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I. I N T R O D U C T I O N 

Recently the interest has been revived in constructing and inves
tigating new models of point-like relativistic particles. To a consid
erable extent this is due to the development of the string approach 
to the unification of all the fundamental interactions. The straight
forward way for obtaining new particle models is pure geometrical. 
The integrals along the particle world curve of its higher geometrical 
invariants should be added to the standard action of the relativis
tic particle [1-6]. The most general model of this kind in the D-
dimensional space-time has been investigated in paper [1] (see also 
ref. [5]). It was the so called relativistic particle with curvature and 
torsion. Inclusion into the Lagrangian of higher derivatives with re
spect to time of dynamical variables entails the account of additional 
degrees of freedom. As a result, it turns out well in this approach to 
describe particles with a nonzero spin without introducing additional 
spin variables. 

In paper [1] a generalized Hamiltonian dynamics for a relativistic 
particle with curvature and torsion was constructed at the very be
ginning in the D-dimensional space-time (D > 3) and only then it 
was put D = 3 to simplify quantization. In the present paper the 
same model is formulated at. once in the three-dimensional space-
time, the possibility to define the torsion of the world curve with a 
sign for D = 3 being used. Quantization of this version of the rel
ativistic particle with curvature and torsion results in the spectrum 
of states which is a linear counterpart of the spectrum obtained in 
[1]. The layout of the paper is as follows. In Sec. II the action of a 
relativistic particle with curvature and torsion is discussed for arbi
trary space-time dimension D and for D = 3. In the latter case the 
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torsion of a world curve is defined with a sign. Here the basic results 
of paper 1 are also presented. In Sec. Ill a generalized Hamiltinian 
formalism for a new version of a relativistic particle with curvature 
and torsion is developed (D = 3 and the torsion is defined with a 
sign). In Sec. IV the mass-spin relation is derived and the canonical 
quantization of the model is briefly discussed. In Sec. V the obtained 
results are compared with the other treatment of this problem. 

II. A C T I O N OF A R E L A T I V I S T I C P A R T I C L E W I T H 
C U R V A T U R E A N D T O R S I O N 

In paper [1] the following action was considered in the D-
dimensional space-time 

5 = -m I ds - n I k(s)ds - li [ ф)<1а, (2.1) 

where fr(.s) and K(.S) are respectively the first, and second curvatures 
of the world trajectory of the particle. When D = 3, k(s) is called 
usually the curvature of the world curve and H(S) is its torsion. The 
model defined by the action (2.1) will be for simplicity referred to as 
a particle with curvature and torsion. 

As it. is known from elementary differential geometry [7]. the tor
sion is defined at any point of the curve ./•''(«) where its cuv iture 

rf*2 A- 2 

does not vanish ' . Here s is the natural parameter along the curve, 
that is. its length (d.v^/ds)'2 = 1. For arbitrary D > 3 the second 
curvature (torsion) K(.S) is defined as follows 

y/dvt(da fi) 
~ F ( .v ) • 

<«)</*) (») 
rf0,,=a:%, x = d".i-/dsn, n . / * = 1,2,3. 

(2.3) 

'The I.orcntz inolrir will) a signature ( + , - , . . . . —) is usril. 
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Obviously the function к(в) by its definition is positive definite. In 
tin» case of plane curves (D = 2) torsion equals zero identically. 
When D = 3, formula (2.3) has also meaning but in this case there 
is a possibility to define the torsion of a curve with a sign 

ф ) = i b - ' e ^ r W ' , (2.4) 

where £/irp is a completely antisymmetric tensor of the third rank, 
£oi2 = + 1 . the prime denotes the differentiation with respect to s. 
Thus the torsion of a curve introduced by (2.4) is proportional to a 
mixed product of three vectors x'^ x", x™. Torsion defined by (2.4) 
may differ from (2.3) only by sign minus at certain points of a curve, 

hi paper [1] the generalized Hamiltonian description of the action 
(2.1) was constructed for arbitrary D and the canonical quantization 
was accomplished for D — 3. The torsion of the world curve was 
defined by (2.3) both in the case of arbitrary D > 3 and for D = 
3. The extension of the Dirac theory of Hamiltonian systems with 
constraints to the Lagrangians with higher derivatives developed in 
paper [2] was essentially used there. When quantizing this model, 
natural requirements for the state vectors \ф > were introduced. 
They should be eigenvectors of the Casimir operators P 2 and W of 
the Poincare group, where P1' is the total energy-momentum vector 
and W is a generalization to the arbitrary D of the Pauli-Lubanski 
vector squared (spin squared) that is introduced when D — 4 

W = ^M^M^P2 - ( A V P * ) 2 . (2.5) 

Here MIW are the generators of the Lorentz group. Thus, the state 
vectors obey the equations 

Р2\ф> = М2\ф>, (2.6) 
Ш\ф> = M2j(j + 1)№>. (2.7) 

It is essential that the spin of the state j can take arbitrary non-
negative values (integer, half-odd-integer and fractional, D = 3). 
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For M2 > 0 the mass-spin relation (tho Rogge trajectory) 

was derived. 
The aim of the present, paper is the investigation of the model 

(2.1) in the three-dimensional space-time by making use of the tor
sion definition given by (2.4). It. should be noted at. once thai in 
this case space symmetry of the theory is violated due to the pscu-
doscalar nature of formula (2.4). But it is this model that arises 
under investigation of charged scalar particles placed in an externa] 
abelian Chora-Simons field [8. 0]. 

