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Abstract

A non-Markovian approach is proposed for the derivation of the diffusion
coefficient of saturated turbulence. A memory term accounting for nonlocal
coherence effects is introduced in a new attempt to describe the transition
between weak and strong turbulence. The result compares favourably with
recent experiments as well as mode coupling simulations of fusion plasmas.
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A fundamental problem in the theory of turbulent diffusion is the
transition between weakly (quasilinear) and strongly nonlinear states. The
explanation of the transport in recent fusion experiments1 requires an
understanding of the role played by such transitions as well as of the
underlying general parameter dependencies of diffusion coefficients. At
the same time the intense experimental research on fusion plasmas1

provides excellent opportunities for testing models for turbulent transport.
Sophisticated theories have been devoted to describing transport in
weakly and strongly nonlinear limits.2'3

One important method used for the strongly nonlinear case is the
integration of the kinetic equation along the diffusive orbit3 . Such a
procedure leads to a renormalized description where the diffusion
coefficient1-2

D = y/k2 (1)

is »Stained in the nonlinearly saturated state. The diffusion coefficient (1)
c? i n fact, also be derived by introducing a diffusion term into the
» *• å<i, or fluid, equation.

;;• s mple cases, where the ion motion can be ignored, or where the ion and
e metron diffusion coefficients are equal, we obtain the dielectric
p vmittivity modified as (c.f. Ref. 4-6)

e(k,©)->é((k,<o) = e((k,(o + ik2D). (2)

/rom the dispersion relation £ = 0 we then obtain

where yk refers to the linear growth-rate. From this result Eq. (1) follows
for the saturated state. It is, however, interesting to note that Eq. (1) also
results from a quasi-linear approach using the wave-breaking limit for the
saturation level.

In particular, the wave bteaking limit for the displacement \ of the fluid
element in the case of two dimensional geometry with the inhomogeneity
along the x direction is
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dn0

The corresponding density perturbation may be taken as 8n = - £ ——.
dx

From the flux r= <8n -f- > and Ficks law Eq. (1) is recovered.
dt

When the saturation level is reduced due to harmonic oscillations we may
instead of (3) use the estimate (recently derived for E x B motion7*8)

where co = <ok + iyk is the linear eigenfrequency. Eq. (4) now, using the same
procedure as above, leads to the generalized diffusion coefficient8*9

(5)

the latter estimate, (S), has the formal limitation to be valid only for
(Ok » Yk i c - f°r w e a k turbulence. However, one notices that in the opposite
limit tok « Yk eq- (5) nontheless reduces to Eq. (1). Therefore it is quite
natural to attempt to describe the two estimates for the strong and weak
limits in a unified way on the basis of a modified dispersion relation of the
type (2). Since in the case of the weak limit (Eq. 5) the saturation is
achieved by the coherent wave interaction, we should extend the diffusion
equation in an appropriate way to consider effects of coherence, not
included in the ordinary diffusion equation.

Inasmuch as coherent interaction produces density changes which could
not be considered as conventional diffusion it justifies the introduction of a
nonlocal term (in time and space) into the diffusion equation. It means that
this equation becomes non-Markovian.10-11 This is not surprising since the
transition to the macroscopic description of the statistical system (after
smoothing of the fast process) introduces non-Markovian terms into the
evolution equations12.

Therefore we introduce the diffusion equation with a memory term
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dn(r,2 M _ DAn(r.t) + f dt' f dr' M(r-r', t-f)n(r',f) = 0
dt J— J

(6)

where M(r-r', t-t') is the memory function, the explicit form of which
should be given by the physical situation. From a general point of view this
memory function can be written as follows

M(r-r', t-t') = - ^ W(r-r', t - f ) - f- W(r-r', t-f) I „ • (7)
dtdt dt

where W(r-r\ t-t') is the probability of particle (fluid element) transition
from the point r' to the point r during the time interval t = t-t' due to the
action of the coherent processes involved. In fact since W(r, r', t-t") is the
specific transition probability it may be shown that the memory term in
Eq. (6) describes the change in particle density as a result of non-diffusive
motion. In the first term of the memory function (7) the derivative on t'

-»
gives the density change at the point r ' at moment t per unit interval of t'
and that on t gives the density change per unit interval of t. Thus
integration over t' leads to a density change in the unit interval of t due to
specific transitions in the past (t < t'). The last term of the memory function
is introduced to take up the contribution of the singularity at the time t = t'
and space r = r' since W(r, r', 0) = 8(T-T1 and W(r, r', t-t') ~ 6(t-t') .
Alternatively the memory function may be derived taking into account

- •

that additional density change at the point r and moment t due to the
specific transitions is given by

Representing the relation (8) in the form of the memory term in Eq. (6) we
are lead to the memory function (7). Therefore Eq. (6) may be rewritten as
follows

dr'W(r,r',t-t')n(r',t') (9)
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As we can see the memory term in Eqs. (7) to (9) is equal to zero
when the transition probability is a delta function or in the case of
stationary density.

