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We have carried out a theoretical analysis of the stability and paral

lel structure of coupled shear-Alfven and slow-magnetosonic waves in the 

Earth's inner magnetosphere (ie., at equatorial distances between about five 

and ten Earth radii) including effects of finite anisotropic plasma pressure. 

Multiscale perturbation analysis of the anisotropic Grad-Shafranov equation 

yields an approximate self-consistent magnetohydrodynamic (MHD) equilib

rium. This MHD equilibrium is used in the numerical solution of a set of 

eigenmode equations which describe the field line eigenfrequency, linear sta

bility, and parallel eigenmode structure. We call these modes anisotropic 

Alfven-ballooning modes. The main results are: (1) The field line eigenfre

quency can be significantly lowered by finite pressure effects. (2) The par

allel mode structure of the transverse wave components is fairly insensitive 

to changes in the plasma pressure but the compressional magnetic compo

nent can become highly peaked near the magnetic equator due to increased 

pressure, especially when Pj. > P\\ (here Pj_ and P\\ are the perpendicular 

and parallel plasma pressure). (3) For the isotropic (P» = P± = P) case 

ballooning instability can occur when the ratio of the plasma pressure to the 

magnetic pressure, 0 = P/(B2/8r), exceeds a critical value f}§ s» 3.5 at the 

equator. (4) Compared to the isotropic case the critical beta value is low

ered by anisotropy, either due to decreased neld-line-bending stabilization 

when P\\ > P±, or due to increased ballooning-mirror destabilization when 

MASTER 
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P± > PII. (5) We use a "/3-S stability diagram" to display the regions of 

instability with respect to the equatorial values of the parameters (3 and 6, 

where /3 = (l/3)(/3|| + 2/3j.) is an average beta value and S = 1 - P\\/Pi 

is a measure of the plasma anisotropy. The diagram is divided into regions 

corresponding to the firehose, mirror and ballooning instabilities. It appears 

that observed values of the plasma pressure are below the critical value for 

the isotropic ballooning instability but it may be possible to approach a 

ballooning-mirror instability when Pi./P\\ ^ 2 . 

Submitted to Journal of Geophysical Research (Space Physics), April 14, 1993. 
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1 INTRODUCTION 

Ballooning modes are hydromagnetic modes associated with a plasma pressure gradient 

which has a component in the same direction as the local magnetic curvature vector. In 

this situation the effect of the pressure gradient is destabilizing and is maximized when 

the wavenumber k± in the direction perpendicular to both the local magnetic field and 

the pressure gradient is large; the limit where kx —> oo is called the ballooning limit. A 

ballooning instability results when the destabilizing effect is sufficiently strong to overcome 

stabilizing effects such as magnetic field line bending. 

Ballooning modes have been considered in studies of magnetospheric hydromagnetic 

waves [Pokhotelov et al., 1986; Vinas and Madden, 1986] and in studies of the magneto-

hydrodynamic (MHD) stability of the geomagnetic tail [Miura et al., 1989; Lee and Wolf, 

1992]. A recent theoretical analysis of ballooning modes in space plasmas [Hameiri et al., 

1991] included effects due to gravity and plasma rotation. However, all of these papers as

sumed isotropic plasma pressure whereas measurements show that the perpendicular pres

sure Pj_ usually exceeds the parallel pressure /}(, especially during magnetic storms [Lui 

et al., 1987; Lui and Hamilton, 1992]. 

Motivated by these observations we have carried out a theoretical analysis of the effects 

of anisotropic plasma pressure on the stability and field-aligned structure of hydromagnetic 

modes in the Earth's magnetosphere. We focus on the region where the radial pressure 

gradient and the magnetic field line curvature are both Earthward (ie., on the outer edge 

of the ring current) and where we assume the magnetic field is approximately dipolar. This 

corresponds roughly to equatorial radial distances between about five and ten Earth radii. 

Although we restrict our analysis to this region our results should also be useful for a 

qualitative interpretation of the effects of anisotropy in the near-Earth geomagnetic tail. 

Our formulation is based on the reduced gyrokinetic eigenmode equations of Chen and 

Hasegawa [1991]. These equations describe the linear stability of magnetospheric hydro-

magnetic waves including effects due to nonuniform anisotropic equilibria and due to kinetic 

effects such as finite ion gyroradius, magnetic trapping and wave-particle resonances. Chen 



and Hasegawa have investigated the general qualitative properties of the eigenmode equa

tions analytically, our goal is to obtain quantitative results by numerical solution of the 

eigenmode equations. In order to focus on the effects of anisotropic equilibria we neglect 

all kinetic effects. As well as being an interesting special case this is a useful intermedi

ate step toward more general cases; for example, the anisotropic eigenmode results can be 

used to evaluate growth rates for wave-particle resonance instabilities [Chan, 1991]. The 

calculations in this paper are divided into two main parts: (i) an analytical calculation of a 

self-consistent magnetospheric equilibrium which includes finite anisotropic pressure effects 

and (ii) a numerical analysis of the linear stability of the equilibrium. As we will see, the 

modes we consider are shear-Alfven waves and slow-magnetosonic waves which are coupled 

by the inhomogeneity of the pressure and the magnetic field; following Chen and Hasegawa 

we call these modes anisotropic Alfven-ballooning modes. 

The remainder of this paper is organized as follows: First we introduce the anisotropic 

MHD equilibrium equations, describe a theoretical plasma model for the inner magneto-

sphere, and use multiscale perturbation methods to obtain an approximate equilibrium 

solution. The equilibrium solution is then used to obtain numerical solutions of the eigen

mode equations of Chen and Hasegawa. The isotropic pressure case is considered first, 

followed by a study of the effects of anisotropy. The results presented include plots of 

the field-aligned structure of the anisotropic Alfven-ballooning modes and the correspond

ing field line eigenfrequencies and stability limits. The final section gives a summary and 

discussion of the main results of this paper. The appendix contains a description of the 

computer code used to solve the eigenmode equations. 
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2 ANISOTROPIC MHD EQUILIBRIUM 

S. I Theoretical Model 

Following Chen and Hasegawa [1991] the equilibrium magnetic field is represented as 

B = V ^ x V ^ , (1) 

where i/> is the poloidal magnetic flux coordinate and <t> is the azimuthal symmetry angle. 

We assume the magnetospheric plasma is collisionless with n = v2J2B, e = v2/2, and rjj 

constants of the motion. Here « i is the particle velocity perpendicular to the magnetic 

field, B = |B | is the magnitude of the local magnetic field, (i is the magnetic moment per 

unit mass, and e is the particle energy per unit mass. To within constant factors and small 

terms \i is equal to the first adiabatic invariant and xl> is proportional to the third adiabatic 

invariant, ie., the flux linked by the particle due to its V 5 and curvature drifts [Northrop, 

1963]. 

