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ABSTRACT

Sensitive dependence on initial conditions, the most important signature of chaos, can
mean failure of Lyapunov stability, the primary meaning adopted in dynamical systems
theory, or the presence of positive Lyapunov exponents, the meaning favored in physics.
These are not equivalent in general. We show that there is sensitive dependence in quan-
tum mechanics in the sense of violation of Lyapunov stability for maps of the state vector
like (A) involving unbounded operators A. This is true even for bounded quantum sys-
tems, where the corresponding Lyapunov exponents are all zero. Experiments to reveal
this sensitive dependence, a definite though unfamiliar prediction of quantum mechanics,
should be devised. It may also invalidate the usual assumption of linear response theory
in quantum statistical mechanics in some cases.
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1 Introduction

In a recent paper [1] entitled "Absence of sensitivity to initial conditions in quan-

tum dynamics" M. Hossein Partovi proved that the Lyapunov exponents in a bounded

Hamiltonian quantum system are all zero. The method was essentially to define a

sensitivity matrix in quantum mechanics by replacing the classical orbit coordinates

qi(t), Pi{t) by the expectation values {<&)(£), (Pi)(t) of the corresponding operators

in the classical sensitivity matrix [2]. The purpose of this note is to point out that

"sensitivity to initial conditions" (or SD, as we shall abbreviate it hereafter) has two

meanings, which are not always equivalent: there is SD in the sense of violation of

Lyapunov stability and there is SD in the sense of the presence of positive Lyapunov

exponents. Though these two concepts are usually, as a rule of thumb, equivalent in

classical mechanics and map dynamics (but not always, see the concluding remarks),

they are definitely not equivalent in quantum mechanics. In this note we show that a

violent SD in the first sense remains in quantum mechanics even in bounded systems,

and that this property may have physical, measurable consequences. We speculate

briefly on the sort of physical situations where this might be observable in the conclud-

ing remarks.

Previously we have shown analytically that SD is absent in a wide class of observable

maps of the state vector for any quantum system [3-5]. For example, in expectation

values of bounded operators, autocorrelations, occupation probabilities of energy eigen-

states, etc., many of which have been identified as "chaotic" in numerical studies [6,7].

See also Vilela-Mendes [8]. Further, as to the connection of SD with chaos: we em-
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phasize that lack of SD does imply no chaos, whereas minimal SD (the negation of

Lyapunov stability, see the definition in the appendix) must be augmented by further

conditions to be equivalent to chaos properly defined [9,5].

2 Details

Lyapunov stability (or just "stability") of orbit <f>i{x) at initial state x says roughly

that other orbits 4>t(x') stay arbitrarily close to <j>t{x) for all time if x' is near enough

to x. The precise definition is given in the appendix. It is the nearest thing to the

familiar concept of continuity for functions of x that we can define for whole orbits. If

it fails at x, we say that there is (minimal) SD at state x or that x € J = the Julia set.

In QM (quantum mechanics) Lyapunov stability reads as just above with the cor-

respondences x *—>\ ip(0) ) and <j>t{^) *—¥\ ^(i) )• That is, the Schrodinger picture state

vector completely defines the state of the quantum-mechanical system. The noncom-

muting observables qiypi cannot define the QM state as they do in classical mechan-

ics. It is artificial, and unnecessary, to try to force the QM state into this classical

mould. We are interested in various functions or "maps" of the Schrodinger picture

orbit j ip(t) ), for example, expectation values {A)(i) = ( ip (t) j A | i/> (t) ) for var-

ious Hermitian operators A (which includes dispersions {(6A)2)(t)), time-correlations

{ ^>(t)| tf>(t+r) ), stationary state occupation probabilities j ( i/>n j i/>(t) ) |2, and so on.

The SD of these functions of the orbit in both the above senses is interesting, even

though that of the orbit is not: it trivially has no SD. (The reason that the discussion



of SD is usually confined to the orbits of a system is that for continuous maps x —>

F(:r) it can be proved that there is SD at F(x) if and only if there is SD at x.

