapiro [26] suggested in the limit of weak

magnetic fields that the mobility edge is moved outside the unpertur-

bed band edge.

The delocalization of the eigenstates in the middle of the band

is in agreement with the conclusions reached by perturbations calcula-

tions in the weak localization the^-y [?•]. The localization effects

are induced by backwards scattering [1] and then any decrease of loca-

lization of the eigenstates observed in 'f arises from the magnetic fi-

eld which destroys the phase coherence between backwards scatterings.

Indeed foi these energies the phases of the scattered waves are

sensitive to the magnetic field. This argument serves as support to the

delocalization of the eigenstates near the lower band edge.

Fig.2 describes the averaged magnetoconductance as a function

of energy. We have examined systems of N=25x25 sites. For such sizes,

the number of configurations required to make the fluctuations appre-

ciable, with magnetitude measured by their r.m.s. Ag, is at least la.

Then Ag is examined in the extended regime,i.e. for energies such -1<

E<1 for different system size and magnetic field via the formula :

<A9>'' = L £ [ 9<E-.> " <g<Ei)> I 2 (20)

Here the sum runs over the total number of states AN in the range -1<E<

1.

Fig.3 shows Ag as a function of the system size for different

magnetic fields. The results may be summarized as follow. The univer-

sal value of Ag in the magnetic field of 0.61 is reproduced only for

system size larger than l,= 20 atomic spacing. The universal value of

Ag=0.86 in the absence of magnetic field is indeed reduced by a factor

of V2. For a proper understanding of the behaviour of Ag we have to e-

xamine the effect of the magnetic field on the localization length \.

From the participation ratio 9 in the range -2<E<l,one can deduce that

the magnetic field acts in increasing the localization length E, (B?0).

Within the choosen parameters,the localization length (B=0) is

always larger than the sample size L, and smaller than E, (B*0). Then

the condition for the metallic conduction 1<L <^ (BTO) holds only for

systems such Lz£ 1 =20 atomic spacing. It is only in this regime that

the reduction of the universal of Ag by a factor of /7 is observed as

predicted by theory.

In summary, we have obtained numerical results for conductance

fluctuations in weakly disordered systems in presence of the magnetic

field. We have confirmed both the ability of the magnetic field in

delocalizing the eigenstates and the factor of 2 reduction in the

metallic phase of the universal conductance fluctuations.

The results produced here can serve as a numerical support of

conductance fluctuations since the universal character of the fluctu-

ations yields only numbers independent on m e nature of the system

and consequently it does not modi fie anything.

Neverthless Altschuler et al. [28] have predicted that the pro-

bability distribution of conductance fluctuations have a non-universal

log-normal tail which in fact may be neglected in the regime <g> >>

e2/R but play a significant role near the localization transition, A

possible development of this study concerns therefore the approach of

this localization transition, namely the effects of the magnetic field

on the localized character of the eigenstate and conductance fluctua-

tions near the transition from both sides; Anderson insulator (Lz>>^>>

1) and the metallic regime.this should be the subject of a forthcoming

study.
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FIGURE CAPTIONS

Fig.l The Average Participation Ratio as a function of energy

or 30x30 system and different values of magnetic field

in arbitrary units.

.2

Fig.3

Dimensionless magnetoconductance as a function of energy

for 25x25 system and with a magnetic field B=0.075 arbi-

trary units.

Amplitude of the magnetoconductance as a function of the

linear size of the sair.ple for different values of the

magnetic field. The dashed horizontal lines represent the

universal values of 0.86 in the absence of magnetic field

and C.61 in its presence. The difference corresponds to

the factor 1//2 leduction of the amplitude Ag.
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