Note that any equilibrium distribution function FQ = Fo(ii, e, ip) is automatically a so

lution of the corresponding Vlasov equation. Furthermore, the equilibrium pressure tensor 

P is gyrotropic; ie., 

P = PJ + (f|| - Px)bb , (2) 

where I is the unit tensor and b = B / 5 is a unit vector in the direction of the local magnetic 

field, and the diagonal elements have the following form: 

'IB B dp 
^ , = £ > M \ del , ^ 2(e - pB) F„fc, e, i>), 

rao ft/a H dU 
P X = £ > M I del a * nB Foi^eA) • 

y J° J° y/2(e - ?B) 

(3) 

(4) 

Here the sum over a = t>||/|t>||| denotes a sum over both directions of the parallel velocity, 

M is the particle mass, and we have suppressed the sum over plasma species. 

Consistent with our theoretical model of the magnetospheric plasma we note that antisym

metric anisotropic MHD equilibrium is governed by the following two equations [Hasegawa 



and Sato, 1989; Cheng, 1992]: 

-(a},-*-*. <5> 
which describes parallel MHD force balance, and 

<TA'r/> + V<7-VT/> + 4 7 r W ^ i ) = 0 , (6) 

which describes perpendicular MHD force balance. Here 

= 1 ^ffl (7) 

is the firehose instability parameter (ff < 0 implies firehose instability) and ££ is an elliptic 

differential operator which is defined as follows in cylindrical coordinates (R, <j>, Z): 

A* - — I — — 
dR?" RdR + 9Z= " ( ) 

Note that the parallel and perpendicular pressure P\\ and P±, are regarded as functions of 

0 and B = |B | . 

Using equation (5) and the definition of the firehose parameter <r, equation (7), we have 

» = l + !( /Ji-f l | ) , (9) 

where /7|| = &irP\\/B2 and /?x = 8ir P±fB2 are ratios of the plasma pressure to the magnetic 

pressure. 

In the isotropic limit P\\ =P± = P equation (5) implies the well-known isotropic MHD 

result that the pressure is constant along a magnetic field line and equation (6) reduces to 

the Grad-Shafranov equation [Freidberg, 1982]. We refer to equation (6) as the anisotropic 

Grad-Shafranov equation. 

2.2 Parallel Force Balance 

Direct substitution of equations (3) and (4) into equation (5) shows that parallel force 

balance is automatically satisfied when the equilibrium distribution function F0 is a function 



of (ft,s, i/>). To proceed further we must adopt a functional form for FQ . For simplicity we 

choose a bi-maxwellian distribution function 

F0(n,e,il>) = -
n0 

T»l/2TL0 (£) 
3/2 

exp 
M(e-nB0) MfiBp 

for ft < e/B , 
(10) T\\o J j - ° 

[0 for n > e/B . 

Here no(V0, T\\0[i/>), Ti0(i/>), and B0{ij>) are the number density, parallel temperature, per

pendicular temperature, and magnetic field, where the subscript zero denotes quantities 

evaluated at the equator. The parallel and perpendicular pressures at the equator are 

given by P| ) o = n 0T|| 0 and PLa = "o^lo-

We define the anisotropy parameter 

' " - & • 

(in 

Note that observations [Lui et al., 1987] typically show PL > P\\ which corresponds to 

0 < S < 1 or "positive" anisotropy. 

Substituting the bi-maxwellian, equation (10), into equations (3) and (4) gives i-jj and 

Pi. explicitly as functions of 0 and B, as follows: 

P L = PL°\I-60

SBIIB) ' 

where 60 = 1 — P\\Q/Pi.a • Then we have 

6 = 6o-g, 

and 

Px = 
8xPj 

B2 -*-(l)'(^)"-

(12) 

(13) 

(14) 

(15) 

(16) 
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where /3||0 = 8irP^0/B2 and f}j.0 = 8irP±0/B2 are the beta values at the equator. Equa

tions (12) and (13) are in agreement with the corresponding results given recently by 

C. Z. Cheng [1992]. 

In the isotropic limit (S —* 0) equations (15) and (16) reduce to the expected form 

'-£-*(!/ ( 1 7 » 
where /?o = 8irP/B2. In contrast to the isotropic case, where the pressure P is independent 

of B, from equations (12)—(17) we see that the quantities P\\, Px, 6, /?|| and flx all decrease 

with increasing B. Furthermore, the decrease of /fy and flL with increasing B is faster than 

that of the isotropic beta value and is faster with higher anisotropy 6. 

For a more quantitative comparison with the isotropic case we define an average beta 

value 

£ = i ( / ? H + 2 / J x ) . (18) 

In the isotropic limit /? = /?. In Figure 1 we use equations (15) and (16) to plot the 

average beta value evaluated along a magnetic field line for three values of the equato

rial anisotropy S0. For simplicity we assume the equilibrium magnetic field is a magnetic 

dipole. For So — 0, So = 0.5, and So — 0.9 the full-width-at-half-maximum of the corre

sponding average beta decreases from 33° to 25" to 11°, respectively. We will see that this 

increased equatorial localization due to increased anisotropy results in hydromagnetic wave 

amplitudes which are strongly peaked near the magnetic equator. 

2.3 Perpendicular Force Balance 

Recall that the equilibrium magnetic field is represented as B = Vifi x Vt/> where tp 

satisfies the anisotropic Grad-Shafranov equation, equation (6). In principle, once P||(^, B), 

Px.(ij),B), and boundary conditions are specified equation (6) can be solved numerically 

(see [Cheng, 1992], for example). However, because the eigenmode analysis of Chen and 

Ha&sgawa [1991] is essentially a local analysis valid near a given field line, we adopt a local 

multiscale perturbation method [Bender and Orszag, 1978] of solving equation (6). This 
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Figure 1: Average beta /J = (l/3)(/9|| + 2/Jj.) evaluated along a magnetic field line and 

normalized to the equatorial value /?i 0, for three values of the equatorial anisotropy 

So = 1 — P\\0/P±o- This plot assumes a magnetic dipole equilibrium field. Note the 

increase in equatorial localization as the anisotropy is increased. 
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approach is much less laborious than a numerical solution and has the advantage of yielding 

a simple analytic formula for the equilibrium magnetic field. 

We begin by rewriting equation (6) as 

where / is the distance along the field line measured from the equator and we have explicitly 

indicated which variables are to be held constant in the partial derivatives. In deriving 

equation (19) we used the chain rule and the relations V0 • V! = 0, |V/ | 2 = 1, and 

|Vtff = R2B2. 
The effects of finite pressure are assumed to be a small perturbation on a given vacuum 

(pressureless) equilibrium, thus we formally order ji± = O(tp), where tg •< 1 is a small 

parameter. Furthermore, because the Alfven-ballooning instability is driven by a steep 

radial pressure gradient [Chen and Hasegawa, 1991], we assume the pressure gradient scale 

length is small compared to the local magnetic field scale length; specifically, we assume 

|flln.F]|0/Gty| = \d\nP±0/dil>\ = a/ipo in the vicinity of a given flux surface ^ = ^o, where 

a = O(c01) is a measure of the steepness of the radial pressure gradient. With these 

orderings the multiscale perturbation methods allow us to separate the effects of the steep 

radial pressure gradient from effects due to the inhomogeneity of the equilibrium field. 

