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Abstract 

A possible method for obtaining the crystal potential by inversion of the 

camplex wavefield at the exit surface of the specimen, based on reversal of the 

multislice algorithm, is outlined. Results from preliminary testing of the method 

using computer simulated data are presented and appear promising, although the 

limits of applicability of the method are yet to be defined. 
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1. Introduction 

In most applications, the aim of high resolution transmission electron microscopy 

(HRTEM) is to obtain the structure of the (crystalline) specimen, hopefully at an 

atomic level. If the weak phase object approximation (WPOA) can be invoked then the 

crystal potential can be obtained by direct interpretation (using Fourier inversion), 

provided that appropriate imaging conditions are used. In protein electron 

crystallography applications a combination of amplitude and phase information from 

diffraction intensities and digitised images has been used together with the WPOA to 

obtain atomic resolution detail in potential maps of bacteriorhodopsin molecules [1] 

and there is increasing evidence that this can be done even in the presence of mild 

dynamical scattering [2]. 

In the general case, when the scattering is too strong for the WPOA, the 

inversion of HRTEM imaging data to retrieve crystal potential involves two steps: the 

removal of the contrast transfer function of the microscope to obtain the complex wave 
function Yu at the exit surface of the crystal of thickness H, followed by inversion of 

the scattering process within the crystal specimen to obtain the projected potential of 

the unit cell. 

Several methods have been proposed for the retrieval of *FJJ including 

holography [3] and combination of images recorded in a through-focus series (TFS) 

[4,5,6]. 

2. TFS Restoration 

We have previously reported [7] a simple approximate method for the recovery of 
y JJ which appears promising when tested with ideal simulated TFS data but is still 

untried in an experimental situation. In this method, the fidelity of the retrieved *Fpj 

depends on various experimental parameters and this has been examined and defined 

analytically. The process is based on the assumption of perfectly coherent incident 

radiation and hence implicitly assumes only linear imaging [8] and so is probably 
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limited to relatively thin specimens and a limited range of defocus values. The thir 
crystal limitation is acceptable if a lowering of the resolution limit to below the 

Scherzer valued is gained as working at Scherzer resolution requires thin crystals 
anyway. Certainly, if application of the methods for retrieval of *FJJ together with its 

inversion to crystal potential can be implemented, the usable resolution limit of our 

JEM 4000 EX HRTEM could be reduced from its Scherzer value of 1.7A down to its 

information limit value of about 1.3A [9]. Atomic resolution projected potential maps 

would then be accessible for many crystal projections not currently readily obtainable. 

Results from an implementation of the *FJJ retrieval procedure using 20 images 

of a computer simulated TFS, focal steps 50A, and typical microscope operating 

parameters and a resolution of 1.3A is shown in Fig. 1. The standard deviation, based 

on a pixel average, between actual and retrieved phase is less than 4°, and improves 

to 3° as the number of images is increased to 30. 

3. Inversion 

Assuming that *Ppj has been obtained either by the simple linear method [7] or 

the more complete methods [4,5,6], the next step involves inversion of the electron 

scattering process to obtain crystal potential. This process may be severely influenced 

by dynamical scattering which is inherently non-linear and not directly invertible. We 

here report our preliminary, rudimentary attempts at achieving this using an 

iterative method based on reversal of the multislice algorithm. In the usual 

implementation of multislice calculations in HRTEM, The input is assumed to be an 

incident plane wave and the exit surface wavefunction calculated by a series of 

scatterings within thin successive slices of crystal interspersed by propagation 

between slices. Reversal of this procedure is straight forward as far as the 

propagation is concerned, involving only a simple sign change in the exponent of the 

propagator. But the reversal process can only be completed if the slice transmission 

function, and hence slice potential, is known; and, of course, it is this slice potential 

that is required to be found by implementation of the reversal procedure! So, some 
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approximation or estimate of this is required to begin the iterative procedure which, 

hopefully, will then converge for a more accurate estimate. 

