
CURRENT DISTRIBUTION TOMOGRAPHY FOR DETERMINATION OF
INTERNAL CURRENT DENSITY DISTRIBUTIONS'

Paul C. Gailey
Oak Ridge National Laboratory

Oak Ridge, TN 37831

Abstract

A method is presented for determination of current densities inside a cylindrical object using
measurements of the magnetic fields outside the object. The cross section of the objer.t is
discretized with the current assumed constant over each defined region. Magnetic fields
outside the object are related to the internal current densities through a geometry matrix
which can be inverted to yield a solution for the current densities in terms of the measured
fields. The primary limitation of this technique results from singularities in the geometry
matrix that arise due to cylindrical symmetry of the problem. Methods for circumventing the
singularities to obtain information about the distribution of current densities are discussed.

Introduction

Public concern about the possibility of health effects resulting from exposure to power
frequency electric and magnetic fields has grown rapidly during the past decade, and
biological research to study this question is underway. An issue that has been largely
overlooked in this research is dosimetry. Laboratory researchers typically specify the
exposure fields used in a study with little further indication of dose. Unfortunately, there is
no simple relationship between the external exposure fields and the internal fields experienced
by various cells or tissue types. Internal fields vary with body or sample size, shape, and
grounding, as well as the complex variations in electrical properties throughout the organism
or sample under study. If effects are detected in these studies, a lack of accurate dosimetric
information makes it difficult to develop mechanistic theories explaining the effects or to
generalize the findings to other exposure situations.

Methods for predicting internal currents and fields have been developed and used extensively
for dosimetry of radiofrequency fields, and are now being applied at power frequencies
(Gandhi, 1993). This modeling provides valuable information about internal fields, but is
necessarily limited by knowledge of tissue electrical properties. Data currently available
about such properties is derived from measurements performed on excised tissues which may
differ from the in situ properties. Discretization requirements of the model also result in
averaging of the electrical properties over regions, which, although small, may contain
materials with widely different properties such as bone and muscle. There has been no way
to validate the modeling results for other than analytic shapes such as spheres or cylinders
with known electrical properties.
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The availability of a measurement method as an adjunct to these modeling techniques is
clearly desirable. Invasive techniques for internal field and current measurements can be
imagined, but have the disadvantage of perturbing the system, and are not acceptable for
human subjects. The technique described here, current distribution tomography (CDT), is
designed for determination of internal current densities using measurements of the external
magnetic field distribution. It is non-invasive, and relatively simple to implement. Although
related to a more general study of magnetic imaging which has been used to investigate
endogenous currents in the brain and other parts of the body (Sato, 1990), CDT is restricted
to currents either applied directly or induced by exposure to an external field. The
formulation described in this paper is further restricted to roughly cylindrical objects such as
an arm, leg, or human torso. Generalization to other shapes is possible.

Measurement of total (time-varying) current passing through a conductor is easily
accomplished using a current probe. These probes surround the conductor with either a
toroidal coil or a magnetic core with windings. In either case, the windings respond to the
time rate of change of magnetic flux passing through them according to Faraday's law. The
response of the probe to the magnetic field of the conductor is easy to visualize in the case of
a single, long, homogeneous current for which the magnetic field strength is given by

(1)

where I is the current, and r is the perpendicular distance from the conductor to the
measurement point. The field is a vector quantity and is directed along the tangent of a circle
centered around the conductor. The magnitude of the field will be constant at all points along
the circle. If more than one conductor carrying current is present, such as in a cable, the
magnetic field at any point will be the vector sum of the fields from each conductor. The
magnetic field will now vary at different points along a circle around the cable, in contrast to
the single-conductor case. This variation in magnetic field magnitude and direction contains
information about the current density distribution inside the cable. When current probe
measurements are made, this information is lost by the summing properties of the probe. To
visualize this effect, note that each turn of the toroid responds to the magnetic field at a
specific location around the cable. Because the turns are connected in series, the probe as a
whole responds to the additive sum of the currents in the cable. CDT preserves the
information available in the field variations around the cable and uses it to compute the
current density distribution inside the cable.

Multiple Line Source Approximation

The field distribution described by equation 1 is generally used for long conductors, but is
reasonably accurate for measurements taken very close to short conductors. In the present
analysis, it is assumed to be adequate, and the problem is reduced to two dimensions. A
cross-sectional view of the cable would show the conductors as point sources w?th the field
from each source obeying equation 1. Calculation of the total fields around the cable can be



accomplished by establishing an origin at some point inside the cable (typically at the center)
and adding the vector field from each source. At a single point the equation for the magnetic
field is

Hp^I.-G,,, 4- I2*Gp2 + I3*GpJ + I /G,* + ...

where H,, is the magnetic field at point p,
Gm is the geometrical factor relating wire m to point p, and
^ is the current flowing in wire m.