As the zero-order (e/j = 0) approximation we adopt the vacuum dipole field, given by 

Bv = Vt/iv x V^, where t/>v satisfies 

A*vV=0. (20) 

In cylindrical coordinates rj)V = BE11E3R3/(R2 + Z2)3'2, where BE = 0.31 gauss is the 

magnetic field strength at one Earth radius TLE = 6380 km. 

Selecting coordinates (ipv, lv), where W is the distance along the vacuum dipole field line 

measured from the equator, the factor £S rjj on the left hand side of equation (19) becomes 

(19) 
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where we have used equation (20) and the relations V0v • V/v = 0, |V/v| 2 = 1, and 

\Vtpv\2 = B?Bl. 
The right hand side of equation (19) contains derivatives of the pressure along the field 

line, so we now consider the orderings of the parallel length scales of P±, P\\, and B near 

the equator, denoted by lpx, lpv and Is- Consider lpx first. Since P±. and B are even 

functions of / we have 

PA^>J)^P^ + \PL12 

B(t/,,l)*B0+$B"l2 

(22) 

(23) 

near the equator, where the prime denotes a derivative with respect to I. Then, defining 

lB by B" = B o / V and Z P x by Px" •-= / W W . we have 

Similarly, for Jp( we have 

B \ dB)^ B \ 81 ^ [dB^ ~ B B"l ~ ^°1P* ' 

B\dB)A 

(24) 

(25) 

(26) 

Two cases are treated, corresponding to magnetospheric plasma with "mild" or "strong" 

anisotropy. For the mild anisotropy case, defined by 

(1 - So) ~ 1/2 , (27) 

we have % ~ pLa = Ofo) , (l/B^dPJOB)^ ~ ( l / f l ) (3f j , /0B) 0 ~ Ofo) , and from 

equations (25) and (26) 

Vfc ~ bJ1* = °(e°) • (28) 
However, for the strong anisotropy case, defined by 

(1-*.)-©(«„), (29) 
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we have /3„0 = 0 (4) , 0j.a = Ofo), (l/B)(dPJdB)^ ~ 0(1), a/B)(dPn/8B)^ ~ C?M, 
and 

»Vfe ~ '^/ / f l ~ °(4 / ! ) • (3°) 
Now consider the radial pressure variation. For the purpose of the rnultiscale perturbation 

expansion we consider a local pressure "bump" at some particular value »/> = 4>o as sketched 

in Figure 2, and we will explicitly label functions such as P± by their order in eg. It will 

Pressure 

Flux coordinate ij> 

Figure 2: Sketch of the pressure perturbation /j|(^) or P±(tp). 

also be convenient to label the function arguments by some power of tg which denotes 

whether the function varies slowly or rapidly with respect to that argument. For example, 

since /3j. ~ eg and |31n.P.i./9^>| ~ e^VV'o we write egP^p1^) where ij) = ip — ij>0; this 

notation reflects the fact that the derivative d/drl> yields a factor of eg1 which denotes the 

fast radial variation of the pressure. 

For the mild anisotropy case we expand the solution 4>(ipv, lv) as follows: 

OD 

(31) 

In equation (31) the argument t°glv represents the orderings of equation (28) and t^v, 
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£gl>P and Alv are regarded as independent variables in the multiscale expansion. We 

substitute equation (31) into equations (21) and (19), use the orderings tpP\\, e^-Pi, 

tp(dP\\l dB)^(dB /d^)i, and tp(dP±/dil>)i, and expand order by order in tp. To order e j 1 , 

d2ipj/dxpy = 0 and we choose 4>i = 0- To order ej, we have 

yi ="w(4; (32) 

or, integrating once with respect to the fast flux variable, 

where fi^y = 8irP^/Bv. Using equation (1) and 0 = 4>v + 4>2 + C( e | ) i w e n a v e 

B = B v ( l - / 3 x v / 2 ) + 0 ( 4 ) , (34) 

which is the desired expression for the equilibrium magnetic field. 

Similarly, for the strong anisotropy case equations (29)-(30) suggest that the local per

turbation expansion should be of the form: 

</>(W, W) = rl>v + £ $'* i/v/2 (ejj'tfv, e?/2lv) - (35) 
n = l 

In this case we set ipi/2 = tf>i = ^3/2 = 0. at orders Ce ' , e j 1 , and ej , respectively, and 

obtain 

at order ej, as in equation (33). Then 

B = B v ( l - / W 2 ) + 0(4 / 2 )> (37) 

which, apart from high-order neglected terms, has the same form as equation (34). 

So, for either mild or strong anisotropy the modification of the dipole magnetic field due 

to finite anisotropic pressure is given approximately by 

B = Bv (1 - fliv/2) • (38) 
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Thus, to order ep the field lines are parallel with those of the vacuum dipole field but the 

magnitude of the local magnetic field is depressed by the diamagnetic effect due to the 

finite perpendicular pressure. For later use note that the field line distance / and the field 

line curvature K =. b - Vb differ from the corresponding dipole values by terms of order 

e .̂ Analogous results for the isotropic case may be obtained by replacing fixv with 0v in 

equation (38). From now on we will no longer explicitly show the ordering in ep. 

Figure 3 shows how the dipole flux surfaces are modified by anisotropic pressure. The 

dipole flux surfaces are obtained by setting 4v = <£o, where #o(£) is a constant corre

sponding to the L-values ia the range £ = 5-9. The modified flux surfaces are obtained by 

setting 4>v + fa = 0o, where fa is obtained by integrating equation (33) or (36) once with 

respect to the fast flux variable 0. Assuming P^ oc |^>|~a yields 

if) SB lf>y 1 + : (39) 2(<*-l)j 

As expected the dipole flux surface is pushed outward by the finite pressure. Comparison 

of Figure 3(a) with 3(b) shows how strong anisotropy causes a flux surface displacement 

which is more localized near the equator. 

