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. Abstract:
hr ^

A theory is developed for the dynamics of tokamak plasmas considering
the influence of combinations of simultaneous heating processes (alpha
particle, auxiliary and ohmic), thermal conduction and particle diffusion,
thermal and particle pinches, thermalization of alpha particles as well as
the effects of boundary conditions. The analysis is based on a
generalization of the central expansion technique which transforms the
partial differential equations to a set of nonlinear coupled equations in
time for the dynamic variables. Oscillatory solutions are found, but only in
the presence of alpha particle heating. Examples of extensive computer
simulations are included which support and complete the analytic results.
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1. INTRODUCTION

Problems related to transport of energy and particles are central issues in
present-day fusion research [1-5]. The planning of next generation large
fusion devices like ITER as well as the interpretation of experimental
results from devices like JET and TFTR necessitate detailed insight into the
roles played by the various processes responsible for the transport in the
fusion plasmas. When approaching the burning fusion plasma state
occurring in next generation fusion experiments and in fusion reactors the
problems of alpha particle heating and confinement as well as the influence
of the alpha particles on the over-al' confinement properties of the fusion
plasma are becoming of outstanding importance. For experiments on JET

• — there is a direct interest in studying the behaviour of the fusion plasma

under the influence of several simultaneous heat sources of different types,
considering also losses by bremsstrahlung radiation and furthermore,
boundary and initial conditions.

The dynamics of the fusion plasma is governed by systems of nonlinear
partial differential equations. In a simplified model consideration the

^ behaviour of the plasma may be described by coupled PDEs for plasma
temperature, density and current density. Recently, the analytic method of
central expansion [6] has been successfully applied to a coupled system [7].

' *• Simulation studies have also been performed directly from the coupled
% system of equations [8]. Such simulations have served as useful guides in

formulating and interpreting analytic formulations. The analytic results
i from model considerations could reciprocally be useful for interpreting the

results of computer simulations and could provide check-points for
numerical simulation studies.

In the present work previous studies have been extended to include also
the dynamics of the current density, coupled to the poloidal magnetic field.
Particularly the influence of boundary and initial conditions have been
considered for the coupled system. It has been attempted to devise a
systematic way of investigating the interdependence of the nonlinearly
connected plasma dynamic quantities (their spatial profiles and temporal
evolution) on an analysis-based treatment. As far as possible a number of
mixed processes have been considered simultaneously, but when so
motivated or necessary, only certain sources, e.g. alpha particle heating,
have been retained in addition to diffusion. For appropriate systems, e.g.

r
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the burning fusion plasma, nonlinear steady states have been investigated

as well as the dynamic approach to those steady states [9].

The central expansion technique is applied for the first time to the coupled
system with full consideration of non-zero values of the variables at the

' boundary. This procedure opens up a lot of interesting possibilities for
future analytic studies, since it connects the conditions at the boundary,
and the effects near the boundary with the dynamic bulk plasma

! properties.

The spatial form required for the particle source in order to maintain a
steady state corresponding to the three coupled model equations, has been
particularly considered. The overall properties of the exceedingly

* -~ complicated coupled system (including also pinch effects from off-diagonal
diffusion terms) can be given a compact analytic description. It seems that
the description could be applied for a wide variety of permissible classes of
radial functions in terms of a central value, a dynamic width, and for more
detailed descriptions including one or several shape functions for the
profiles, all time-dependent variables governed by ordinary first order
coupled nonlinear differential equations. The profiles could be bell shaped

t I or hollow distributions. Steep knees in the profiles resulting from pedestal
break-point formation are reproduced by the central expansion technique,
in a rather surprising way, and confirmed by computer simulations. There

• \ is no doubt that the model description provides a powerful technique to ,
\^ analyze in a self-consistent way the roles played by the essential dynamic

processes governing the transport in realistic tokamak plasmas as well as
j . in other configurations. It has recently been successfully described to an
' " t octopole system exhibiting coupled radial and azimuthal deformations [17].

The dynamic evolution in space and time of a burning fusion plasma
depends on the simultaneous influence of a number of processes, e.g.
thermal conduction, particle diffusion, pinches (thermal and particle
pinches), heating (ohmic, alpha particle, auxiliary heating), losses
(bremsstrahlung), particle injection, alpha particle thermalization, as well
as on boundary and initial conditions.

The main aim of the present investigation is to address a number of
questions, e.g.

• equilibria (stationary points)?
• stability or instability?
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possibilities of oscillatory solutions in time of the bulk plasma?
• interrelations between temperature and density oscillations in time?
• simultaneous influence of several heating processes?
• interdependence of simultaneous processes, i.e. the influence of

pinches on the dynamics of the system and on the effects of the
boundary conditions?

• influence of finite values of the temperature and density at the
boundary on the dynamics and stationary values of the temperature
and density in the central part of the plasma? How do these finite
values enter the description of the central dynamics?

influence of the alpha particle thermalization on the dynamics of the
fusion plasma?

It would be desirable to find a unified theoretical description to answer
these quations. Analytical techniques developed for simple models [6-14,
16, 17] of nonlinear evolution are here extended to describe in a unified
way more complicated and more realistic situations, characteristic of a
burning fusion plasma in a future fusion reactor.

Model assumptions are made for the participating processes, e.g. power law
dependences with particular exponents of temperature for the thermal
conduction and particle diffusion coefficients, as well as for the various
heating terms.

x 2 . COUPLED EQUATIONS FOR TEMPERATURE, DENSITY AND
CURRENT DENSITY; STATIONARY POINTS AND STABILITY,

" ENERGY CONFINEMENT TIME

The base of analysis is a nonlinear coupled system of four partial
differential equation for temperature, density, poloidal magnetic field and
current density of the plasma. In order to obtain solutions to these
equations for radially symmetric situations a certain form for the
expansion of the dynamic variables in terms of the squared ratio between
the space coordinate x (radius r for 2-D and 3-D situations) and the time-
dependent dynamic width L has been constructed. This form also accounts
for non-zero values of the dynamic variables at a given radius r = b, (T =
Tb, n = nb).

By introducing this form, the accuracy of which, for specific cases, has been
tested by comparison with direct computer results, into the nonlinear
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partial differential equations, coupled system in only time can be obtained
for the amplitudes of the dynamic variables AT and An (matching all space-
independent terms obtained when introducing the expansions in the PDE:s)
and, if so desired, for the widths LT and Ln (matching all quatratic space-
terms) or even for time-dependent shape-factors by matching higher order

1 • space terms.

For the central domain, r = 0, it suffices to include only the space-

: independent (but time-dependent) terms in the matching procedure. These
terms, however, depend on the constant widths L j and Ln as well as on the
boundary values Tb and Tn, where Tb and Tn enter the zero-order space-
matching by the effects of the spatial derivatives in the diffusion operator,
which degrades contributions from next higher order terms of the

• — expansion in the matching procedure. In this context one may also neglect
the time-dependence of the widths L-p and Ln the description of which
generally requires matching of all quatratic space-terms, which, however,
can be neglected in the central domain, r = 0.

By introducing a generalized form of the central expansion into the coupled
set of four equations and eliminating the poloidal magnetic field one

x obtains a set of three first order noninear coupled differential equations in
time only for the central (r = 0) temperature, Tc, density nc and current
density Jc, where all quantities depend only on time. These equations
contain a sum of all heating and loss contributions, effective heat

*% conductivity and particle diffusion, including the effects of non-zero values
v of the temperature Tb and nb at the boundary, r = b, as well as

1 temperature and density pinches, and, furthermore, a source of particle
injection. For the alpha particle heating as well as for the particle injection,
finite thermalization times are introduced, accounting for non-
instantaneous transfer of energy to the plasma, thereby generalizing
further the forms of the central temperature and density equations.