Choosing the number of field measurement points equal to the number of conductors in the
cable results in a solvable set of linear equations.

(3)

U ,

where x,,, yp = x and y coordinates of measurement point p
and Xn, ym = x and y coordinates of wire m.

Once the measurement data is obtained, the system can be solved for the unknown currents.



This matrix solution appears at first glance to be solvable for any distribution of currents
because the number of measurements equals the number of unknowns. However, it is in
general a poorly-conditioned matrix, and for systems of only 50 conductors may have a
condition number of 100,000 or more. With such high condition numbers, the system is
extremely sensitive to measurement enors. Random magnetic field measurement errors of
0 . 1 % , for example, may result in completely useless current predictions with errors of
1000%. It is possible to improve the accuracy of the predictions by taking more
measurements (overdetermination), and performing a least squares fit of the data.

A more fundamental issue is whether or not this point source approximation is useful for
estimating currents in biological tissues. In reality, biological tissues will have a more or less
continuous distribution of current rather than a set of point sources as in the case of a cable.
Approximating this current distribution as a set of point sources can lead to completely
erroneous results even though an apparent solution to the matrix equation may be found. The
reason for this result is an inherent singularity in the problem which will be discussed later.
Evidence for this problem can be found by performing a mathematical experiment. First,
assume that a cylinder is divided into eight sectors as shown in Figure 1, and that the current
density is constant within each sector. For a point source approximation, the current in each
sector can all be assumed to be concentrated at a point at the centroid of the sector. Using
this approximation, the magnetic field at any point outside the cylinder can be calculated with
equation 2. Assume that this approach is used to calculate the fields at four points around the
cylinder. Next, combine each pair of sectors to form four large sectors. The current must
now be approximated as point sources located at the centroids of the new large sectors. If
equation 7 is now used to calculate the current densities in the four large sectors, the expected
result is the weighted average of the current densities in the two original sectors (to conserve
total current). However, a completely erroneous result is obtained indicating that point
sources are not •?. good approximation for continuous distributions in this formulation.

Constant Current
Density Sector

Centroid

Combined Sector,,

Figure 1. Point source approximation of regions with constant current density.



Constant Current Density Region Approximation

A refinement of CDT can be obtained by assuming that the current density is constant within
specified regions and integrating across these regions to calculate the field values at the
measurement points.

1 ff£i£lA (8)

where J(r) is the current density and r is the distance from the integration point to the
measurement point. Because the magnetic field from each point is a vector quantity, the form
of the integral will depend on the component of the field measured. Good results are often
obtained by placing the origin near the center of the current distribution and measuring the
component of the magnetic field in the theta direction (cylindrical coordinates). Then,

where rp and 0 p are the coordinates of the measurement points, and the integration limits are
determined by the boundaries of the constant current regions. In Uiis form, the matrix
equation relates the measured field values to the current density in each region.

Singularities in the Matrix Solution

The G matrix formed using equation 8 produces an exact relationship between the current
densities and fields if the current densities are assumed constant within the specified regions.
This result contrasts with the point source approximation of equations 2 - 7 which was shown
to be a poor representation of the same constant current density regions. The reason for the
errors and ill-conditioning of the point source formulation now becomes clear~the G matrix
formed using equation 8 is singular. It does not contain enough information to solve ior the
current density distribution inside the cylinder.

It is important to distinguish clearly between the two cases. When localized currents (such as
in a multi-conductor cable) are considered, the point source formulation is accurate and is
generally not singular. Although it typically produces an ill-conditioned matrix, least-squares
fitting can usually be applied to obtain a solution. Using point sources as an approximation of
constant current regions, however, introduces an intrinsic error because the exact formulation
is singular. It is possible to find a solution to the point-source approximation problem that is
completely erroneous.



The singularity occurring in the exact formulation represents a fundamental property of
equation 1 rather than simply a numerical challenge. Consider a coaxial cable with current
flowing in the same direction through both the inner conductor and outer shield. The
magnetic field distribution around the cable will be constant just as in the case of a single
conductor. I» is impossible to determine, using magnetic field measurements outsiae the
cable, how much current is flowing on the inner conductor and how much is flowing on the
outer conductor. For example, 3 amps on the inner conductor and 2 amps on the outer
conductor will produce exactly the same magnetic field distribution outside the cable as 1 amp
on the inner conductor and 4 amps on the outer conductor. Any cylindrical symmetry in
current distribution or conducting medium represents a singularity in the matrix equation. A
point-source approximation for the coaxial example could be developed, but would only be
solvable because it fails to represent the complete symmetry of the problem.