III. G E N E R A L I Z E D H A M I L T O N I A N F O R M A L I S M 

Upon introducing the arbitrary paramotri/ation of the world 
curve. .£,,(<-). /t — 0, 1. 2. the action (2.1) with allowance lor (2.-11 
reads as follows 

S = -,» jdrSY'-n 1^^Щр^---

- l i f rfrx/J? f w j " - , ' " J ' / -,. (.(. I '! 

X = (IX(T)/IIT. D = 3. 

The Hamiltonia?) description of the model (3.1) can be constructed 
following the papers [] . 2]. Canonical variables are introduced in a 
siandard fashion 

<i\ = •'•• <h - •'", </:i = •''• 

OL . DL . OL 
/ 'I = - 7ГТ- ~ Щ- l>2 = - 7ПГ - /':!• P:\ = ~ 7 T ^ - ( 3 . 2 l 

ox их 0 x 
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whore L is the Lagrangian function in (3.1). The equations of motion 
are reduced to the obvious conclusion p\ = constant (the conserva
tion law of the energy-momentum). Therefore the dynamics of the 
model under consideration is determined by the constraints. 

By making use of the definition of the canonical momentum ;>;j 
and the exact form of L we derive three primary constraints 

(О .ПЭ-

tt = -\)\ .r - p-i'-r - V\ j : - I = -Щ <h ~ P-2Q3 + »» \lg-2 + n 

lfy + li^e^xtid = 0, (3.3) 

//. 1Л A = 0, 1, 2 . 

where </ = (tj-jij:))2 — </i<ji- After squaring this equation and project
ing it. onto q-i and q.\ one could get the primary constraints identical 
with those used in paper [1]. However it is important in the following 
that the primary constraints are kept, in the original form (3.3). 

Tin 1 canonical Hamiltonian has the наше form as in paper [1] 

(3.4) 
A complete set. of constraints can be determined by the Dirac 

method [2]. The requirement, of stationarity of the primary con
straints results in three secondary constraints 

( 2 ) <> г , ч 2 1 

~P,i= Pi,, - -pr7z[(qi<l:\)<l-2i, ~ Ъ Villi ~ 

- (i£„„Atf сЛ

А {-^ = 0 , /r = 0 . 1 , 2 . (3.5) 

In its turn the statioiiarity condition for (3.5) entails three new 
ternary constraints. They are rather complicated in form, therefore, 
it is worthwhile to write t.heni at once in the proper time gage 

q\ = const, q-2q:i = 0 ; (3.6) 
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then one gets 

v , , = i'i,, - ™ " 7 % - J-% / V = О, У = 0- 1- 2 . ( 3 . 0 
V « <72 V <& 

There are no other constraints in this model. The constraints (3.5) 
and(3.7) with allowance for (3.3) and (3.6) coincide with formulae 
(3.8) and (3.10) of paper [1]. 

I V . S P I N - M A S S R E L A T I O N 

The canonical momentum pitl represents the total energy-
momentum vector. Squaring Eq. (3.7) one obtains 

p 2 = M 2 = m 2 + tf2^, (4.1) 

where M2 is the mass of a particle in the model under consideration. 
Since q§ may be time-like, space-like or an isotropic vector it follows 
that Л / 2 is not positive definite. By making use of the definition of 
the curvature (2.2) Eq. (4.1) can be rewritten as 

Pi 
2 _ M 2 = m 2 - ft2k2{s). (4.2) 

Thus the mass of the s tate is expressed in terms of the curvature 
of the world curve in the same way as in the former version of this 
model [3]. From (4.2) it. follows in particular that curvature А'(.ч) is 
a constant (it is an integral of motion). 

If the states are classified under eigenvalues of the quadratic 
Casimir operators (2.6) and (2.7) as it was done in paper [1], then 
one arrives at the same mass spectrum (2.8). A somewhat, different 
situation will be in the case when the spin operator S given by 

1 iPi 'M"*. (4.3) 

is used instead of W. The spin S is a pseudoscalar quantity and it 
may take both positive and negative» values. 
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To derive the mass-spin relation, one has to calculate the spin S on 
the subnianifold of the phase space defined by the constraint equa
tions (3.3). (3.5), (3.7), and the gauge conditions (3.6). Substituting 
the Lorent/, generators М)Ш 

з 
M,,,, = ^ ( qallpal, - QavPaiJ ) (4.4) 

into (4.2) one obtains 

5 = -±= t > A rf ( q\p\ + qlp\ ). (4.5) 