The analysis of the three coupled equations for the central domain is
greatly simplified by the fact that a stationary point exists in the current
density for a certain ratio (= 3/2) in between the squares of the widths of
the temperature and current density distributions. As a result the coupled
system may be studied in two separate parts, one consisting in two coupled
equations for the central temperature and density, with the central current
density in the ohmic heating term constant, and the other part being the
separate current density equation. For the current density not only the
dynamics of Jc, the central value of the current density (for which an

i' t
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expansion to order r2 is sufficient), but also the dynamics of Lj the width
of the current density profile (for which terms of order r4 have to be
considered) is studied. This enables one to conclude interesting facts for the
behaviour of the system near the stationary point of the current density
distribution namely; (i) that the width of the current density distribution
will adjust itself in such a way that the stationary value of the current
density can be reached and maintained for a plasma where ohmic losses
are present; (ii) that the stationary point corresponds to a stable state as
regards the value of the central current density, and (iii) that the central
value of the current density and the width of the current density fulfil the
following simple constant of motion relation: Jc

2 Lj2 = Jco
2 Lj0

2 = constant,
and (iv) that a characteristic time-scale for the approach to the stationary
point can be determined.

The further analysis of the problem therefore reduces to considering the
remaining system of two coupled equations for the central values of the
plasma temperature and density, assuming the plasma current density as a
constant.

The compact structure of these equations, including all relevant
parameters, enables one to obtain analytical estimates of the trends of the
evolution for the total system, to describe the interplay between the
various processes, and to obtain answers to a number of the questions
raised above in section I.

Including in the basic set of equations also the current density J and its
coupling to the poloidal magnetic field B, and allowing for different
simultaneous heat sources and losses the coupled model equations for the
radially symmetric cylindrical case can be expressed as follows, namely

^ (3nT) = j ~ [r(Q+3TO] Poh Pb - Pa

9t

dB

1 3
- - -
r dr

(2.1)

(2.2)

(2.3)

(2.4)
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where

n = plasma density.

T = plasma temperature,

J = current density,

B = poloidal magnetic field.

T-3/2 ,

\

Sn = particle source due to neutral beam injection, pellet injection and
gas puffing,

Poh = 5.23 • 10-5 Zcff In A T-3'2 J2,
ohmic heating power, where Ztff is the effective ion charge
number; lnA is the Coulomb logarithm. MKS units are used
except for the temperature expressed in eV,

= auxiliary heating; high frequency or neutral beam, or both,

Pb = power density loss by bremsstrahlung radiation,
Pb = 1.57 • 10-38 Zcff n2

Pa = alpha particle heating power density transferred to the plasma,

where Ea = 3.52 MeV, assuming ideal confinement and
instantaneous transfer of the energy of the alpha particles to the

plasma,

Q=

r=
9n n 3T

I
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where x a nd D represent transport coefficients for which the
temperature dependence in the following are approximated by
power laws.

The Eqs. (2.14) and (2.15) can be combined into the following forms,
namely

3T_ 1 d [ (Xr 3T ZnTdn
dt ~ r 8r|_ rn~ 9r + 3 IT d

3

where the abbreviated notation ST has been introduced for

(2.5)

(2.6)

(2.7)

V

and where a term — Sn has been neglected in Eq. (2.5), assuming the change

of density per second introduced by the particle source smaller than the
density. Similarly the diminution in density of ions (deuterium and
tritium) due to nuclear reactions has been neglected already in Eq. (2.2) as
v/ell as in Eq. (2.6).

Note that the terms containing %n and DT represent pinch effects for
negative values of %n and Dj.

Assuming in Eqs. (2.5) and (2.6) the following temperature dependences of
the transport coefficients, namely

XT/3=a T T\

I > r = - k n T \

(2.8)

(2.9)

(2.10)

(2.11)

where the pinch coefficients kj and kn could be as large as the diffusion
coefficients ar and an, respectively, the Eqs. (2.5) and (2.6) become [7, 8]

t
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l ' r ^ l ^ i l ^ ' ^ l + S (2.12)

i L ^ j L ^ T * ^ ] . ^L^[rl*-»n ^ ] + Sn (2.13)

The transport coefficients have been assumed to be such that they depend
essentially only on temperature, i.e. a dependence on density and magnetic
field could be neglected. In the expression for the temperature source S j it
is assumed that the alpha particle heating, i.e. (l/3n)Pa can be expressed as
en TP, where p is a positive exponent, which ranges from 2.5 to 1.5 for
temperature corresponding to 8 keV and 20 keV, respectively. The losses
by bremsstrahlung radiation in Eq. (2.1) is assumed to be given by -enTI,
(e > 0), and q = 1/2.

The model Eqs. (2.12) and (2.13) together with Eqs. (2.3) and (2.4) form the
basis of the present study and will be elaborated on extensively in sections
4 and 5 after introducing in sections 3 and 4 technical tools useful for the
forthcoming analyses, namely the technique of central expansion (section
3) and a new approach for considering the influence of non-zero boundary
values (section 4).

Using the techniques developed in sections 3 and 4 the Eqs. (2.12) and
(2.13) together with Eqs. (2.3) and (2.4) can be used to describe the
evolution in time for internal regions of the plasma given nonzero
conditions of the temperature and density at the boundary. It appears that
the boundary effects can be formally included in effective diffusion
coefficients û  and v in the temperature and density equations, respectively.
By using the central expansion technique (section 3) and the approach to
include the boundary conditions (section 4) applied to the Eqs. (3) and (4)
and by combining the Eqs. (2.3) and (2.4) an equation for the current
density J can be formulated, which together with the equations for the
temperature and density forms a basic set of coupled tokamak transport
equations. In the centre of the plasma the coupled equations for T, n and J
can be expressed in the following form, namely

c = ST(nc,Tc,Jc) , (2.14)

= sc , (2.15)
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(2.16)

The source term S j in Eq. (2.14) is here assumed to include any kind of
combination of different source terms and losses of interest to the problem,
such as ohmic heating, auxiliary heating of various types, HF or NB, alpha
particle heating, bremsstrahlung losses etc. The particle source term in the
centre, sc, which may differ appreciably from the corresponding value Sb at
the boundary (r = b) may also depend on time to represent gas-puffing.
The quantity p in the central current density equation depends on an
interesting combination of the widths of the current density profile and of
the temperature profile, as well as on the position of the boundary, the
exponent 5 of temperature dependence of the diffusion coefficient (2.8),
and the ratio between the temperatures at the boundary (r = b) and in the

centre (r = 0). One finds that for Tb « Tc and L? < b2(l-fS), where LT
represents the width of the temperature profile and S = 3/2 the quantity p

becomes equal to zero for Lj = j LT, where Lj represents the width of the

current density profile. This result means that there is a stationary point
for the evolution of the system for a certain ratio between the widths of
the current density and temperature profiles, the current profile being
more peaked than the temperature profile. For deviations from the values
of the current density and the width of the profile of the current density at
the stationary point the system will return dynamically to the stationary
point. The formation of a stationary value of the central current density,
even for a state with ohmic losses, is related to the fact that the decay by
losses is compensated for, in the centre, by a simultaneous slight
contraction of the current profile. Details will be given in section 6.

The above discussion leads to the observation that when treating the
behaviour of the system of equations (2.14) to (2.16) in the domain of
stationarity the Eq. (2.16) can be treated separately, as has been done in
section 6, whereas the equations (2.14) and (2.15) can be treated as a
coupled system assuming for the current density Jc the stationary value.

From observations done when treating separately the different heating
sources in the temperature Eq. (2.14) and combinations of such sources
separately, e.g. ohmic heating plus auxiliary heating, or auxiliary heating
plus alpha particle heating, it has been concluded that the system (2.14) to
(2.16) can be given a general description with regard to its behaviour in
the domain of stationarity, including any combination of sources, a

f
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circumstance that was by far not obvious from the beginning. Such a
description can be specified to give the results for any combination of
interest of heat sources and losses. Furthermore, nonlinear effects in the
dynamics of the deviations from stationarity can be included. It turns out,
from treating the separate cases that regarding the central domain the
ohmic case has a stationary point for the temperature, density and the
current density, which is stable, and characterized by the fact that the state
returns to the stationary point without oscillations. For pure alpha particle
heating, on the other hand, oscillations are possible, i.e. a burning fusion
plasma may in principle return to a stable stationary point in an oscillatory
manner. The general description here introduced enables one to predict
the evolution for intermediary situations where several sources of different
nature act simultaneously.