Recall that our equilibrium calculation is an asymptotic analysis valid near a given field 

line, it does not contain global effects such as those due to inner and outer radial boundary 

conditions, for example. Nevertheless, a comparison of Figure 3 with the global numerical 

solutions plotted in [Cheng, 1992] (see Cheng's Figure 1 at L = 6, say) shows reasonable 

qualitative agreement. We will use the results of our local equilibrium calculation in the 

eigenmode analysis presented in the following section. 
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5 i i 1 1 1 1 1 1 r 

5 I i i i I i i i i r 

Figure 3: Surfaces of constant flux for L = 5-9. The dotted line is the vacuum 
dipole flux surface and the solid line is the corresponding flux surface obtained from 
equation (39) with ftlov = 0.5 and a = 6. In (a) S = 0, corresponding to the isotropic 
case, and in (b) So = 1 — P\\0,'P±.a = 0.9 corresponding to strong anisotropy. 
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3 STABILITY OF ANISOTROPIC ALFVEN-BALLOONING MODES 

In this section the gyrokinetic eigenmode equations derived in [Chen and Hasegawa, 

1991] (referred to as CH91 from now on) are used to carry out a linear stability analysis of 

anisotropic Alfven-ballooning modes. 

3.1 Governing Equations 

The gyrokinetic eigenmode equations derived in CH91 take the form of two coupled 

integro-diiferential equations to be solved on each equilibrium magnetic field line. One 

equation is obtained from the perpendicular Ampere's law (CH91 Equation (21)) and the 

other is a generalized vorticity equation (CH91 Equation (22)). From general properties 

of the eigenmode equations Chen and Hasegawa concluded that the lowest-frequency an

tisymmetric mode, commonly called the second harmonic, should be the most unstable 

mode. Observations [Takahashi, 1988] support this conclusion. By "antisymmetric" we 

mean a wave mode where the transverse electric field component 5Ej. and the compres

sions! magnetic field component SB\\ = b • 5B have odd symmetry with respect to the 

geomagnetic equator and the transverse magnetic component 5Bj. has even symmetry. In 

this paper we restrict our analysis to antisymmetric modes and we focus mainly on the 

second harmonic. This restriction greatly simplifies the gyrokinetic eigenmode equations 

of CH91 since several bounce-averaged terms vanish. Furthermore, in order to isolate the 

fluid effects we neglect all resonant particle terms. Then the perpendicular Ampere's law 

(CH91 Equation (21)) becomes 

rSBn = ̂ (ek-VPx)5^ (40) 

and the generalized vorticity equation (CH91 Equation (22)), becomes 

Bm {-T-dT) + ~vf * = -& (* • V P ^ Vc6B"+ fiB*) 
- — ( e ^ i J n . W . (41) 

We now define the notation used in equations (40) and (41). As in the previous section the 

equilibrium magnetic field is represented as B = Vyj x V^ and 9 is the firehose parameter. 
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The potentials 6<j>, 8A\\ = —(ic/w)3 Sipfdl, and 6B\\ = b • 6"B are all functions of the field 

line distance /, and are defined in terms of an eikonal form for the wave electromagnetic 

fields 6E(x,t) and SB(x,t) as follows: 

5#x,r) = 5<H!) exp (i Jkx • dx - ivt) (42) 

SA{x,t) = 6A{1) exp (i Jktdx-iut) (43) 

Here u> is the wave frequency, k±(x) is the eikonal wave vector, and 8<j>(x, t) and 6A(x,t) 

are the usual electromagnetic potentials for the wave fields: 

SE(x, I) = - V ^ ( x , t ) - l d 6 A ^ ( 4 4 ) 
c oi 

6B(x, f) = V x «A.(x,«) (45) 

We will see shortly that it-is useful to interpret Sip as a potential function for the transverse 

(Alfven) wave components 8B$ and 8E4. The Coulomb gauge V • 8A = 0 and the ideal 

MHD approximation of zero parallel electric field, 8E\\ = 0, have been used in equations (40) 

and (41). The latter condition is justified physically by the availability of cold electrons 

to short out any parallel electric fields. In terms of the potential functions Sip and 5<j>, 

8E\\ = 0 implies St// = 6<j>. Note that in equations (42)-(45) we have distinguished between 

a "field line" function (eg., 8ip(l)) and the corresponding potential (eg., 8ip(x,t)); in the 

following we deal only with the field line functions. Finally, in equations (40) and (41) 

, 4?r (dP±\ 

is the mirror instability parameter (r < 0 implies mirror instability, see [Chen and 

Hasegawa, 1991]) which is given by 

~I + 4-f) (47) 
for a bi-maxwellian plasma, V = Vip(d/dip), e* = kj. x b, fig = e* • V In B, fi« = e* •«, 

where K = b • Vb is the curvature vector, and Vj\ = B/y/Airp is the Alfven speed, where p 
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is the mass density. The wave quantities Sip and SB$ are regarded as small perturbations 

on a given equilibrium state. 

Equations (40) and (41) describe the coupling between transverse shear-Alfven modes 

and compressional dow-magnetosonic modes. The coupling is due to inhomogeneity in the 

pressure and the magnetic field, as represented by the factors e* • VPi., fls, and fl« in 

equations (40) and (41). 

Substituting equation (40) into equation (41) yields 

4 (#T?) + y£»+£»~'* (* + ~"Js* '•• <*»> 
which is a second-order ordinary differential equation in Sil>{iy The first term represents 

field line bending, the second term represents the cold plasma inertia, and the third term is 

an anisotropic ballooning-interchange term. In this paper we assume stability with respect 

to interchange modes [Kadomtstv, 1963; Southwood and Kivthon, 1987] and for brevity we 

refer to the third term as the ballooning term. 

Since the ^-dependence of P\\ and Px is mainly determined by the factors Pj|0 and fxo 

in equations (12) and (13), the ballooning term can be expressed as 

—^ # , (49) 

where 

£s = \{h + 7^), (50) 
is an effective beta value, k+ is the wavenumber in the azimuthal direction, K# = K • xjr is 

the curvature component in the $ = V^/jV^&j direction, and 

£ , * = $ • Via Pup 1 (51) 

is a radial pressure gradient scale length, which is assumed to be the same for P^ and P±. 

On the outer edge of the ring current the parallel and perpendicular pressure gradients and 

the magnetic curvature vector point in the same direction (Earthward), so the coefficient 

of 6$ in the ballooning term is positive, which is de-stabilizing. Note that the ballooning 
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term is proportional to JtJ, while the first two terms in equation (48) are proportional to 

k\ = k\ + £$; thus, in order to calculate the most unstable modes, we assume fcj > k^ 

or k\ « ifcj = rrfjR2, where m is the azimuthal mode number. In fact, observations of 

the transverse wavelengths of magnetospheric hydromagnetic waves [Takahashi, 1988] yield 

azimuthal mode numbers of m & 100 and a lower bound on the radial wavelengths which 

implies that fcj -C fcj, consistent with our assumption. Now equation (48) can be rewritten 

us 

which is independent of the azimuthal mode number m. We refer to equation (52) as the 

anisotropic Alfven-ballooning equation, it is the basis for our analysis of the effects of finite 

anisotropic pressure on magnetospheric hydromagnetic waves. 