Solution Methods

Solution of equation 10 in the above form was shown above to be impossible. More
information is required before the system can be solved for the unknown current densities.
Shown below is the matrix equation for a cylinder split into four pie-shaped regions with four
measurement points outside the cylinder.

(11)
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Figure 2. Cylinder divided into four or eight pie-shaped regions of constant current density
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The singularity in the G matrix can be circumvented in this case if the total current flowing
through the conductor is known. This information can be obtained using a current probe or a
field measurement at a large distance. Substituting an equation for the total current in place
of one row of the matrix equation removes the singularity. For this example, assume that the
total current is IT0T, and that the areas of the pie-shaped regions are At, A2, A3, and A4.

(12)

The method shown here can be used for any number of pie-shaped regions such as those
shown in Figure 2 . Varying the location of the measurement points will vary the condition
number of the matrix in equation 12 which will be called G1. In general, the condition
number of G' increases as the number of regions increases, but overdetermination and least-
squares fitting can be used to obtain accurate results.

An obvious limitation of the above technique is that pie-shaped regions may not offer a
reasonable discretization of a particular problem. Smaller regions in more compact shapes
are generally desired. The best method for defining better regions while maintaining
awareness of the singularity problem is to use concentric rings to subdivide the pie-shaped
regions (Figure 3 ). It is important to note that the number of singularities in the G matrix is
equal to the number of groups of concentric regions. The case shown in Figure 3 has two
sets of concentric regions resulting in two singularities. Equation 12 illustrates a technique
for eliminating one of the singularities, but not both. As described earlier, any singularities
resulting from concentricity or cylindrical symmetry are fundamental to the field equation,
and cannot be circumvented numerically.

The eight regions shown
represent two concentric
groups

F i g u r e 3 . Eight regions of constant current density comprising two concentric groups



Before discussing a technique for examining the range of possible solutions, it is worthwhile
to revisit the meaning of the singularity. Each group of concentric regions may carry some
amount of concentric current or current that occurs equally in all regions of the group. This
concentric current is equal to the minimum current that occurs in any region of the group.
The sum of concentric currents from all groups is exactly the amount of indeterminacy of the
problem. For example, if the region with minimum current in the inner group carries 2 amps
while the region with minimum current in the outer group carries 3 amps, the problem will
have a total concentric current of 5 amps. Using only field measurements outside the
cylinder, it is impossible to tell what fraction of this concentric current occurs in the inner
and outer groups of regions. CDT as a technique is only capable of determining the amount
of concentric current and the distribution of non-concentric current.

Important information about the distribution of non-concentric current can be obtained by
further modifying the G matrix. For the case of two concentric groups of regions, the matrix
will still be singular after modification to the G' form of equation 12. If an assumption is
made about the total amounl of current flowing in the outer group of regions, a new equation
can be included in the G1 matrix equation to remove the remaining singularity. This current,
IOTOT, can only assume values between zero and IT0T. IOJ-QJ can be varied in the G"
matrix equation below to examine the range of possible solutions.
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(14)

Equation 14 yields a wide range of possible solutions for J. The range can be narrowed by
making the assumption that current in all regions is positive. This assumption is valid in
many cases including current injection or currents induced by unidirectional electric fields.
For currents induced by magnetic fields, a different approach must be taken which is not
discussed here. The positive current assumption is used by eliminating all solutions which
produce any negative current density values. This approach reduces UYi indeterminacy to
exactly the total amount of concentric current flowing in the cylinder (see Figure 4). If at
least one region in each group of concentric regions has zero current density (no concentric
current), then there will be only one non-negative solution and it will represent the actual
current distribution in the cylinder. This technique can be generalized for any number of
groups of concentric regions, but preserving the symmetry of the problem is important so that
the singularities can be systematically removed.
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• ' All concentric current located in outer region
Concentric current divided between inner and outer region
Actual Solution

"" Concentric current divided between inner and outer regions
"•"" All concentric current located in inner region

Solutions with
negative value 3 can
be eliminated so that
the range of solutions
is equal to the
amount of concentric
current. Variations
are larger for the inner
regions because the
concentric current is
concentrated in a
smaller area.

12

Region number
(0-3 are an inner
group while 4 - 1 1
are an outer group)

Figure 4. Range of possible solutions for a twelve region case with 2 A of concentric current

Discussion

The CDT technique described here can be used to obtain information about inhomogeneities
in the current distributions in various objects, and may serve as a valuable adjunct to
computational techniques. Although the absolute magnitude of the current densities cannot be
determined in most cases, information about the relative magnitudes can be found. In some
instances, case-specific assumptions about the distribution of concentric current can be used to
further narrow the range of possible solutions. Current Distribution Tomography offers the
distinct advantage of being non-invasive and relatively easy to implement.
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