A stationary state corresponds to d/dt = 0 in Eqs. (2.17) to (2.19), i.e.

(2.17)

= J<S) , ( p = 0 ) ,

(2.18)

(2.19)

K

K

for sc a constant.

There could be one or several stationary states, e.g. one stable and another
one unstable.

For deviations from a stationary state one may express

(2.20)

(2.21)

(2.22)

and make a linear expansion around the stationary point
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nc , Jc )

OST OST

( 2 2 3 )

Introducing the expressions (2.20) to (2.23) into the Eqs. (2.14) and (2.15)
one obtains

dSx OST OSX

(2-24)

i . , ,2.25)

Stationary value of the central current density requires p = 0, i.e. Aj = 0 and

Jc = JcS) may be assumed in Eq. (2.23).

Hence, from Eqs. (2.24) and (2.25) one has

~An
c . ->-'C

<S))K-' + An v c (T^ f ))K = 0

Solving for An in Eq. (2.26) one obtains

( 2 ' 2 6 )

(2.27)

a 2 8 >

Introducing the expression for An from (2.28) into Eq. (2.27) yields a
second order ordinary differential equation in Aj , namely

'j
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- 0 • (2.29)

Assuming a solution of the form

(2.30)

one obtains for X the following second order algebraic equation

M^iXT^v/lf)*--!-

(2.31)

In cases where the Eqs. (2.17) to (2.19) have several stationary solutions

the corresponding values of T<s) and n[$) have to be chosen in Eq. (2.31) to
obtain the proper values of X. The quantity X can be a positive (unstable
case) or negative (stable case) real quantity, or a complex number with
positive or negative real part, corresponding to growing oscillations or to
decaying oscillations approaching a stationary state, determined by Eqs.
(2.17) and (2.18) for any choice of the source function S T , e.g. a sum of
heating terms having different exponents in their temperature dependence.
If the different terms have large differences between their temperature
exponencs this will correspond to a high order of equation to solve,
providing, e.g. more than one root of physical interest for the system (2.17)
and (2.18). As an example a loss term due to bremsstrahlung radiation
proportional to T 1 / 2 in addition to an alpha particle heating term,

3 5
proportional to TP where "2<P<^, will provide a second stationary state,
unstable as determined by the quantity X in Eq. (2.31).

The solutions of Eq. (2.31) can be expressed in the form

(2.32)

where

t
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A = -

] ,
J

(2.33)

(2.34)

From Eq. (2.32) one concludes that a condition for oscillatory type of
solutions for AT and An is

B2>C . (2.36)

For oscillatory solutions the sign of A determines whether or not the
oscillations may grow in time. For A > 0 the system might exhibit growing
oscillations whereas for A < 0, i.e.

- ^ - < ^ ( & , 1 ) ( T < S > ) 5
+ V C ( T ^ (2.37)

1

the oscillations will decay in time to become zero in the stationary point,
determined by the relations (2.17) and (2.18).

(i) Ohmic heating
For the case of ohmic heating alone one has

(2.38)

Introducing for the stationary point the notation

c = c r e 5Z e f f(4 s ))2
(2.39)

one has

(2.40)

where from Eqs. (2.17) and (2.18) one has
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(2. 41)

-K/ (5 /2+&-K)

One notices directly for the ohmic case (C < 0), from the relations (2.32) to
(2.35), that

A2>B2 + ICI , i.e. X=Xh2<0 , (2.43)

for

' > K ̂ - | —J-1 . (2.44)

Since for ohmic heating

I = (nt'T S?1 , (2.46)
a*'

\ one finds that the relation (2.44) can be expressed

V 1 ) (2.47)

or from Eq. (2.27) with 3Tc/at = 0

5+1 > tc-3/2 , (2.48)

which is obviously fulfilled for K = 8 = 3/2. It therefore follows that for the
ohmic case X is always real (2.45), (B? - C) > 0, and X = \\,2 < 0, i.e.
deviations from the stationary state always decay smoothly, i.e. without
oscillations, towards the stationary state.

(ii) Alpha particle heating
For the case of alpha particle heating alone one has

9^
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(2.49)

The corresponding stationary point is determined by the relations (2.17)
and (2.18),

| , (2.50)

"K/(&+1"p+K) f

and one obtains for X

X = - v R + ico , (2.52)

where

feJ tej J (2-53)

(2.54)

/ csc \«tf»»*i-P)-|

In particular for the case p = 8+1, i.e. p = 2.5 and 8 = 1.5, and assuming K = 8

the expressions (4.53) and (4.54) reduce to

a2-vä [ 4 8 ^ - l ] , (2.56)

in which case oscillations occur for

4 8 ^ > 1 , (2.57)
C

a condition which is fulfilled in practical cases, since (J.c > vc and 8 = 1.5.

For the idealized alpha particle model with Saipha = en TP damped ),

oscillations in plasma temperature and density are to be expected for the !
burning fusion plasma, contrary to the case of ohmic heating.
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( i i i ) Intermediate cases
For cases, of practical interest, where several sources play a role
simultaneously, and where losses have to be considered the proper
combination of terms as well as less idealized models for, e.g. the alpha
particle should be considered.

( iv) Higher order terms in the deviations

The analysis can be extended to take into account AT, An and AjAn terms
which might cause nonlinear saturation or enhancement effects.
Generalizing the linear perturbation expression (2.23), density equilibrium
is established in the central domain, i.e. Aj = 0, one can express the heat
source term Sj in the form

S T - S> (nc . T c , Jc ) +

9ST 3ST

d n ^ V

1 32ST i 92ST

2 ^ 2 T 2 (2.58)

The nonlinear generalization of the Eqs. (2.26) and (2.27) with regard to the

deviations AT and An (the stationary points T^s) and n£s) are already highly
nonlinear) becomes

c / J

AnAT

92ST
(2.59)
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= - AT vc K n<<s ) c i «*-!) »fcW d f )K"2

(2.60)

One notices that for hot fusion plasmas where the alphas have a dominating

influence the An8 ST/d(n*sO may be neglected and one can solve for An from

the Eq. (2.59) and introduce in Eq. (2.60) to obtaiu an equation keeping

terms to order AT to consider nonlinear saturation or enhancement effects.

A continued study of this problem :s of considerable interest but is outside

the scope of the present investigation. Let us only remark here that for the

ohmic case one has in Eq. (2.49)

asT (2.61)

whereas

(2.62)

K

and

a 2 s T
(s)

>0 (2.63)

which differ from the results for a burning fusion plasma (heated by alpha
particles only) for which Saipha = c n TP and, accordingly

OST UST

32ST
>0 ,

(2.64)

(2.65)

whereas
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(2.66)

and

d2ST

.<*>
>0 (2.67)

The intermediate cases, with simultaneous contributions from several
different sources and losses, fall in between the two limits of ohmic and
alpha particle heating. A thorough treatment of this whole area is in
principle possible according to the approach discussed above and would
include all cases of practical interest. It requires, however, a reliable
modelling of the different heating contributions with accurate values for
the parameters entering the description. In addition, the expressions for
the effective transport coefficients uc and vc depend on the values of
coefficients and exponents characterizing the diffusion and pinch effects,
and therefore on the transport model.

Energy confinement time
The confinement of particles in a plasma is governed by the transport
equation

(2.68)

where sn+ and sn_ refer to the particle sources and losses.

