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Algebraic scattering theory is used to analyze elastic scattering cross-sections 

from heavy ion collisions. Collisions epitomised by strong absorption lead to algebraic 

potentials thatcan be described by simple exponential forms. But for collisions that 

are 'transparent', while asymptotically the algebraic potentials are exponential, their 

actual form (for low 1-values) is quite complex. 



Recent studies [1-3] have considered a group theoretic approach to the analysis 

of scattering of heavy ions. The groups S0(3,N) for N = 1,2 are particularly in

teresting in that context since the dynamical symmetries inherent within them yield 

S—functions that equate to quantum scattering from (modified) Coulomb potentials. 

Quantum scattering that is dominated by Coulomb effects might then be treated by 

postulating 'algebraic potentials' to modify the arguments of the 5—function forms 

from those of the exact realisations of the 5 0 ( 3 , N) groups. The scattering of two 

heavy nuclear ions is such a suitable system as, in general, it is strongly absorptive 

in character. Indeed for kinetic energies in excess of 10 to 20 MeV/u the scatter

ing is usually so strongly absorptive that the process is quite peripheral and the 

Coulomb interaction dominates any hadronic term. For lower energies the 'classical' 

turning radius is well outside the summed nuclear radii and Coulomb scattering again 

dominates the elastic events. In both circumstances only large angular momentum 

channels are essential to explain observed data. But there are exceptions and one 

is the scattering of 350 MeV 1 6 0 ions from I 6 0 . For that case, extensive and very 

accurate measurements have been made [4]. The da ta almost covers the complete 

allowed momentum transfer range and spans nearly six orders of magnitude in the 

ratio to Rutherford variation. Small angular momentum values of the S—function 

are important in fitting the full cross-section. We consider that particular scattering 

data herein in the context of algebraic scattering theory. 

A lgebraic scattering theory for the elastic collision of two heavy ions having atomic 

numbers Z, and Z2 and reduced mass ft , gives algebraic 5—functions in terms of 

algebraic .lost functions A\ by 

* < « = <-> J&i- "> 
wherein k is the wave number. The realisation of the >S'0(3, 1) group determines a 

2 



recursion relation for these elements, namely 

' / + 1 + 2I + M/ 
Sl+i{k) 

I + 1 — Zi — IT] 
Si(k) (2) 

where rj is the Sommerfeld parameter, 

V = h2k (3) 

and zi(k) is the algebraic potential caused by the hadronic interaction between the 

two heavy ions. To within a constant phase (which we take as zero) the 5—function 

is then 

si(k) = n (j + z} + it]) 
(4) 

/=i LO' - z> - "?). 

For heavy ion scattering so l.iany partial waves are involved usually that one may 

consider the 5—function to be a continuous function of angular momentum whence 

Sl+l as Si + - | p 

Then, with the deflection function defined by 

y[lnS(/)] 

(5) 

0(/) = -,-- dl (6) 

the approximation for the (continuous) function (Eqn. (5)) when used with the 

recurrence result (Eqn. (2)) gives 

/ + 1 + z, + irj 
l + t 0 ( / ) 

/ + 1 - Zl — IT) 
(7) 

from which one finds the relation 

21 
i(/-H)0(/) 
2 + i0(/) 

it] (8) 
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In the limit ;; --> 0, these two equations reduce to 

27, 
0(/) 

(l + l)-iV 

2V 

(9) l-oo ( / + 1 ) ' 

the result expected for pure Coulomb scattering. The asymptotic form for z/ (Eqn. 

(8)) should be appropriate therefore in conditions I » r/ » 1. 