Now the constraints and the gauge conditions should be taken into 
account. Here the manifest form of the primary constraints is very 
important. Only in the case when they are taken in the original form 
(3.3) instead of a squared form (see Eqs. (2.8) -- (2 J0 ) in paper [1]) 
the spin value on the submanifold introduced above can be calculated 
exactly. Equation (4.5) acquires now the form 

4-2 I 

After simplification it reads 

>\P-' i 

From (4.1) it follows that 

(4.7) 

№*Q*-= Jm2-P\- (4-8) 
92 
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Substitution of Eq. (4.8) into (4.7) gives 

where ер = sign/3, e = s ignp 2 , /x = \/\p\\/rn < 1. At cer*ain 
values of the parameters a and /3 the right hand side in Eq. (4.9) 
considered as a function of fi has an cxtremum. For example, if ;? a > 
Q 2 and £ = 1 this takes place at the point ;i — y/fi2 — <\'2/\j1\. Near 
by this point two values of the state mass //. correspond to the same 
spin value S. Thus, there is a "degeneracy" of the mass spectrum 
with respect to spin. The analogous property is encountered in the 
theory of infinite component relativistie wave equations [10]. 

Squaring the left- and right-hand sides of Eq. (4.9) one gets, as it 
could be expected, the mass-spin relation (2.8). All, that concerns 
the double-valued property of the spectrum (4.9), is valid obviously 
for Eq. (2.8) too. In order to reveal the double-valued behavior of Eq. 
(2.8) it was resolved in paper [i] with respect to fi but unfortunately 
not quite correctly. The right formula has rather a cumbersome form 

/' 
j |/3| ± v /^'(J 2 + « 2 - / j * 

, j > 0 . a2 + j 2 

For each of two values of /t the corresponding conditions 

sign л = sign f - | « / 3 | ± j y/j2 + <*'* ~ ^J ! I* < ] 

should be satisfied. 
The quantization of the model retains the mass-spin relation (4.9) 

for the eigenvalues of the spin operator S and the mass squared 
operator/,» 2. In the rest frame (pf = M, pi = 0) the spit; operator 
S is 

5 = A / 1 2 . (4.10) 

Without loss of generality it can be realized as follows 

S=-i-r- + c , (4.11) 
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when- у is an angular variable and с is a constant, to lie determined 
below. As a wave function we take 2тг-регккНс functions 

The requirement that l '(y) should be an eigenfunction of 5 gives 

I + r = S. (4.13) 

when- S is determined in Eq. (4.9). Нейсе1 / is an integer part of the 
spin S and <• is its fractional part, that is. the spectrum of the spin 
o p e r a t o r is con t inuous . 

V . C O N C L U S I O N S 

As it should be expected, the allowance for the torsion sign in 
tin1 action (.'3.1) results in the mass-spin relation (4.9) that can be 
treated as the square root of the spectrum (2.8). In paper [o] the 
action {-J. 1) has been investigated by eliminating higher derivatives 
with the aid of the corresponding Lagrange multipliers. The spec-
tiuin ileiived there is not identical with the spectrum (4.9) though 
they are alike. Instead of the degeneracy with respect to spin, the 
mass-spin relation obtained in [5j gives the degeneracy with respect 
to mass of a state, that is. at certain values of the model parameters 
the states with different values of the spin may have the same mass. 
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Нестеренко В.В. Е2-92-479 
О модели релятивистской частицы 
с кривизной и кручением 

Исследуется модификация модели релятивистской частицы с 
кривизной и кручением, которая была рассмотрена ранее: V.V.Nes-
terenko, J. Math. Phys. 32 3315 (1991). К стандартному действию бес-
спиновой точечной релятивистской частицы, которое пропорцио
нально длине ее мировой траектории, добавляются интегралы вдоль 
этой траектории от ее кривизны и кручения. С самого начала рас
сматривается трехмерное пространство-время, поэтому кручение ми
ровой траектории, в отличие от предыдущего рассмотрения, опреде
ляется со знаком. Найден полный набор связей в фазовом простран
стве и построен обобщенный гамильтонов формализм. Это позволя
ет провести каноническое квантование модели и получить в явном 
виде связь между спином и массой состояний. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Препринт Объединенною иисштута ядерных исследований. Дубна 1992 

Nesterenko V.V. Е2-92-479 
On the Model of the Relativistic Particle 
with Curvature and Torsion 

Two integrals along the world trajectory of its curvature and torsion 
are added to the standard action for the point-like spinless relativistic par
ticle. Since here the three-dimensional space-time is considered at the 
begining, the torsion of the world curve is defined with a sign in constrast 
to the previous consideration: V.V.Nesterenko, J. Math. Phys. 32 3315 
(1991). Upon obtaining a complete set of constraints in the phase space 
a generalized Hamiltonian description of a new version of the model is 
constructed. This enables one to quantize the model canonically and to 
derive exactly the relation between the spin ь id mass of the states. 

The investigation has been performed at the Laboratory of Theore
tical Physics, JINR. 
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