Integrating Eq. (2.68) over a specific volume V and using for the transport

term the Gauss' law one has

^ JndV+J (nv)xO =J(S+-S_)dv

Introducing for the particle confinement time

JndV

(2.69)

J
(2.70)

dO

t
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and for the volume integral over the particle density in Eq. (2.69)

[ndV (2.71)N= fi

one has from Eq. (2.69)

J n + -S n_)dV (2.72)

For dN/dt = 0:

J (2.73)
(Snt-Sn)dV

where in the volume integral all sources and all losses in the volume should
be included. The volume could be chosen as a central part of the plasma or
as the volume of an entire confined plasma. In analogy with the expression
(2.73) one may define the energy confinement time as

I
(2.74)

\ ^ XT 3 T

^ where for a fusion plasma NE = ̂ nT and Ptol = poh + paux + pa - pb, where the

1. separate power contributions are defined in the beginning of this section.

t
In each separate case the proper combination of terms have to considered
in the expression (2.74) to estimate the energy confinement time of a
tokamak plasma. For a case where only ohmic heating is considered
(neglecting for simplicity the bremsstrahlung losses) one obtains for the
central part of the plasma and at the stationary point

T E _ . - i T r n c (»c ) ' ( 2 ' 5 )

where Vc is defined by the relation (2.39) and T^ and n̂ f) by the
expressions (2.41) and (2.42), respectively, yielding
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i Fvc i - 5 / < 5 / 2 + & - ) C )
(2.76)

where the effective transport coefficient \ic and v c are defined by the
expressions (4.12) and (4.13), and where K = 6.

* ;
t

v K

3 . THE CENTRAL EXPANSION TECHNIQUE

A new technique has been invented for describing the nonlinear evolution
of reaction-diffusion systems. The physical processes involved are
combinations of various heating and loss mechanisms acting simultaneously
with diffusion. The technique of analysis is based on the introduction of
suitable dynamic variables, which depend only on time and which act as
time-dependent coefficients in a series expansion in space. The dynamic
variables are the amplitude (central value), width and radial shape of "bell-
shaped" distributions. The evolution of these dynamic variables are
governed by coupled equations containing only first order time derivatives
and algebraic nonlinear combinations of the variables. The solution of the
coupled equations determines the space-time evolution of the profiles of
the system. Boundary conditions of different shapes such as circular
(spherical) or quadratic (cubic) ones, are included in the analysis, which
provides a unified description in one, two and three dimensions [6, 9, 11-
17].

The coupled equations for the dynamic variables are well suited for
analytic studies as well as for computations. They also form a natural
system for analysis by means of phase-plane techniques. The structure of
the coupled equations furthermore allows for detailed insight into the
interplay between the various mechanisms in the process of evolution of
the system.

The present approach to the problem seems particularly justified by the
fact that there is little or no hope that the original PDE can be solved
exactly for arbitrary initial conditions since it does not fulfil the Painlevé
criteria [14].

In order to describe the dynamic evolution governed by the PDE and the
boundary condition for u(x, t), e.g.

u(b, t) = O (3.1)

t
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for all t, the following form u is assumed

u = AG(x/L) , (3.2)

j where A and L, the central value and the width are functions of time, and
only time, A = A(t) and L = L(t), and where

(3.3)

for dimensions d = 2 and 3 and radially symmetric situations y = 1,2,
respectively. For the coefficients r\ and £ = £(t) one may, in the process of
truncation, choose £ as a constant £o. see Appendix. The condition for finite,
non-zero flux

du 8 du a u +1

D

for x = b uniquely determines the quantity a as

1 . 5 * - l . (3.5)

w, The next step is to introduce the expansion (3.3) into the original reaction-
x diffusion equation, and to carry out the differentiations in space and time

< and the expansions of the powers in the source and loss term. Matching
» - separately the terms which do not depend on x2 as well as the x2 terms and

the x4 terms one obtains as a result three coupled nonlinear first order
differential equations in time for the time-dependent variables A, L2 and r\,

as indicated in the scheme of analysis.

The procedure of applying the central expansion technique may be
elucidated by the accompanying scheme of analysis.

4 . INFLUENCE OF NON-ZERO VALUES OF T AND n AT THE
BOUNDARY (r=b)

For non-zero value of T at the boundary r = b, namely T = Tj,, denoting the
central value of the temperature by T = Tc, retaining the previous notation

\

t.
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A j for the central temperature when Tb = 0, and introducing the parameter
ET as a measure of the finite boundary value, one may express the
temperature in the following form

^ T T - ^ T T T

where AT, LT and IJT are generally functions of time, and 5 the exponent of
temperature in the expression for the heat conductivity coefficient % = aT
T6. From the Eq. (4.1) one has for the central value

(4.2)

and for the boundary value

= ATeT , (r=b) (4.3)

iyielding for the quantities Ep in (4.1)

. (Tb<Tc) ,

which reduces to ET = Tb/Tc for small Tb/Tc.

For the central domain one obtains to order r2 from (4.1)

T=TC

or since from (4.4)

(4.4)

(4.5)

(4.4a)

(4.6)

where in (4.5) and (4.6) RJ: = b2(l+6). Close to the boundary one may

approximate

3m-
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\ ,

\

r2

" b 2 +

l/d+8)

(4.7)

From (4.6) one finds the following expression for the heat conductivity
term in the central domain, namely

(4-8)

and making use of an expression for the density n corresponding to (4.6),
one has for the diffusion term

T å (r T' I F ) = - 4 a - "c ̂ [1 - nb/no

(4.9)

V

Correspondingly, for the pinch terms

and

(4.10)

r dr

x i — (4.11)

One may express

(4.12)

(4.13)

'j



- 26 -

where

(4.14)

(4.15)

with

(4.16)

(4.17)

The thermal conduction and diffusion, respectively, in the centre can thus

be written

rl+8
|ICTC , (thermal conduction; r = 0)

vcnc T* , (panicle diffusion; r = 0)

For the boundary (r = b) one ooiains from (4.7)

(4.18)

(4.19)

1+8

(4.20)

and, correspondingly,

l+K-il/d+K)

^
(4.21)

.1+8

(4.22)
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B̂

where in deducing the relations (4.19) to (4.20) the quantity K has been

taken equal to 5 to avoid a singularity or zero from (l-r2/b2)(5*K) in the flux

at the boundary.

One may, accordingly, define the values at the boundary corresponding to
(4.12) and (4.13), namely

r ( i V*5! ( b2 b4 V + 5

Ub = 4 ( a T / B ^ - k T / B n
2 | l - ^ J J l l - — + 1 ^ — 1 (4.24)

with the corresponding values of the diffusion at the boundary (tc = 8),

u.b Tc
1+5 (thermal conduction; r = b) (4.26)

vb nc Tj (particle diffusion; r = b) (4.27)

For equilibrium between particle diffusion and particle sources at the
boundary and at the centre one requires,

t
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" 1 1 1 I —-.
t * r. \"c / J

vl+6"!

(4.28)

\

For nb « nc, Tb « Tc, K = S (Bn = BT).

r 2 4 f (
Sb__b_ = _ _

i r b2 b 4 f ( b2

(4.29)

For k n « a n ;

(4.30)

1
Since b can be chosen arbitrarily on the profile one may conclude,
correspondingly:

2

3T

(4.31)

and similarly for arbitrary Tx/Tc; nx/nc . To balance the particle diffusion
and maintain equilibrium at every point of the profile a source of particles
should be available in accordance with (4.31) or (4.28) and (4.29) with b =

x.

For 0 < r < b two different domains have to be separated, namely 0 < r < rp,
(domain I) and rp « r < b, (domain II), where rp denotes the pedestal

1 1
"break point" in the distribution. For domain II the quantities ~"~ and 77 in

By Dn
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_L _L _L _L
(4.20) to (4.25) transforms into , 2 +

 D2 and , 2 +
 n2 for domain I, and

similarly for the exponent of the factor's [1-(n^/nj1*"] and [ l - ^ / T J 1 ] in vx.

Note the asymmetry in this respect with regard to u,x and vx .

\

An interesting question to address is the relation between the equilibrium

widths Lj , Ln, Ls and B.