In our proposed scheme, shown schematically in Fig. 2, this first step is achieved 

by assuming that the high-voltage-limit (HVL) applies, as an approximation to the 
actual scattering, at finite accelerating voltages. The transmission function, qjj, for 

the crystal of thickness H is, in this first approximation, taken to be equal to that for 
the high voltage limit, OTJVT »which is obtained directly from the (known) 4*JJ. In the 

second iteration the crystal is divided into two slices of thickness H/2, YJJ is divided 

oy q H / 2 and back-propagation to H/2 then shows what transmission function is 

required for the remaining H/2 of crystal in order to reproduce the incident plane 
wave. This transmission function q H / 2 can then be used for the next iteration where 

the crystal is divided into four slices, and so on. This iterative process is continued 

until the slice thickness is about 2A, which represents the usual criterion established 

through experience with forward multislice calculations. The flow diagram for the 

procedure is shown in the upper half of Fig. 3 while the lower half details a recursive 

routine which is implemented, once the slice thickness criterion has been reached, to 

speed the convergence of the retrieval to a relatively stable q. At any stage, the 

routine can be run forward, using the currently attained q, to generate an exit surface 
wavefunction for comparison with the known H'jj. 

The procedure has been tested using 4*JJ generated by multislice calculations 

using the known structure of rutile (TiGj) for various H. The convergence of the 

inversion process is monitored by plots such as those shown in Fig. 4 which indicate 

when sufficient stability has been achieved. The resulting projected potential 

retrieved for H = 30A and H = 6()A shown in Fig. 5 are in close agreement with the 

original input potential, o<J>, at comparable resolution. For H = 90A, however, the 

retrieved potential, as shown in Fig. 5(a) is distinctly different and the retrieval 

process has apparently failed even though convergence to acceptable stability has 

occurred. It should be noted, however, that this potential retrieved at H = 90A does in 
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fact yield the correct wavefunction, and hence also images, for a crystal of H = 90A, 

but not for other values of H! 

4. Discussion 

The success of this inversion procedure for thin crystals and its eventual failure 

as H increases is perhaps not too surprising as the crucial first step invokes the HVL 

approximation which is know to fail, at finite accelerating voltages, at quite small H. 

The thickness limit will depend on the strength and spatial complexity of the crystal 

potential, should increase with higher accelerating voltage, but gains above 400 kV 

are probably marginal. The convergence of the H = 90A case to an "incorrect" result is 

possibly due to the iterative process yielding a local and false minimum in the multi

parameter space of the problem. Such behaviour is well known in quantum 

mechanical inverse scattering problems [10]. It is interesting to speculate, however, 
that this may be associated with different Bloch waves dominating TJJ at different H 

[11] in the manner exposed by Kambe [12]. This has yet to be investigated in detail 

but if so it may provide a method for guaranteeing a unique inversion by using several 
*Pfj obtained at different H. 

Application of this inversion method will need care because of its potential 

sensitivity to H and strength and complexity of spatial distribution of crystal 

potential. It is possible that its range of applicability is indeed very limited and that 

other methods will be needed for other situations [13] as is often the case in solving 

crystal structures by x-ray diffraction. The additional problems of deducing the three-

dimensional potential from the retrieved projected potential and application to 

defective crystals are left for future investigation. 
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Figure Captions 

Figure 1: Phase of wavefunction *PJJ calculated for T^NbjQC^g at 400kV, H = 80A, 

chromatic aberration A = 80A, divergence a = 0 and a resolution of 1.3A. 

The phase retrieved from 20 images in a simulated TFS in the range 

Af = 0 to Af = -950A is also shown 

Figure 2: Schematic of iterative inversion scheme based on reversal of the 

multislice method and assuming the high-voltage-limit (HVL) for the 
initial transmission function, q' ' - QHVL-

Figure 3: Flow diagram of iterative computational scheme for potential retrieval 

from complex wavefield. When the slice thickness has been reduced to 

about 2A the recursive scheme in the lower half is implemented. 

Figure 4: Convergence plots for assessing stability of iterative q retrieval from a 
simulated *PJJ for rutile (TiC )̂ for two different thickness. The ordinate 

represents the difference between successive retrieved potential maps 

(pixel average). 

Figure 5: Projected potential, a<j>, for a crystal of rutile used as multislice input, and 
the corresponding potential retrieved by inversion of the computed *PJJ for 

the indicated thicknesses. 
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First Iteration 

Assume, ^ H ~ <7HVL-1 

= q^ = exp(-ia<f>(x)H) 

Second Iteration: 

H/2 + • 
H/2 

A q$h = ?, to obtain 1. 

A /T(1) . O 1 ) 
A %/2 — V9H 

^H 

Third Iteration: 

Use $)A = ^ £ to obtain gg>4 etc. 
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