Now consider any quantum system, of any dimension, Hamiltonian or not, driven

or not, that has unbounded operators. These are not far to seek: simple examples are

the linear harmonic oscillator, the hydrogen atom, q or p or both of any canonical pair,

etc. Then we can prove (see the appendix) that it has SD in the sense of failure of

Lyapunov stability at some states | V'(O) }. Precisely: given an unbounded operator A.

Given any time t>0 and any number M > 0. Then we can find an initial state | V'(O) )

such that in any neighborhood N$ of it:

Ns: all | ^'(0) ) such that || f 0'(O) > - | V>(0) ) || < 6, (1)

there exists a | ip'(Q) } such that

|(A)'(t) - <A)(t) \> M. (2)

Here || • • • j| is the QM state norm and (A)' (t) = {tp' (t) | A \ ip' (t) ) . This proves SD

at state | rp(O) }, but actually proves a slightly stronger result since the "divergence"

M and time t can be chosen ahead of time (independently) of the state | ^(0) ) .

3 Concluding remarks

1) The theorem embodied in Eqs, (1) and (2) seems at first sight paradoxical in

view of Partovi's proof that there are no positive Lyapunov exponents in a "bounded"

quantum system. We accept his partial definition of "bounded" system and even go



possibly a bit further in requiring

| (A)(t) | < R , all t , (3)

for every Hermitian operator A, where the bound R depends on A of course and on

the initial state. But there is no contradiction: the reason is that the bound in (3) is

not uniform in the initial state.

2) We have heard the objection that the theorem above is trivial, because it rests

on the known fact that every unbounded linear operator is discontinuous everywhere

[10]. But that is like saying that any physical phenomenon whose behavior is well un-

derstood mathematically is "trivial". The fact is that unbounded operators appear in

QM representing interesting physical quantities, and we must accept all mathematical

consequences, i.e., predictions, which flow from that representation. The point then

reduces to the question "Are there any 'practical' consequences of the failure of Lya-

punov stability in QM?" We suggest that these should be actively sought, and specific

experiments designed to test the stability. An example is the linear, "diffusive" growth

of mean energy ( E ) (t) of an atom in a laser field, modelled by a periodically or

randomly kicked quantum rotor [11], see also [6, Sees. 54, 55]. A further point is that

this SD is not necessarily associated with time-dependent phenomena.

3) According to Wiggins, there can be nontrivial sensitive dependence without positive

Lyapunov exponents in classical dynamics ([9, Remark 3, p. 615]). This is observed in

flows in strange attractors. He states "this is an area where new analytical techniques

need to be developed." This definitely runs counter to the conventional wisdom. He

also notes that positive Lyapunov exponents must be treated with care (Remark 4,



ibid): he gives examples in which they do not imply nontrivial sensitive dependence.

4) It seems a miracle that quantum mechanics has been able to bypass so far the fun-

damental difficulties caused by unbounded operators. B. Simon lists the Kubo formula,

and hence the current theory of the integral quantum Hall effect, as an outstanding

unsolved problem in mathematical physics [12]. Along with many others, Jauch and

Rohrlich [13] point out unsolved problems in QFT associated with unbounded opera-

tors which they must ignore in their book on QED. These problems are quite distinct

from the ultraviolet divergence problem.

Now we point out that a new manifestation of these problems is in the area of chaos

in QM. As one example of the implications for quantum mechanics of SD consider the

active field of linear response theory in non-equilibrium statistical mechanics. Sensitive

dependence in QM can invalidate the usual assumptions of linear response theory.

Given initial state density operators p0 and p corresponding to equilibrium under

Hamiltonian Ho and under a perturbed H = Ho - fA, where fA is a weak perturbation.