Assuming K = 6 and Tb = 0, nb = 0, and using the notation rn = kn/an for the

ratio between the pinch and the diffusion coefficients one can show for the

coupled T, n relations with — = — = 0 that independent of amplitude (2-D, y
dt dt

= 1),

1 2+58 M 1 ^ _ 1
-T ~ + — +2T1n —+

B2

-T. (2nT + 1-5) - 7 + 3
L B L^J

(4.32)

1

v K

From Eq. (4.32) one notices that in the absence of particle pinch, i.e. rn = 0,

a sufficiently small value of L,, i.e. a sufficient peaking, is required for the

source filling the central domain, whereas for L, no equilibrium exists

for rn = 0. For rn = 0, and U > Lr the equilibrium condition requires

2 -1,71^=1/28=1/3. (5 = 3/2). (4.33)

5 . COUPLED EQUATIONS FOR T, n and J FOR THE CENTRAL
DOMAIN CONSIDERING FINITE BOUNDARY VALUES

The following coupled model equations are considered for the evolution in
space and time of the physical variables, namely

t
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3T ar 9 t £BT\ kT 9 ( *^x \

f (5.1)

l T J l T J + S (5<2)

J = 7 ^ ( r B ) , (5.4)

with T) = crCs Zeff T"3/2. B being the poloidal magnetic field.

In Eq. (5.1) the a j and kj terms refer to temperature diffusion and pinch,
respectively, the heating terms to ohmic, external and alpha particle
heating, respectively, and the loss term to bremsstrahlung radiation. In Eq.
(5.2) the an and kn terms refer to particle diffusion and pinch, respectively,
and S to a particle source, which may depend on time and space coordinate
r.

For the centre of the plasma (r = 0) the equations (5.1) to (5.4) can be used
to deduce three coupled equations in time for the central temperature, Tc,
density nc and current density Jc, namely

| - + uc if)TC = creJ ^ T 7 3 / 2 i\ n'c
X + h a,"1 + c nc 1*-e ncT? , (5.5)

= sc , (5.6)

— + p TV JJC = 0 , (5.7)

where TIC and vc are given by the relations (4.12) and (4.13), respectively,
with (4.14) to (4.17), where in (4.14) and (4.15) the widths Lj and Ln for
the temperature and density profiles, assuming here Lj and Ln to be
constants.

In Eq. (5.7) the quantity p is defined by
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(5.8)

where lrc is given by the relation (4.14) and Lj refers to the current density

distribution.

Under certain conditions the Eqs. (5.5) to (5.7) could have equilibrium
solutions, and oscillations in time of temperature and density could occur
[20]. For d/dt = 0 in Eqs. (5.5) and (5.6) one obtains

vcTcnc = sc (5.9)

and

(5.10)

Due to the nonlinear nature of Eqs. (5.9) and (5.10) explicit analytic
solutions can only be given for certain (though practically interesting)
combinations of the exponents and only for certain combinations of the
heating and loss terms.

By numerical analysis the solutions of Eqs. (5.9) and (5.10) could, however,
simply be given for any choice of exponents and considering all terms in
Eq. (5.10). For high fusion temperatures one may consider only alpha
particle heating and external heating, neglecting ohmic heating and losses
by bremsstrahlung radiation. Taking for such a case 5 = K = 3/2, p =2 Eqs.
(5.9) and (5.10) reduce to

- I
cs r

(5.11)

from which the equilibrium values for this case are obtained, namely

. . -i ( -. -2 \l/2

(5.12)

and

t
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s''h s c V sc
2 -3/2

(5.13)

where T|C and v c depend on Tb/Tc and nt>/nc according to the relations

(4.12) and (4.13).

For a burning fusion plasma, considering only alpha particle heating
solutions have been given in section 2, (2.49) to (2.57).

A generalization of this treatment to include several heat sources, e.g.

Tc' and in addition bremsstrahlung, corresponds to an equilibrium

which satisfies

(5.14)

4
t

which can generally only be solved by computer. The related frequency of
oscillation and linear damping can, however, be determined analytically
from straightforward generalizations of Eqs. (5.5) and (5.6),

a)2 = uc vc ( 5 + 1 - P + K )

VR-JI nc(8+l-P)(T<e))8]

(5.15)

(5.16)

where

p = - i - (5.17)

which for only one source and neglecting losses by bremsstrahlung
radiation reduces to P = p and the relations (5.15) and (5.16) reduce to the
expressions (2.66) and (2.67).

The oscillations which have here been determined for the central domain (r
= 0) prevail over the whole profile (0 < r £ b) provided a properly
distributed particle source is present, (4.28) to (4.31).

I
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It should be mentioned here that a high value of pi may be considered to
simulate a component of the heating which is particularly localized in the
centre, thus affecting the frequency of oscillation, cf (5.15) to (5.17).

6. STATIONARY PROPERTIES AND DYNAMICS OF THE
CURRENT DENSITY

The Eqs. (5.3) and (5.4) allow for studies of the equilibrium and dynamics
of the current density J.

For the current density J one introduces an expansion

(6.1)

where Jc and Lj depend on time. To study not only the dynamics of Jc, for
which an expansion to order r2 is sufficient, but also the dynamics of L; it is
necessary to consider terms of order r4 , not only in J but also in

= c
-3/2

ZeffT~ . Using for T the form (4.1), with zj < 1, one obtains for T| the
following expression, namely

= cre$ Zeff %'
•3/2

J_f5 . 5 -1+6

From the expressions (6.1) and (6.2) one obtains

(6.2)

J
J

t
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3/2

\

i*i)J]} «»
Introducing in Eq. (5.3) for the poloidal magnetic field

B = - Jrdrr Jo

one expresses

(6-4)

Jc r -2 4

t

a r r f i i r3
(6.5)

For B/dr (j\i) in relation (5.3) one finds from the expression (6.3)

d

5 ^ 2 % ., , + S / 1 M i

Introducing the relations (6.5) and (6.6) into Eq. (5.3) and matching the r-
terms one obtains

d i _ „
"fa Jc - cres (6.7)

or the Eq. (5.7)
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where use has been made of the notation for p. (5.8).

From Eq. (6.7) follows the equilibrium condition for L,, namely f

A . (6-8)

from which one concludes that for Tb « Tc the width of the equilibrium
current density profile, Lj, is generally smaller than the width L T of the

temperature distribution, with L,2 < L^ < B^ = b2(l+5)

Matching correspondingly in Eq. (5.3) the r3-terms by using the relations
(6.5) and (6.6) one obtains

In (6.9) one has

Lj- B

d 2 1 d J c 1 ÖL,?
dt 1 2 at c 14 <jt

From relations (6.7), (6.9) and (6.10) one obtains

r

t
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\ .

1 + 5 / i i >| 2
3 ( 1 - ^ 1 - + - - - T

2 r4nr-i
3

(6.11)

One notices from the expression (6.11) that for T|J = 1 andL,<L r <B T one

has

(6.12)

which means that [dL,2/dt]/L? and dJc/dt vanish for the same condition (6.8),

with the term, in (6.10)

J_dL? = _3_dFc
c , * dt " , 2 dt - (6.13)

The relation (6.13) demonstrates that in the formula (6.10) the dL,/dt term
is important compared to the dJc/dt term in determining the influence of
the r3 terms.

Since for an equilibrium it is necessary that dJ/dt and dL,/dt vanish
simultaneously a natural requirement for self-consistency of the solution
would be that in Eq. (6.11)

,+6 5 5

B BT

(6.14)

with Lj2 < L^ < Lg
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Emphasizing L | > L T in expression (6.14) one notices that for ET « 1 a value
of TIT = 5/4, i.e. TIT > "HJ. supports the requirement T\J = 1 for establishing an
equilibrium.

One notices from the Eqs. (6.7) and (6.12) for the central value and the
width of current density profile, respectively, that a profile that is more

peaked than the equilibrium profile (LJ<LJC)) will lead to a diminishing

central value and an increasing width, whereas the opposite is true if the

initial profile is less peaked (Lj > LJe))than the equilibrium profile. The

situation would thus correspond to a stable equilibrium.