Now let us notice the following important point. The conventional diffusion
equation is Markovian due to the fact that the Langevin sources producing
the diffusive motion is delta correlated. It means that when we describe
different processes by the conventional diffusion equation we use a
physically infinitesimal time xph (a time interval with respect to which the
microscopic quantities are smoothened and which is much larger than the
correlation time of the Langevin sources x c o r

 1 3 - 1 4 ) . In the case of
turbulent diffusion, stochastic turbulent fields play the role of Langevin
sources and therefore t c o r is the time of the turbulent field correlation. On
the other hand 8 correlation of the Langevin sources means that particles
within the physically infinitesimal volume element also are 5 correlated,
which leads to zero contribution from the memory term. However, the
inequality t c o r « xph may be violated due to some physical reasons. In the
case of weak turbulence this is the coherent wave interaction which
produce a slow plasma motion which is independent of the diffusive
motion. In this case the correlation time is considerably larger and two
circumstances that call for the introduction of a memory term are present.
These are nonzero time-dependent transition probability with
characteristic time of the order of the physically infinitesimal time and the
fact that xcor and tp h are comparable. This consideration shows that the
introduction of a memory term is a possible way of taking into account the
essential features of weak turbulence. Let us now specify the transition

probability W(R, t) where R = r - r' and x-1 - 1

It is natural to consider this quantity as a smoothed value of the exponent

e lk R... with the weight e~AfcT (exponentially decreasing memory with time),
assuming different relaxation times of the transition probability, for
different space scales i.e.

(10)

An additional support for this choice follows from a consideration of the
equation of motion for smoothed quantities since any transition probability
is the Greens function of the relevant evolution equations. Since such
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equations usually are linear and first order in time with the initial
condition W(r, r', 0) = 8(r-r') its solution takes the form

Wkw = — l — (11)
co+iAk

where the explicit form of Ak is defined by the Fourier component of the
spatial part of the evolution operator. For instance, in the case of a density
deviation produced by coherent wave interaction we may use the
evolution equation

^ L = - Y k n k (12)

for the smoothened density. (We here omitted interaction terms which
may be considered as "external" sources of low frequency perturbations
and which therefore could not influence the Greens function). We
accordingly may take

Ak=Yk (13)

Using Eqs (9) - (13) it is easy to show that in such a case we obtain the
following expression for the modified dispersion relation

( i »Tic® 1
e(k,©) = e k,©+ik?D + - ^ — (14)

V * co+iyj

which can be rewritten as

iyk w(k)
co(k)=<«(k)- i to--Jill- (15)

<o(k)+iyk

where (£(k) = u\+iyk is the solution of the modified dispersion relation
—» - »

e(k,co) = O and fo(k) = cok + iyk is the solution of the linear dispersion relation.

Supposing that in the saturated state 7V = 0 we obtain

(16a)
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(16b)

We now see that for ft « (0 ,̂ t ^ » ^ and (16b) turns into (5). On the other
hand at ŷ  » cô  we find

YD=7k

^ = 0-5«k (17b)

i.e. the estimate cf the diffusion coefficient coincides with that obtained
previously but the eigenfrequency is reduced to half by the memory
effect. This is, however, not important since in this case the instability is
aperiodic.

In conclusion we would like to stress that the diffusion equation has to be
extended to include coherence effects which account for motion of non-
diffusive nature such as is expected for intermediate situations between
the two limits of weak and strong turbulence. The reason is that recent
experimental results and numerical simulations cannot be explained within
the framework of conventional diffusion (Markovian processes). The idea
to introduce a memory function has enabled us to relate the two limits and
in particular to give the relation between diffusion coefficient and growth-
rate in a unified way. The memory function could be expressed in terms of
specific transition probabilities describing the fluid motion resulting from
ingredients of coherent wave interaction. From a more general point of
viev such a description opens up new possibilities of treating not only
particle diffusion in plasmas but also in a wider sense "violated"
conventional diffusion in other fields of physics as well as other areas of
science.
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