However, for pure Coulomb scattering or for any algebraic potential that is inde

pendent of /, the product form of the 5—function (Eqn. (4)) reduces to the conven

tional form 

r(/ + 1 + z + irj) 
S,{k) = (10) T(l + l - z - irj) 

where T(z) represents the gamma function. But to use this form with an algebraic 

potential that is dependent upon / invokes a second approximation to that of the 

insertion of an algebraic potential in the first place. We identify that second approx

imation form for the 50 (3 1) case by using Eqn. (10) with the substitution, 

z,(k) -* vi(k) (11) 

To date that form has been used in applications either with a Woods-Saxon paramet

ric form for vi [1,2] or by directly matching the algebraic 5—function to one that fits 

the measured cross-section. The latter was usually of the form defined by Mclntyre, 

Wang and Becker [6] viz. 

| 5 / M 
1 - 1 

and 

Kc(*r) = /i 

l + e x p ( ^ — 1 ) 

l + e x p ( — - 1 ] 

(12) 

(13) 

For large / values, the phase shift has the form 



2 t f , ( M ) — » / exp l-^-—^- + 2ifiexp - £ — . (14) 

' (-.00 A A ' 

But one may anticipate that the form found for vt(k) by fitting data will be struc

turally different t o that of zi{k) when Eqn. (4) is used to fit t he same data. Herein 

we consider just what those differences are for three cases. For completeness, we also 

note that a similar reduction and double approximation gives the 5 0 ( 3 , 2 ) form for 

the 5—function 

r [ l ( / + 2 + u;, + i i ? ) ] r [ i ( / + l - T i ; , + ti7)] 2 l l n ( 2 t ) ) 

* r[I(/ + 2 + u; /-»i?)]r[I(/+l-ii;/-^)] l ' 

Interest in algebraic potentials, and especially of simple functional forms of them, 

initially stemmed from the expectation that they could be determined from underlying 

microscopic reaction processes without recourse to coordinate space interactions [1]. 

Although the S—functions as given in Eqs. (10) and (15) have a compact alalytic 

form, we see from the foregoing that the 5—function of Eq. (4) has also that advantage 

by being an analytic expression in terms of the deflection function, ©(/). Neverthless. 

recently, we identified a coordinate space -,'Otential to an algebraic one by using inverse 

scattering theory [5]. But only the vi(k) and wi(k) forms were considered and for 

heavy ion collisions that were well described by a strong absorption model. Then 

only the large / values of the algebraic potentials are important in giving fits to data. 

But even so, that study [5] revealed differences between directly fitted forms (mapped 

to Mclntyre functions) and the postulated (Woods-Saxon) shapes assumed by others. 

For the 1449 and 2400 MeV , 2 C - 2 0 8 P b scattering cross-sections, simple 

5—functions suffice to give excellent fits to the data. With the Mclntyre form we 

were able to fit those cross-sections with chisquares per degree of freedom (x2/F) 

of 1.2 to 1.3; signifying a quality fit to the measured values. Those (Mclntyre) 

>' —functions and the fits to the data were given previously [5]. The algebraic po

tentials obtained by mapping the various forms (Eqs. (4) , (10) and (15)) t o the 
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'experimental* 5—functions are given in figs. 1 and 2. {Similar results for zi(k) 

were obtained when the total deflection function (nuclear plus Coulomb) was used in 

Eq. (8). The imaginary parts are slightly smaller overall.} Clearly, zi(k), vi(k) and 

wi(k) have distinctively different shapes with /. But one must recall that only the 

large /—values (•£ 200 and ^ 250 for 1449 and 2400 MeV respectively) are of any 

significance in fitting the cross-section data. For those angular momentum values all 

three algebraic potentials are essentially monotonically decreasing and exponentially 

so. B> t each has a different exponent coefficient. Tha t is evident from fig. 2 wherein 

are sh >wn the logarithms of the separate real and imaginary parts of the algebraic 

potentials, zi and wi. Those results are again smooth and asymptote to a linear form 

with large /. One may expect simple functional forms of these potentials will repro

duce the plotted shapes. But it is to be noted that the large /—values are parallel 

(real and imaginary components considered separately) with ln(z/) about twice that 

of \n(wi). 