In fact, integration of the relation (6.13), which follows directly from Eqs.
(6.7) and (6.12), leads to the following constant of motion, namely

J3 L? = J3
O L2

O = constant. (6.15)

Introducing in Eq. (6.7) for Lj2 the expression Lf2 = J 3 / ^ L2
0) the Eq. (6.7)

can be integrated by change of variable x = J3. The result is

(x (e)-xo) exp {
(6.16)

* where x = J3 , x«> = (J<e))\ xo = (Jc
3)t=o

and

exp{ } = exp
( 6 1 7 )

where Tc and L2- are generally functions of time, but may be considered
slowly varying or approximately constant close to the equilibrium, in which
case

exp{ } £ cxp | -12c f e i Z e r T i ; 3 / 2 [ l - [^ ] |J - + i r \ | . (6.18)

i

— . . i t
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The Eq. (6.16) determines explicitly the evolution of the central current
density Jc as a function of time, from an initial value Jc 0 towards the

(e)
equilibrium Ĵ  .

Similarly one obtains from Eq. (6.12) by using the relation (6.15) the
evolution of the width of the current distribution Lj, according to

(6.19)

where y = L,2, Y(e) = (L$e))2, yo = (LJo)
2 and where exp{ } is again given by Eq.

(6.17) or Eq. (6.18).

One notices, as a check, that the explicit solutions (6.16) and (6.19) are

consistent with the constant of motion (6.15) and that a characteristic time-

scale for the evolution of Jc and Lj is given by

(6.20)

7. COUPLED DYNAMIC EQUATIONS INCLUDING
THERMALIZATION OF THE ALPHA PARTICLES

The basic set of Eqs., including thermalization [26], can be expressed
[cf. 25]

rdt dt r BT 9r

n dr J 3 n

(7.1)

E»
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3t 3a r 3r
(7.2)

3t 8r
(7.3)

(7.4)
•4

where

T"3/2 (7.5)

and where B refers to the poloidal magnetic field. The quantities x j and xn

denote the thermalization times of the alphas and injected particles,

respectively, other notation being standard.

Making use of the central expansion technique and eliminating the
magnetic field between the Eqs. (7.4) and (7.5) the equations for the
central values (r=0) Tc, nc and Jc become [cf. 25, 26]

IT
(7.7)

(7.8)

where

(7.9)

and
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l2)[l-(Tb/Tc)1+6],

[2
T)[\-(nblnc)

1+K],

(7.10)

(7.11)

where

i i

(7.12)

(7.13)
In ^ tf

with

Bf = b 2 ( l+8 ) , (7.14)

Bn=b2( l+K), (7.1:-;

In Eqs. (7.6), (7.7) the quantities \ic and vc (7.10), (7.11) represent effective
thermal conduction and effective particle diffusion coefficients, which

t I contain all the important parameters of the problem, including pinch

effects and finite values of the temperature and density at the boundary.

'' The Eq. (7.8) for the central current density contains the quantity p defined

1 d . _n
by relation (7,9). Stat ionary current densi ty ( 7 7 c - ) requires p = 0, i.e.

K „ from the express ion (7.9) the fol lowing rat io be tween the widths of the
tempera ture and cur ren t densi ty spatial d i s t r ibu t ions , namely

,1+8-,

(7.16)

For small values of the temperature T b at the boundary (r = b), T^ « Tc ,

stationary current density in the centre (r = 0) requires 'T /LJ = 3/2, i.e. the
current density distribution has to be more narrow than the distribution of
the temperature.

In the dynamic approach to the stationary point corresponding to the
relation (7.16) the width of the current density distribution wiil adjust
itself [1, Eq. (6.12)] in such a way that the central stationary value of the

i

\

r
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current density can be reached and maintained for a plasma where ohmic
losses are present. In the process of evolution of the plasma near the
stationary point the current density equation (7.8) may consequently be
considered as decoupled from the remaining two Eqs. (7.6) and (7.7), in
which the current density Jc may be considered a constant.

The problem therefore reduces to studying the remaining coupled system
of Eqs. (7.6) and (7.7) for the central values of the plasma temperature and
density, considering the plasma current density as a constant.

It is interesting to notice that the boundary values (TD and nD ) of the
temperature and density enter explicitly only the effective thermal
conduction and particle diffusion expressions, (7.10) and (7.11), in the Eqs.
(7.6) and (7.7). The formal reason is that, for the particular point r = 0, i.e.
in the centre of the plasma, only the corresponding spatial derivative terms
in (7.1) and (7.2) generate an explicit dependence on TD and n^ from the

radial expansion.

The dependence of the dynamics of the central values of the temperature
and density on the external boundary values of the same dynamic
variables are thus described in a rather compact and satisfactory form by
the Eqs. (7.6) and (7.7). These will form the basis for the following
discussion.

8 . STATIONARY POINTS OF THE CENTRAL TEMPERATURE
AND DENSITY IN SPECIFIC CASES FOR MIXED HEAT
SOURCES

From Eqs. (7.6) and (7.7) it follows that a stationary point for Tc and has to

satisfy the relations

• • T5 + 1 ^ 7 T" 3 / 2 T2 n 2 „- ! ^h n"1

M-c lc = c rcs Z cff I c Jc nc nc + b n c

+ c n c T c
p - e n c T c

q . (8.1)

vcTc
Knc = s c . (8.2)

Substituting from Eq. (3.2)

V

\

t



r- - 42 -

nc = scv-1T^K (8.3)

into Eq. (8.1) one obtains the following equation for the stationary value of
T c , namely

.. T5*1 7 V c T * - 3 / 2 T2 . K V c T*
He Tc = c r e s Zcff — Tc Jc + h — Tc

s s
c c

sc sc

(8-4)

For certain specific combination of values of the parameters entering Eq.
(8.4) this equation can be solved analytically, otherwise one has to resort
to computer calculations.

Let us here consider some particular examples:

A. 8 = K = 3/2, p = 2, c r e s = 0 , e = 0

(auxiliary + alpha particle heating)

In this case the Eq. (3.4) reduces to

Tl-hVcf i - ' s^Tc-cScHc 've 1 0 , (8.5)

with the solution for the stationary value Tc = T c
( s )

(8.6)

with the corresponding value of nc = nc
(s> given by Eq. (8.3)

B. 8 = K = 3/2 . p = 2.75, h = 0, e = 0

(ohmic + alpha particle heating)

The Eq. (3.4) becomes

Tc
5/2 css u"1 v"1 Tc

5/4 - c r e s Zcff vc ^ s"11\ = 0 , (8.7)

with the solution
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I f = j I [ c s ^ 1 v,"1 + <c2sc£
1 v^ + c.ZeffVcM;1 s;1 Jc

2)1/2}4/5

(8.8)

with the corresponding value of nc = nc^ given by Eq. (8.3).

C. 6 = K = 3/2, p = 4, h = 0, e = 0
(ohmic + alpha particle heating, the high values of p simulating
centrally pronounced alpha particle heating)

In this case the solution for Tc = Tc<
s> is

2/5

VcV

u cv c-cs c

(8.9)

\

with n*. given by Eq. (8.3) and with the condition ^ c v c > c sc , i.e. requiring

a heat condition, particle diffusion dominated situation to prevail for

obtaining a stationary point.

From the cases B and C for pure ohmic heating

c r c s Zcff (Jf ) 2 ]2 / 5 (8.10)

From case A for pure auxiliary heating

h Vc
(8.11)

From case A and B for pure alpha particle heating

1/2

(8.12)

From these examples one concludes that for various choices of the
parameters stationary solutions exist. It remains to be studied by computer
simulations that this is true also in other situations, where e.g.
bremsstrahlung losses are present i.e. e * 0 in Eq. (8.1), and how the
temperature and density approach the stationary point as a function of
time given some initial conditions.

r
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9 . THERMALIZATION OF ALPHA PARTICLES. INFLUENCE ON THE

DYNAMIC EVOLUTION OF A BURNING TOKAMAK PLASMA

Model considerations of the thermalization of alpha particles [26]
introducing the characteristic time t j for the characteristic time of alpha
particle energy change (xT = 1.6 1016 T3/2/n with xT - 1 sec for T ~20 keV
and n - 5 1019 nr3) lead to the coupled equations (7.6) and (7.7) for the
evolution in time of the central temperature and density.