Once boundary conditions are specified the solution of equation (52) becomes a Sturm-

Liouville eigenvalue-eigenfunction problem for u>2 and &4>{l). The boundary conditions we 

choose are 

fifth) = W(0) = 0, (53) 

where / = 0 corresponds to the equatorial plane and // is the distance from the equator to 

the ionosphere along a field line. These boundary conditions describe field lines whose ends 

are tied to a perfectly conducting ionosphere, with field line displacements which have odd 

symmetry about the equator (assuming North-South symmetry of the equilibrium magnetic 

field). 

Multiplying equation (52) by Sip, integrating over the flux tube volume, and using the 

boundary conditions given in equation (53) we obtain an expression analogous to the well-

known MHD Energy Principle [Bernstein et al., 1958], as follows: 

u,* = (8WF + SWB)/6I, (54) 

where 
_ [di* (ds^V (55) 
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represents the field line bending contribution to the eigenvalue w 2, 

fdl PEK* 

represents the ballooning contribution to u2, and 

•»— fiwg;6*' < 5 6 > 

represents the cold plasma inertia. Ncte the following general properties of equa

tions (54)-(57): (1) If <T > 0 then SiVp > 0 and the field line bending contribution is 

stabilizing. (2) If a < 0 we have the firehose instability. (3) As mentioned above, on the 

outer edge of the ring current the pressure gradient and the field line curvature both point 

Earthward, so the ballooning contribution SWB is destabilizing. Even if the plasma is stable 

with respect to firehose and mirror instabilities (ie., cr > 0 and r > 0) a ballooning instabil

ity can occur if \SWB\ > 6WF, due to either high beta (large @E) or steep pressure gradient 

(small Lp), for example. (4) An interesting special case occurs when a > 0 and r —» 0 + ; 

then @E w (" ,J3J./2T) —» +oo resulting in ui2 < 0. We call this case the ballooning-mirror 

instability. 

Now consider the explicit solution of the anisotropic Alfven-ballooning mode equation, 

equation (52). Consistent with the multiscale perturbation calculation in the previous 

section, we evaluate the required equilibrium quantities as follows: The magnetic field B is 

given by equation (38); a and /?£ are given by equations (9) and (50) with /3|| and /?x given 

by equations (15) and (16). All other quantities are evaluated using the vacuum dipole 

magnetic field. In particular, to evaluate the radial pressure gradient scale length Lp we 

assume P^0, PL0 oc L~a, where L is the dipole L-shell parameter, then equation (51) yields 

L" = alk- ( 5 8 ) 

In order to ensure stability with respect to interchange modes we require that the pressure 

gradient parameter a satisfy a < 20/3 [Kadomtsev, 1963]. Alternatively, from one set of 

quiet-time observations, Lui et al [1992] obtain a = 3.24 ± 0.22, which gives an approxi

mate lower bound on a. We consider values in the range a « 3-7. Finally, for simplicity 
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the Alfven speed V\ = Bi/Airp is evaluated assuming the mass density p is constant along a 

given field line. Now the anisotropic Alfven-ballooning equation, together with the bound

ary conditions in equation (53), can be solved numer :ally using shooting methods [Press 

et al., 1986]. A computer code written for this purpose is described in the jappendix. The 

code is called ABC (Alfven Ballooning Code). 

In the following sections we describe numerical results from the ABC code. In all cases we 

have chosen a field line corresponding to the dipole L-shell L = 6.6 (ie., near synchronous 

orbit). The position of the ionospheric end point of the field line is calculated for a dipole 

field line intersecting the Earth's surface at r = 11ZE (ieM the thickness of the ionosphere 

is neglected). This corresponds to a magnetic latitude of 

xr = c o s - 1 —f= . (59) 

For L = 6.6 x{ = 67.1". Since quantities are normalized to equatorial values (see the 

appendix) the main effect of varying the L-value is to change the field line length only 

slightly through equation (59). For example, a range of L-values from L = 5-10 results in a 

change in the normalized field line eigenfrequency of less than about 5% and a corresponding 

small change in the eigenfunction. 

The parallel structure of the eigenmodes is presented by plotting the components of 

the electromagnetic wave fields £B(/) and 6E(l), which are obtained from the source 

free Maxwell equations under the orderings and assumptions used in the derivation of the 

gyrokinetic eigenmode equations as follows: 

SE^^-ik^Sr/). (61) 

Note that the components 6B+ and 6E+ are small by a factor of 1/m « 1/100 compared 

to the other components. Also, in the cold plasma limit (/?j. = /3|| = 0) only the transverse 

components 6B^, and 6E+ are nonzero and are given by the potential function Sip, hence the 

and 

u) 2rLp U ol 

6En=0, 6E+ = —£-6Bn, 
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interpretation of Sip as representing the transverse shear-Alfven wave components. Note 

that when 6r/> has odd or even symmetry with respect to the geomagnetic equator, by 

definition the waves modes have the same symmetry. 

3.2 The Isotropic Case 

It is instructive to consider the isotropic case (P|| = P± = P, <r = r = 1, fi\\ = 

fix — 0E — &) first. Later we will consider the effects of anisotropy as modifications of the 

isotropic case. For isotropic plasma equation (52) reduces to 

This equation has the familiar ballooning mode form [White, 1989]; thus, when anisotropy 

and kinetic effects are neglected, we have the expected result that the gyrokinetic eigenmode 

equations are equivalent to the linear ideal MHD equations in the ballooning limit. In the 

next two subsections we consider the effect of increasing fi from the cold plasma case, fi = 0, 

to the finite pressure case with j3 « 1. 

Cold-Plasma Standing Alfven Waves. When /J = 0 the magnetic field B is assumed to be 

a vacuum dipole field and the Alfven-ballooning mode equation, equation (62), describes 

oscillations between the dipole field-line-bending energy and the cold plasma inertia, ie., 

shear Alfven waves. Taking intc account the boundary conditions, the physical picture of 

these modes is of standing waves on a nonuniform string. The tension in the string is due 

to the magnetic field line tension B2 /%v and the inertia is provided predominantly by the 

ions. Note that because B2/8ir increases rapidly towards the poles we expect 6$, which is 

proportional to the field line displacement, to be larger near the equator. 

The eigenfunctions of the Alfven-ballooning mode equation are interpreted as the har

monics of this nonuniform string. The eigenfrequencies and plots of the wave components 

for the first thrte odd harmonics are given in Figure 4. As discussed in the appendix, 

the eigenfrequency is normalized to the equatorial Alfven frequency UJAO = VAO/BO = 

BQIRoi/4irp. Note the following properties of the cold plasma harmonics: (1) Since ,8 = 0 

there is no compressional component — the cold plasma harmonics are purely transverse 
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Figure 4: The magnetic and electric wave components for the 2nd, 4th and 6th har

monics (ie., the first three odd eigenmodes) plotted against magnetic latitude along a 

field line, in the cold-plasma limit. The corresponding eigenfrequencies, normalized to 

the equatorial Alfven frequency, are u = 5.49, 12.53, and 19.48 respectively. 
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Alfven waves. (2) As the harmonic number increases the eigenfrequency increases and 

the number of nodes in the eigenfunction increases (these are general properties of Sturm-

Liouville systems). (3) The mode amplitudes are localized near the geomagnetic equator. 