It is usually assumed that the mean non-equilibrium fluctuation in a typical observable

B,

AB (t) = Tr{^B (t)} - (B) , t > 0 , (4)

is small, where B(t) = U(t)"1 BU(t), U(t) = exp {-iHot//i), is the Heisenberg operator

and (B) = Tr{p0 B(t)}, and that it is sufficient to keep only the 0(f) part (linear

response theory).

Now if B is unbounded, our theorem shows that, given arbitrarily large M, in any

neighborhood Ng of an eigenstate j <f> ) of B there is an infinite set of states [ 0n), n =

, as-J? SK. .



1,2,- • -, such that

| ( ^ | B | V O - (<£ I B | <j>) | > M . (5)

Therefore, let the perturbation be arbitrarily weak: \\p — pQ\\ « 1. Then if an

eigenstate of po happens to equal U(t)"1 [ <f>) and an eigenstate of p happens to equal

U(t)"1 | ipn) for any n = 1,2,3,- • •, we can expect AB(t) to be arbitrarily large, i.e.,

| AB(t)|> M in general. Thus AB(t) is not small, Off), as usually assumed.

Acknowledgments

One of the authors (G.A.L-A.) would like to thank Profesor Abdus Salam, the

International Atomic Energy Agency and UNESCO for hospitality at the International

Centre for Theoretical Physics, Trieste.

A p p e n d i x The definition of Lyapunov stability is ([9, p.6]; [5, p.58]) Def. The

dynamics is Lyapunov stable at state x if, given e > 0, there exists a 6 > 0 such

that if d(x',x) < 6, then d((f>t(x'), <f>t(x)) < e for all t>0. Here d(-,-) is the distance

in the metric space M of the orbit: x and </>t(z) € M . This makes precise the

phrase containing "arbitrarily close" above. The negation of Lyapunov stability at a

state x, which we call minimal SD, then reads ([5, Def.(5-2)]) Def. The dynamics has

minimal sensitive dependence on initial conditions at state x if there exists an e > 0

such that, for any neighborhood JV of x there exists an x' £ N and a t > 0 such that



For a function, or map, of the state x, F(z) GM, the map metric space, minimal

SD is denned by replacing the orbit distance in this definition by the map distance

d( F {<f>t{x')), F(<f)t{x))). Then the proof of the theorem stated above around Eqs. (1)

and (2) is the following. Let the unbounded operator A have the discrete spectrum A;,

i = 1,2,- • •, unbounded above for convenience; this is an inessential simplification. A

general representation of any initial state in Ns ~ Eq. (1) is ([5, Appendix B])

| V ' ( 0 ) ) = N - ^ l 0 ( 0 ) ) + S 1 \ x } ) , 0 < 8 1 < 6 , ( 0 ( 0 ) | X > = 0 , ( 6 )

for some 5a and | x )• N = (1 + 8\)112, and all states are normalized.

Choose | 0(t) ) = | 0D ), an eigenstate of A to eigenvalue Ao, and | 0'(O) ) = Eq. (6)

with | X ) = Uft.O)"1 | V>n), where A| 0n) = An | 0n) and Xn ? Xo. U(t,0) is the

unitary time evolution operator. Then ( 0(0) | x } — (V5 (t) | 0n) = (0O | 0n) = 0 as

desired. Computing the map distance (2) we get

0 - <A)(0 =

A | 0(t)) + 2N-2^Re(0(t) | A | X(t))

+ N-2 8] (X(t) \ A | X(t)) = ^(1 + «J)"1(AB - A.) (7)

after a little algebra, since

( V(t) I A | 0(t) ) = Ao , ( 0(t) | A | x ( t ) ) = ( 0O | A | 0 n ) = 0 ,

<X(t) | A | x(t)) = Xn .

Now for any 5X < 6 choose n and Xn so large that the r.h.s. of (7) > the given M,

i.e., An > Ao + <5i"2(l 4- <$i) M, which can be done since A; —*• +oo as i —*• oo, Q.E.D.
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