Considering for simplicity the case of pure alpha particle heating (c r e s = 0 ,

h = 0) and neglecting radiation losses (e = 0) one obtains the following
coupled equations for A j and An , the central values of the temperature

and density profiles, namely

(9A)

( 9- 2 )

where u.c and v c denote the effective thermal conduction and particle
diffusion coefficients (7.10) and (7.11), respectively, zT and t n

refer to thermalization times for alpha particles and injected particles, and
where sc refers to the central value of a particle source.

For simplicity of notation from now on we drop the indices c on the
quantities nc.. vc and sc , i.e. uc = u, vc = v and sc = s.

The stationary values of temperature and density (d/dt = 0) are
independent of the values of TT and z n and accordingly identical to the
expressions for tT = Tn = 0, namely

(9.3)

l-K/fS+l-p+K)^ N-K/5+l-p+K)

(9.4)

I
i t
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Substituting A from the first of the coupled equations (9.3) and (9.4) into
the second equation one obtains a fourth order equation in time for AT ,
namely

<«>

Equation (9.5) is generally a highly nonlinear equation for which the shape
of the solutions describing the evolution in time depends on the
nonlinearity. However, the frequency and damping rate of the possible
oscillations can be estimated by linear expansion by the following
expressions

2
GO = i

1 [xT(5+l-3p) + tn(5+l-p)] (A^ (9.6)

- V R O U V [ T T ( 8 + 1 ) + t n (8+1-p+K)]

pu2(5+l-p)TT(A^s))25], (9.7)

where o)0 and vR o refer to the corresponding values for TT = xn = 0, namely

2 e f CS
G) = UV(8+l-p+K)

o n v r v |IV

CS ^ (5+K)/(K+8+l-p) 2
- VRo

VRo =

(9.8)

(9.9)

In the particular case v. nere p = 8 + 1, K = 8 the relations (9.8) and (9.9)
reduce to

VRo =
sc

(9.10)

(9.11)

from which it appears that oscillations occur when

t
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(9.12)

where in practical cases u, > v, which ascertains the fulfilment of relation
(9.12) for the case 5 = 3/2, p = 5 + 1, K = 8.

For u. < v, the VRO terms in the expression (9.6) can be neglected and one

obtains

co2 = (o2 i 1 + 1 (xT + tn) v

£• lxT (8+1 -3p) + xn(8+l -p)](A^s))8}, (9.13)

where for 8 = 3/2 and 3/2 < p < 8 + 1 with xn < t T i

co2 = co2{l -(3p-S-l)xTu.(Af)S}<<0o (9.14)

It follows from the relations (9.6), (9.13) and (9.14) that to linear order in
xT and Tn the frequency of oscillation decreases as a result of thermalization

•» | of the alpha particles.

So far only linear terms in xT and xn have been considered in studying the

^ ' coupled equations (9.1) and (9.2). The results thus obtained are therefore
v»* l imited to give changes in the solut ions obtained for x T = x n = 0 due to alpha

particle thermalization . The relation (9.5) resulting from substitution of the
quantity An from Eq. (9.1) into (9.2) is, however, a fourth order differential

t equation in time. A detailed study of Eq. (9.5) gives however, the result
that no new oscillations will be introduced by the new roots and that VR > 0,
assuming 8 + 1 + K > p which is valid for a burning fusion plasma [26]. In the
present analyses t j and xn have been considered as constants. In fact,

tT = Tc /n c In a linear approach with respect to derviations from

equilibrium Tc /nchas to be taken as (T(
c
s) /n(

c
s) i.e. a constant, since in

T T d/dt the derivative d/dt operates only on a first derviation in A j ,

(dT(
c
s)/dt =0) Therefore, nothing new will be introduced as far as frequency

of oscillation is concerned (assuming a linearized quation of oscillation) by

considering in xT=Tc /n c the dependence of Tc and nc on the oscillations,

which will, however, appreciably change (and quench) the amplitude

I
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variations. This and other phenomena, which are outside the scope of an
ana'/tic approach have been studied by computer simulations.

1 0 . NUMERICAL SIMULATIONS

Extensive numerical studies of the time evolution of temperature and
density have been carried out for alpha particle heating with different
amounts of ohmic heating, and including bremsstrahlung losses. The
computations were based on the nonlinear coupled partial differential
equations (2.1) and (2.2) describing 2-D situations. A particle source,
localized in the central domain, with s = 30 for 0 < r < 0.1, s = 0 for 0,1 < r <
1 has been assumed (boundary at r = b = 1).

The calculations were done for L-mode (Figs. 1-10, Fig. 23) and H-mode
(Figs. 11-22) cases, for zero and non-zero boundary conditions, with and
without pinch, and for different degrees of thermalization, considering for
the alpha particle thermalization time Tj constant or zj - T3/2/n. The results
for the various combinations of parameters are displayed by the figures.
Fig. 23 is a typical result for a radial profile, indicating the dynamic
evolution from an arbitrary shape of the temperature profile to a final
stable equilibrium. Notice that oscillations, which are studied for the central
domain, (r = 0) in the other figures, occur as oscillations at any radial value
0 < r < b = l .

c k 1 1 . CONCLUDING REMARKS
I

Previous investigations [6, 9, 17] show that, when the density is
approixmated as a constant in time, the solutions of the temperature
equation, which also contains the density, as a role correspond to two
equilibria, one at high temperature, which is stable and another one at low
temperature, which is unstable. Under the assumption that the density can
be regarded constant the approach of the temperature to the stable
equilibrium is non-oscillatory. When the variation in time of the density is
accounted for, and alpha particle heating is included, the approach to the
stabile equilibrium turns out to be oscillatory, as described by the solutions
of the coupled equations for temperature and density. The frequency and
linear damping of the oscillations are estimated analytically be linear
expansions in the amplitudes, and the detailed nonlinear behaviour in time
is determined by computer simulation. The interrelation between the

\
i t



r

»
- 4 8 -

temperature and density oscillations in time is such that temperature

increases when density decreases and vice versa.

When several heating processes are included at the same time in the
description, e.g. ohmic heating and alpha particle heating, it turns out that
the oscillatory nature of the solutions are increased with increasing
contribution from alpha particle heating, whereas the approach to
equilibrium is non-oscillatory for pure ohmic heating.

The effect of pinches on the evolution of the system is to shorten the time
scale of the oscillations, which due to the influence of the pinches
dissappear after a certain time, sometimes after an enhanced overshoot in
the early phase of the development. It turns out, furthermore, that the
pinches appreciably increase the influence of finite boundary values of the
temperature and density at the boundary.

The influence of the finite boundary conditions are formally included in the
analytic description in terms of effective thermal conduction and particle
diffusion coefficients, which also contain the effect of pinches. The pinches
diminish the values of the effective coefficients, which also diminish when
the boundary values increase towards the values of temperature and
density in the centre of the plasma.

-̂  Particular efforts have been devoted to the current density equation in
combination with the temperature and density equation (section 5).

!• Interesting new results have been obtained for the dynamics of the current
' **j density in the central part of the plasma (section 6). It turns out that, even

if the current density generally is a decaying function of time, as a result of
the resistivity of the plasma, a kind of steady state for the central domain

has, in fact, a tendency to be established, requiring a peaked ( L / < L £ )

current density distribution. The time-scale for relaxation to such a steady
state has been determined. A discussion of the energy confinement time as
a function of the parameters of the problem has also been included (section
7).