(4) The eigenvalues and eigenfunctions shown in Figure 4 are consistent with previous so

lutions in the cold plasma limit, such as the "poloidal modes" considered in [Cummings 

et al., 1969]. (5) The eigenmode with the lowest frequency (ie., the second harmonic) is 

the most important for stability considerations since it involves the least field line bending. 

From now on we focus on properties cf the second harmonic. 

Finite-Beta Isotropic Alfven-Ballooning Modes. When finite isotropic plasma pressure is 

allowed the eigenvalues and eigeafunctions of equation (62) for a given field line depend 

on two parameters: the radial pressure gradient parameter a, and the equatorial beta 

value (30 = SirP/Bg (or, equivalently, /30v = SirP/BgV when the vacuum dipole magnetic 

field is used to calculate the beta value). These two parameters appear as a product in 

the ballooning term, reflecting the fact that ballooning modes are driven by the pressure 

gradient. 

An example of a finite-beta second-harmonic eigenmode solution is shown in Figure 5. 

Based on Figure 5 and similar plots for a range of parameters, our findings regarding the 

parallel structure of the finite-/? eigenmodes can be summarized as follows: (1) Comparison 

of Figure 5 with Figure 4 shows that the components SB^/B and 6E4, are not significantly 

different for flov = 0 and 0ov = 0.5. In general, for a given harmonic the parallel structure 

of the transverse wave components is insensitive to changes in the beta value. (2) Similarly, 

the transverse wave components are insensitive to the value of the radial pressure gradient 

parameter or. Points (1) and (2) are due to the rapid increase of the magnetic tension 

B2/8TT at higher latitudes. (3) There is now a significant compressional component, SB\\. 

There are also nonzero SB4, and 6E+ components, but they are negligibly small and are not 

shown in Figure 5. Thus, for magnetic latitudes x <> 10", SB* > SB^,6B^\ ie., near the 

equatorial plane these modes are predominantly radially polarized. (4) If we plot SBj, and 

8B4 (rather than iB^jB and 6B4/B) we find that a node occurs at x = 20° and x = 11°, 



26 

SB/B 
components 
(arbitrary 

normalization) 

-70 -60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 
Latitude (degrees) 

300 

200 

100 

-100 -

-200 -

-300 

-\ 1 1 1 1 r i 1 1 1 r 

-70 -60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 
Latitude (degrees) 

Figure 5: The second-harmonic eigenmode for L = 6.6, a = 6, j3Qv = 0.5, and 

m — 100. The field line eigenfrequency, normalized to the equatorial Alfven frequency, 

is ui = 4.11. 
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respectively. These values are similar to corresponding nodes at x = 15° and x = 10° 

estimated from near-equatorial spacecraft measurements [Takahashi et al., 1987]. 

Critical Beta Value for Ballooning Instability. Figure 6 is a plot of the field-line-bending 

({WF) and ballooning (SWB) contributions to the second harmonic eigenvalue u>2. As 

Equatorial beta, /3QV 

Figure 6: Field-line-bending and ballooning contributions to the second harmonic 

eigenvalue w*. For this plot L ~ 6.6, a = 6, and S = 0. As discussed in the ap

pendix 8YF, SVB, and w 2 are normalized so that w 2 = SWF + flVjj (ie., SI = 1 in 

equation (54)) and w is the field line eigenfrequency in units of the equatorial Alfven 

frequency. 

the beta value is increased the ballooning contribution increases, the field-line bending 

contribution decreases, and the square of the wave frequency decreases linearly with flov-
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Note from equation (60) that SB\\/SB^ also increases as apov increases, ie., the wave 

polarization becomes more compressional. A linear fit to the u>2 curve in Figure 6 yields 

w 3 = J l J - r 0 / 3 o v , (63) 

with fij| = 30.7 and To = 32.1. Marginal stability (w2 = 0) occurs at the critical value 

/?& = 0.958. Above this critical value, a reactive-type (w2 < 0) MHD ballooning instability 

results, hence the superscript B on the threshold value fiffv. Similar plots of w2 for pressure 

gradient parameters of a = 3 and a = 7 show this linear relationship with 0§v = 1.33 and 

j$l*v = 0.874 respectively. Thus steeper pressure profiles result in lower threshold values for 

ballooning instability, as expected [Chen and Hasegawa, 1991]. 

Spacecraft measurements of beta yield a local value, /? = 8irP/B2, rather than the value 

calculated with the vacuum dipole field, 0v — SirP/By. Using equation (38), the local 

value is related to the vacuum value by 

o-dbr <«• 
Thus the critical value /?& = 0958 for a = 6 corresponds to a local equatorial value of 

00 = 3.53, for example. A brief survey of published observations [Liti et al., 1987; Lui 

and Hamilton, 1992] shows 0Q < 1, thus the threshold beta-value for isotropic ballooning 

instability appears to be well above the observed values. 

Note that the eg ordering used in our equilibrium calculation breaks down near the 

threshold value for ballooning instability. We expect that the results for the eigenmode 

calculations near threshold are still qualitatively correct, but the numerical value of the 

threshold beta should be regarded as a rough estimate, valid to within about a factor of 

two or three. 

3.3 Effects of Anisotropy - The 0-8 Stability Diagram 

We now consider the effect of anisotropic pressure on the stability and the parallel struc

ture of the second harmonic eigenmode. When anisotropic pressure is allowed the solutions 

of equation (52) for a given field line depend on three parameters: (i) the pressure gradient 
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parameter a, (ii) a measure of the magnitude of the plasma pressure, for which we choose 

the average beta value /? = (l/3)(y9|| + 2/3j.), and (iii) a measure of the plasma anisotropy, 

for which we choose the anisotropy parameter 5 = 1 — P\\/P±. = 1 — 0\\/0j.-

It is useful to summarize the effects of anisotropic pressure on stability with reference 

to the p*0-60 parameter space, where ~&0 is the equatorial average beta value and So is the 

equatorial anisotropy parameter. In Figure 7 we have plotted curves in the /30-60 parameter 
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Figure 7: A *f}-6 stability diagram". That is, a plot of the instability regions with 

respect to the fi0-S0 parameter space, where j3*0 = (l/3)(/?||0 + 2/?x0) is the average 

equatorial beta value and S0 = 1 — p\\Q/f3±0 is the equatorial anisotropy parameter. 