The fit to the 1 6 0 - 1 6 0 data required a more complex form of S—function. By 

using a Mclntye function as base and adding to it a set of five Regge pole terms [7], 

the extensive data was fitted with a \2jF value of 1.6. The calculated cross-section 

is compared with the data [4] in Fig. 3 in three angular segments corresponding to 

a forward, a middle and a large angle division. In this way the quality of the fit to 

the data is revealed, but, more to the point, it shows that no region is poorly fitted. 

That is not obvious from diagrams that cover the full scattering angle range as then 

the forward angle structure, in particular, is very confined. Some analyses have found 

good results to the interesting medium and large angle sections but close inspection 

revealed a poor fit in the forward, and large scattering cross-section, region. The nice 

results otherwise can be at best fortuitous. The data point at 7° in fig. 3 stands out 

as exceptional and in making the fit we ignored it. But recent calculations suggest 
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that need not be done. However, for our purposes herein, that problem is of no 

consequence. 

A similar, asymptotic, shape relationship between the logarithms of the compo

nents of the algebraic potentials for the 1 6 0 - 1 6 0 scattering exists and that is displayed 

in fig. 4. But, for the extensive data set from this (transparent) scattering, the low 

/-values of the S—function, and hence of the algebraic potentials, are important in 

obtaining the excellent fit to the cross-section that is given in fig. 3. The algebraic 

potentials for / < 40 are very structured and are quite different from each other. No 

simple functional form for these algebraic potentials can be entertained and there 

is no simple scaling relation between u>j and 2/. If the algebraic potential is to be 

defined from a more fundamental base, then the z\ form should be used. One should 

also note that there is not likely to be any simple functional form for a coordinate 

space local potential to describe this cross-section with the same quality of fit [7]. 

The potential obtained by inversion is not of the usual Woods-Saxon form, but the 

conventional (direct) optical model calculations of this cross-section give x7 / F val

ues from fits that are an order of magnitude worse than the 1.6 value we obtained by 

using a model form for the 5—function. 

We conclude that algebraic scattering theory, when applied to the analysis of 

heavy ion scattering that is characterised by strong absorption, results in smooth 

exponential forms for the algebraic potentials at the large angular momentum values 

that are important so far as fits to the cross-section data are concerned. But the 

exponent values are different according to use of the z\ or w\ representations. As the 

latter results from a mathematical approximation in addition to the basic algebraic 

scattering theory concept, presumably the z\ forms should be used and particularly 

so if an investigation seeks an underlying theory of the algebraic, potential. 

For the exceptional, transparent scattering of heavy ions as epitomised by the 
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lbQ I6Q c j a t a ^a^gjj a t 350 MeV, a quality fit to the extensive cross-section data, 

whether by the use of direct or inverse scattering techniques to define a potential 

in coordinate space or by defining the algebraic potentials as done herein, results 

in interactions that cannot be adequately represented by simple functional forms. 

But therewith lies an opportunity to investigate microscopic details of the reaction 

process as the sensitive radial region extends well within the overlap region of the two 

nuclei and all partial waves contribute in some non-negligible way to the calculation 

of scattering cross-sections. 
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Figure Captions 

Fig. 1 The diverse algebraic potentials obtained from fits to the 1449 MeV 

(left) and 2400 MeV (right) elastic scattering cross-sections of 1 2 C from 2 0 8 P b . The 

real and imaginary parts are represented by the solid and dashed curves respectively. 

Fig. 2 The logarithms of the real and imaginary components of vi and zj 

algebraic potentials from the analyses of 1 2 C - 2 0 8 P b scattering. The logarithms of 

the real and imaginary components of v/ are displayed by the solid and short dashed 

curves respectively while those of zi are given by the long dashed and dot-dashed 

curves respectively. 

Fig. 3 The differential cross-section data and our best fit 5—function pre

diction of the elastic scattering of 350 MeV 1 6 0 ions from 1 6 0 . 

Fig. 4 The logarithms of the separate real and imaginary components of the 

algebraic potentials, vi and z/, from the analyses i f the scattering of 350 MeV 1 6 0 

ions from 1 6 0 . The real and imaginary terms are displayed by the solid and dashed 

curves respectively. 
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