The influence of the thermalization of the high energy alpha particles
created by the thermonuclear reactions has been estimated in terms of a
characteristic thermalization time. The effect of the thermalization is such
as to smoothen the oscillations, i.e. to decrease their frequency and linear
damping. For calculations of these quantities by a linear approach the

t
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thermalization time may be considered a constant. The form of the explicit
dependence of xj on T and n, ( t j ~ T3/2/n), seems to have a tendency to
support self-control of the oscillations for H-mode cases whereas for L-
mode cases this tendency appears from the simulations to be much less
pronounced (and figures corresponding to t j constant therefore omitted for
the L-mode case).

The theoretical description and the computer simulations here reported are
attempts to inter-relate a number of simultaneous effects which influence
the dynamic evolution of a burning fusion plasma system. Even within the
limits of the model and for the specific values chosen in the numerical
calculations certain features of the dynamic system appears from the
investigation that are supposed to prevail under realistic burning fusion
plasma condition in future experiments. An increasing activity of research
in the field of the burning fusion plasma is clearly noticeable in recent
years as reported e.g. in the proceedings of IAEA workshops [21 - 23] and
elsewhere [24 - 26].
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Figure Captions

Fig. 1. Temporal dependence of the central value of the temperature. For
the 2-D situation the following parameter values are considered: 8

= 1.5, p = 2.4, q = 0,5, a = 1, a = 0.5, b = 1, c = 5, e = 1, s = 30 for 0 <
r < 0.1, s = 0 for 0.1 < r < 1. Thermalization described by t T = c
T3/2/n, with cT = 0.01 (solid curve), 0.1 (dotted curve), 1 (dashed
curve) and xn = 0.01.

L-mode with zero boundary values , (T = nb = 0), neglecting pinch
effects, ik-j- = kn 0), for pure alpha particle heating (neglecting
ohmic heating, i.e. coh = 0 in the ohmic heating term coh T"3/2 n'1)

Fig. 2. Temporal dependence of the central value of the density for the
same case as in Fig. 1.

i t



Fig. 3. Curves describing the temporal evolution of the temperature and
density (for various amounts of thermalization from an initial
state to a final stable equilibrium state (centre of the spirals) for
the same case as in Figs. 1 and 2.

Fig. 4. Curves corresponding to those in Fig. 3, but including some ohmic
heating, c o h = 0.1 in co h T"3/2n"1, in addition to the alpha particle

heating.

Fig. 5. Curves corresponding to those in Fig. 4 but including the effects of
pinches, kT = kn = 0.25.

Fig. 6 Temporal dependence of the central value of the temperature for
the same case as in Fig. 1, but with non-zero boundary values of
the temperature and density Tb = nb = 0.1, (no pinches).

Fig. 7. Temporal dependence of the central value of the density for the
same case as in Fig. 6.

Fig. 8. Curves describing the temporal evolution of the central
temperature and density (for various amounts of thermalization)
from an initial state to a final equilibrium state (centre of spirals)
for the same case as in Figs. 6 and 7, (no pinches).

Fig. 9. Curves corresponding to those in Fig. 8, but including some ohmic
heating, co h = 0.1 in coh T"3/2 n"1, in addition to the alpha particle

heating.

Fig. 10. Curves corresponding to those in Fig. 9 but including the effects of
pinches, kT = 1^= 0.25.

Fig. 11. Temporal dependence of the central value of the temperature for
an H-mode assuming constant thermalization times xT = 0.01 (solid
curve), 0.05 (dotted curve), 0.1 (dashed curve) and Tn = 0.01.
Other parameter values are the same as in Fig. 1, except that aT =
0.1, an = 0.001 and the coefficient of alpha particle heating is c =
0.1. The coefficient of ohmic heating is ch = 1000. No pinch effects,
(kT = 1^ = 0), zero boundary conditions, (Tb = nb= 0).
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Fig. 12. Temporal dependence of the central value of the density for the
same case as considered in Fig. 11.

Fig. 13. Curves describing the temporal evolution of the central
temperature and density (for various amounts of tbermalization,
constant T T ) from an initial state to a final stable equilibrium state

(centre of the spirals) for the same case as in Figs. 11 and 12, (H-
mode, zero boundary conditions, no pinches).

Fig. 14. Curves corresponding to those in Fig. 13, but including pinch
effects (kT = kn = 0.001), (H-mode, zero boundary conditions).

Fig. 15. Temporal dependence of the central value of the temerature for
* — the same case as in Fig. 11, but with non-zero boundary conditions

vTb = 1, nb = 0.5). Constant thermalization times, no pinches.

Fig. 16. Temporal dependence of the central value of the density for the
same case as in Fig. 15.

Fig. 17. Curves describing the temporal evolution of the central
, . temperature and density (for various amounts of thermalization,

constant xT) from an initial state to a final stable equilibrium state

(centre of the spirals) for the same case as in Figs. 15 and 16, (H-
• '' mode, non-zero boundary conditions, no pinches).

^ Fig. 18. Curves corresponding to those in Fig. 17 (but with Tb = 0.5, nb =
•. 0.1) and including the effects of pinches, (kT = kn = 0.001).
:

Fig. 19. Curves corresponding to those in Fig. 13, but with xT = c T3 / 2/n,

with c = 0.01 (solid curve), 0.05 (dotted curve), 0.1 (dashed curve)
and xn = 0.01. H-mode, zero boundary conditions, no pinches.

Fig. 20. Curves corresponding to those in Fig. 19 but including the effects
of pinches (kT = kn = 0.001).

Fig. 21. Curves corresponding to those of Fig. 19 but for non-zero
boundary conditions (Tb= 0.5, nb = 0.1). H-mode, no pinches.

Fig. 22. Curves corresponding to those in Fig. 21 but including pinch
effects (kT = kn = 0.001).
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Fig. 23. Evolution of a characteristic temperature profile for pure alpha
particle heating including the effects of pinches (kT = k,,= 0.25)
and thermalizations (xT = 0.5, xn = 0.25), assuming zero boundary
conditions (Tb = nb = 0). For the 2-D situation the following
parameter values are considered: 5 = 1.5, p = 2.4, q = 0.5. aT = 1, d^
= 0.5, b = 1, c = 5, e = 1, s = 30 for 0 < r < 0.1, s = 0 for 0.1 < r < 1,
(L-mode). The dash-dotted curve indicates the arbitrary initial

, . distribution, which quickly grow» to a maximum temperature
distribution, which swings back to a lower temperature stable
equilibrium distribution.

t



: \ V

\

k

"J

c.

Time

F i g . 1



\ ^

\

I 1 1 I 1 1 1 1 I

Time

F i a . r



H >

fr, k-

Density

Fig.3



^

3

Density

F i g . 4



r \

rz

Density

F i j . 5

t



7-
\ .

\

1

"J

y

Time

F i g . 6 t



• r

\

•v.

Time

F i g . t



r- \

Density

Fig. 8 t



*':

1

c.

3

0
Densitv

F i g . 9 r



r-

5

Density

F i g . 10



r

30.

I

H 1 1 I 1 I 1 1 H
10

Time

F i g . 11

t



Y

\

30

0 10

Time

F i g . 12



V

. 1

30

*J

S5
*J
C

10

\ ,

\

Density

F i g . 13



\ >

\

60

•J

0 10
Density

F i g . 14



r- \

Time

F i g . 15 'j



Time

F i g . 16



gr

r \

T 4 0

Density
10

F i g . 17 r



r- \

120

- j

1 
1 

1 
1 

1 
1 

1 
1 

,

1

1

1

• 1
• 1
• 1

• 1
• 1
, 1

1

• I
• 1

".I
. 1
• 1

1 • 1

I '

\ . 1

\ \

V*

) ', \

1 0
Density

F i g . 18

t



r- \

3 0

-j

H 1 1-

Density
10

F i g . 19 * - "



60

c

\ s

V
\

\

10
Density

F i g . 20 r



r-

I
3 0

0
Density

10

F i g . 21



r- \

110

V

Density
1 0

Fig. 22



A
\

•j

Radius

F i g . 23
t-'

t