For this plot L = 6.6 and the ballooning instability threshold (/?„ = fi") has been 

calculated for a = 6. 
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space which correspond to the threshold values for the firehose and mirror instabilities (ie., 

the curves corresponding to a = 0 and T = 0) and the critical beta value /?„ for ballooning 

instability. For brevity we refer to Figure 7 as a "0-6" stability diagram. We have chosen 

the beta value /?„ rather than the value calculated with the dipole field 0ov because it is 

more easily compared with observations. Note the following features of the 0-6 stability 

diagram: (1) The parameter space is divided into four regions corresponding to firehose 

instability, mirror instability, ballooning instability and a stable region. (2) For very low 

beta values (0 ~* 0) the plasma is stable. As /? is increased the plasma becomes unstable 

to ballooning modes before it reaches the firehose or mirror instabilities, although the 

ballooning and mirror thresholds converge to the ballooning-mirror threshold for sufficiently 

large positive atiisotropy. (3) Except for a region of mild positive anisotropy (ie., 0 < S0 ;$ 

0.2 for a = 6), the critical beta value for ballooning instability is lowered by anisotropy. 

(4) Observations [Lux et al, 1987; Lui and Hamilton, 1992] show typical values oi j3o < \ 

and Q ^,Sa< 0.5, thus, although it appears unlikely that the ballooning instability occurs 

for isotropic conditions, it may be possible to approach the ballooning-mirror instability 

threshold shown at So « 0.5 on the 0-8 diagram. Note that the ep ordering used in our 

equilibrium calculation is valid in this region of parameter space. 

In order to better understand the onset of the ballooning instability shown in Figure 7, 

in Figure 8 we have plotted the beta dependence of the eigenvalue u>2 and the field-

line-bsnding and ballooning contributions 8WrF and SNB (using equations (54)-(57)) for 

four values of the anisotropy S0. As in Figure 6 the intersection of a SWp curve and the 

corresponding SWB curve occurs at the critical beta value for ballooning instability. From 

Figure 8 we conclude that, compared with the isotropic case, (1) for negative anisotropy 

(ie., So < 0 or P± < P\\) the critical beta value for ballooning instability is lowered due to 

decreased field line bending and increased ballooning destabilization, (2) for mild positive 

anisotropy (ie., 0 < S0 ^ 0.2 or P± > P||) the critical beta value is raised slightly due 

to the dominance of increased field line bending stabilization, and (3) for strong positive 

anisotropy (ie., So > 0.2 or P± ~3> P\\) the critical beta value is lowered due to the strongly 
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Figure 8: In (a) the normalized eigenvalue ui1 is plotted versus the equatorial beta 

value |0LOV f° r f ° u r values of the equatorial anisotropy 60. In (b) the SWp contribution 

to up (the curves starting at the 30.7 when fi±0v = 0) and the SWB contribution to 

w z (curves starting at the origin) are plotted for the same four values of S0. For these 

plots L = 6.6 and a = 6. The normalization is described in the appendix. 



increased ballooning-mirror destabilization which occurs in the narrow region corresponding 

to T —» 0 + (although it is difficult to see in Figure 8, for the 60 = 0.3 case w2 —• 0 because 

6WB increases more rapidly than Wj? as r —» 0 + ) . 

Finally, consider the effect of anisotropy on the parallel structure of the eigenmodes. In 

ilgure 9 we have plotted the transverse and compressional magnetic components for three 

different values of the equatorial anisotropy. Clearly the effect of anisotropy on the trans

verse wave component is weak. However, the compressional component 6B\\ can be greatly 

enhanced near the equator due to increasing positive anisotropy. This is especially true 

when the ballooning-mirror instability threshold is approached since, from equation (60), 

8B\\ oc (a/3j./2r) 6ij>, which becomes large as r —• 0 + ; in this case the resulting modes may 

have a compressional component comparable to or larger than the radial component. 
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Figure 9: Effects of anisotropy on the transverse (SBj,) and compressional (6B\\) mag
netic wave components. For these plots L = 6.6, a = 6 and ff±ov = 0.5. Recall that 
SBj, is symmetric and SB^ is antisymmetric with respect to the equatorial plane. 



34 

4 SUMMARY AND DISCUSSION 

We have carried out a theoretical study of the stability and field-aligned structure of hy-

dromagnetic waves in the Earth's magnetosphere, including effects of finite anisotropic pres

sure gradients. We have considered regions where geomagnetic field lines are approximately 

dipolar and where the pressure gradient points Earthward. This corresponds roughly to 

magnetic field lines which cross the equatorial plane at radial distances between about five 

and ten Earth radii. 

Our formulation is based on the reduced gyrokinetic eigenmode equations of Chen and 

Hasegawa [1991] but all kinetic effects are neglected in order to focus on the effects of pres

sure anisotropy on the hydromajmetic modes. The analysis is also restricted to antisymmet

ric modes and we concentrate mainly on the lowest-frequency antisymmetric harmonic (of

ten called the second harmonic). An approximate analytic solution of the Grad-Shafranov 

equation for anisotropic MHD equilibrium is obtained. This equilibrium solution is then 

used to numerically solve the corresponding eigenmode equations. The eigenmode solutions 

yield the linear properties of coupled shear-Alfven and slow-magnetoacoustic waves with 

high azimuthal mode number (m > 1). Following Chen and Hasegawa [1991] we refer to 

these modes as anisotropic Alfven-ballooning modes. 

The main results of the anisotropic MHD equilibrium analysis are equations (15) and (16) 

which describe the field-aligned variation of th^ parallel and perpendicular beta values (for 

a locally bi-maxwellian plasma), and equation (38) which describes the local modification 

of a zero-pressure equilibrium magnetic field due to finite anisotropic pressure. We find that 

the field-aligned dependence of the plasma pressure becomes more peaked at the equator 

with increasing anisotropy (see Figure 1). The derivation of equation (38) makes use of 

the fact that the pressure gradient scale length is small compared to the magnetic field 

scale length and assumes that the perpendicular beta value calculated using the vacuum 

dipole field is a small parameter (/?.• v •'£ 1). Note that, from equation (64), /?j. v = 1 

corresponds to a local (measured) beta value of /3 ± = 4. We expect that our theoretical 

results for cases where f}±v ~ 1 (such as the estimate of the isotropic ballooning threshold) 
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are qualitatively correct and are probably accurate to within factors of two or three, but 

this should be tested using a more general equilibrium solution such as that described by 

Cheng [1992], for example. 

The main equations governing the anisotropic Alfven-ballooning modes arc equa

tions (52), (53), (60), and (61). The numerical solution of these equations is described 

in the Appendix. 

For the isotropic pressure case the Alfven-ballooning modes show the well-known stand

ing wave structure along the field line [Cvmmings et al., 1969] and their frequency-squared 

decreases with increasing v.t-., value until they become ballooning unstable at the local 

equatorial threshold value 0g « 3.5. This threshold value is above typical observed equa

torial beta values of 0o & 1. la the cold-plasma limit the isotropic modes are purely 

transverse with dominant wave power in the azimuthal-electric and radial-magnetic wave 

components. Finite pressure results in a finite ccmpressional component which can become 

comparable to the radial magnetic component when flo * 1, and finite but negligibly small 

radial-electric and azimuthal-magnetic wave components. 

The effects of anisotropy on the linear stability are conveniently summarized in the 

fi-6 diagram, Figure 7. Our main conclusions are: (1) As either the average beta value 

or the anisotropy is increased from zero the plasma becomes ballooning unstable before 

it reaches the firehose or mirror instability thresholds. (2) For sufficiently large positive 

(Pi. > P[\) anisotropy the ballooning and mirror thresholds converge to a "ballooning-

mirror" threshold corresponding to r —• 0 + . (3) Except for a small region of mild positive 

anisotropy, the critical beta value for ballooning instability is lowered by anisotropy. (4) A 

brief survey of spacecraft measurements [Ltti et al., 1987; Lui and Hamilton, 1992] sho^s 

that /3 0 < 1 and PLIP\\ & 2 have been observed. Comparison of these values with Figure 7 

suggests that the ballooning-mirror instability threshold may sometimes be approached 

in the Earth's maguetosphere. Note that the low-beta ordering used in our equilibrium 

calculation is valid in this region of parameter space. (5) Compared to the cold-plasma 

case the field line eigenfrequency can be significantly lowered by finite-pressure effects; 
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see equation (63) and Figure 8(a). (6) The main effect of finite anisotropy on the wave 

polarization is a dramatic increase in the compressional magnetic component near the 

ballooning-mirror instability threshold, as shown in Figure 9. 

The 0-6 diagram is useful because it organizes the firehose, mirror and ballooning insta

bilities in an easily understood graphical form. However, it should be noted that the results 

in this paper represent an approximate calculation of the boundaries between the various 

instability regions. A more realistic treatment of the distribution function F0, the iono

spheric boundary condition and the radial mode structure is desirable to enable a better 

comparison with measurements. Furthermore, in the fl-6 diagram we have parametrized 

the various stability regions with respect to the equatorial values of the average beta /? 

and the anisotropy 8. We emphasize that the instability of the Alfven-ballooning modes is 

dependent on the global MHD equilibrium aiong the field lines and in general a one-point 

measurement is not sufficient to determine instability. However, we note that with a suffi

ciently detailed measurement of the local conditions (such as a complete measurement of 

the equatorial distribution function, for example) one can determine the global equilibrium 

and the instability conditions can be evaluated. 

Finally, a more complete treatment of the linear stability of magnetospheric hydromag-

netic waves requires a calculation which includes even modes and the neglected kinetic 

effects such as particle trapping, wave-particle resonances and finite gyroradius effects. A 

preliminary calculation [Chan, 1991] which includes wave-particle resonances and finite gy

roradius effects for antisymmetric modes suggests that Alfven-ballooning modes may be 

excited by a magnetic drift-bounce resonance [Southwood, 1976; Chen and Hasegawa, 1988] 

at a critical equatorial beta value less than about 1 0 - 1 , whenever there is an Earthward 

pressure gradient. 
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A NUMERICAL SOLUTION OF THE ANISOTROPIC ALFVEN-BALLOONING EQUATION 

In this appendix we describe the computer code used to solve equation (52), the 

anisotropic Alfven-ballooning equation: 

As outlined in the main body of the paper, we use the results oi Section 2 for the multiscale 

perturbation expansion of the anisotropic Grad-Shafranov equation, discarding terms of 

order higher than 0(tg) in the small parameter tp ~ fi^y. Then the distance along the 

magnetic field line /, the distance from the symmetry axis R, and the curvature K+ can be 

calculated using the vacuum dipole magnetic field. 

The remaining quantities in equation (52) are calculated as follows. Note that the sub

script T " denotes quantities which are evaluated using the vacuum dipole field and the 

subscript "0" denotes quantities 'A'hich are evaluated at the equator. Using equation (38) 

the magnitude of the magnetic field is calculated as 

B = BvQ.-\Pi.v), (65) 

where, from equation (16), 

with /3xov = 8ffPj.0/-6ov w d S0 = 1 — /'||o// ,±o- Using equations (9) and (11) the firehose 

parameter is calculated as 

o=\ + \fiJ, (67) 

where S is given by equation (14) and fi± is given by equation (16) with 

8TP±.Q Px.w 

The effective beta value (equation (50)) is also calculated from S and 0± according to 

fix /fe-ir(1~*+?)' ( 6 9 ) 
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where the mirror parameter is given by 

r = !-M-g. (70) 

The pressure gradient scale length Lp is calculated using equation (58) and the Alfven 

speed is given by VjJ = B2/4irp where p is the mass density. 

Changing variables from field line length / to latitude x and normalizing lengths with 

RN = UR.E, magnetic fields with BN = Bw — BE/L3, and velocities with Vn = 

BN/\/4TPO, where HE = 6380 km is the Earth radius, BE = 0.31 gauss is the magnetic 

field at the Earth's surface, L is the dipole L-shell parameter and po is the equatorial mass 

density, and denoting normalized quantities by a tilde, the anisotropic Alfven-ballooning 

equation becomes 

d ( a dhj>\ l x (fan* £ 2 \ T T „ 

where 

R = cos3x, (72) 

B = Bv{\ ~ \ 0i.v) with By = % / 1 + 3

6

S ' n 2 1 , (73) 

dl Lx = — = cos x \f1 + 3 sin 2 1, (74) 
ox 

3(1+ sin2 x) 
* cosx(l + 3sin 2r)3/'' ( 7 5 ) 

- 1 COS 3 ! 
L r ' « V l + 3 . m V , 7 6 ) 

*-£• (77) 

The mass density is assumed to be constant along the field line (ie., p/po = 1). 

The NAG shooting-method routine D02KEF [NAG, 1982] is used to calculate the eigen

value u>* and the eigenfunction Sipj for the jth harmoaic of equation (71). The computer 

and 
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code is called ABC (Alfven Ballooning Code). There is an arbitrary normalization factor 

implicit in the calculation of the eigenfunction Sipf, for convenience we choose this factor 

to make SI of equation (57) equal to unity. 

A calculation of up by numerically evaluating the flux tube integrals in equations (54)-

(57) provides a useful way to display the relative contributions of Reld-line-bending and 

ballooning terms to the eigenvalue, as in Figure 8 for example. Furthermore, a comparison 

with the eigenvalue obtained directly from the shooting code provides a check on the internal 

consistency and numerical accuracy of the shooting code — in all the results presented in 

this paper the agreement was better than 10~*% of the shooting code value. The flux tube 

integrals are evaluated numerically using the NAG routine D01GAF [NAG, 1982]. 
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