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ABSTRACT

Accurate Molecular Dynamics calculations on highly asymmetric Lennard-Jones mix-

tures have been performed to check in rather extreme cases the ability of the self-consistent

HMSA integral equation to predict the pair correlations in supercooled and glassy mix-

tures. We find that, in the supercooled region, the HMSA is a reasonable approximation

for the structural properties and thermodynamic properties, but systematic deviations

from MD data appear when the glass transition is approached.
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Modern thermodynamically consistent integral equations have become a valuable

quantitative tool to study thermodynamics and correlation functions of liquid systems

interacting through a purely pairwise potential [1]. Over recent years, many

approximations have been proposed [2-5] which try to overcome the known drawbacks

of traditional closures like the hyper-netted chain (HNC), Percus-Yevick (PY), mean

spherical approximation (MSA) etc. by an empirical parametrization of the functions

approximated or neglected in those approximations. Some unknown parameters are

thereby introduced in the closure the values of which are determined by enforcing

thermodynamic consistency.

One simple and successful approximation is the so-called HMSA closure developed

by Zerah and Hansen [6] as a generalization of the Rogers-Young [5] approximation.

The resulting integral equations for the two unknown matrix functions — the pair

correlation functions Cwj{r) = fljj(r) — 1) and the direct correlation functions (cjj-(r))

— are the Ornstein-Zernike (OZ) equation

- r'|)dr'

and the HMSA closure:

(2)

which actually contains the approximation. The functions $J(r) and $J(r) represent

the repulsive and attractive part of the potential according to the Weeks-Chandler-

Andersen (WCA) [7] separation.

The interpolating functions fij(r) are only bound to give the two limits:

/,j(r) - . 1 for r -too

and

fi}(?) for r ->Q.

In ref. [6] the simple form

(3a)

(36)
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was used. Then the closure is characterized by the single quantity a. The latter can be

determined by equating the isothermal compressibility obtained from the fluctuation

formula (XT) and from the isothermal density derivative of the virial pressure ( X T ' ) ;

(5)

Solution of equations (1) and (2) has to be obtained numerically. The parameter

a is varied until equation (5) is satisfied.

In the usual applications of the HMSA to pure liquids and mixtures, it is possible

to find an optimal a and the results for the equation of state and for structural

quantities are very close to the simulation data. Some results of the HMSA in the

highly supercooled liquid region were shown in ref. [6], The limiting case of the

HMSA for purely repulsive potentials (RY closure) has also been used in connection

with supercooled model systems [8,9].

However, very few systematic studies of the results of the HMSA equations for the

supercooled and amorphous regime have been undertaken. In the present letter we

profit from the availability of some new and accurate MD data covering a range from

above the melting point to below the glass transition in some strongly asymmetric

LJ mixtures already studied by one of us [10]. We have solved the HMSA integral

equations for the same systems and computed the equation of state as well as structural

quantities.

The truncated and smoothed LJ potential used in the MD runs is

(6)

where

for x <xc

610091 ]
xc

= 0

i - 24 — 1 for

for

xc < x < xn

where xc is the inflection point of the LJ potential and *m = f|i<:- The units of

energy and length were chosen to be respectively t u and <T\. The diameters are

additive (cru = (crj + C2)/2). Moreover, we put £22 = C12. Then the state of the

system is fully specified by four parameters: the size ratio <x2j<r\, the solvent-solvent

, the thermodynamic parameters T* = i, p' = p<r\interaction energy t u /

and the concentration i L .

Mixtures of 237 particles of species 1 and 19 of species 2 were studied with MD

for values of the size ratio ranging from 1 to 0.1 and temperatures decreasing from

T' = 0.95 to T* = 0.4. The analysis of the diffusion coefficient showed that the glass

transition in this systems has to be located in the region of the lowest temperatures

investigated. Statistics was collected over runs extended up to 10s time steps and a

few independent runs at the same temperature were used to check the reproducibility

of the results even at the lowest temperatures.

The Gillan's algorithm [11] has been used to solve equations (1-4). For the mixtures

with the largest ratio >̂f diameters, some care is required to ensure an accurate

sampling of the excluded volume region of the like correlation functions of the small

particles. In the worst case, we found a mesh spacing of 0.00625 &i and 2049 mesh

points to give converged results.

In table 1 are collected the explored range of parameters as well as the resulting

values of a. A first result is evident: the value of a which satisfies eq. (5) changes

almost by one order of magnitude decreasing T* while it is independent on the size

ratio. This is at variance with the behaviour in the stable liquid regime where the

parameter a is quite insensitive to the thermodynamic state [2]. Moreover, we were

unable to satisfy the consistency condition at T* = 0.4. This failure, together with the

reported strong variation of a with the temperature point to the inadequacy of the

antatz (4) for reduced temperatures below 0.45. Such a problem was already noticed

in the liquid state of alkali metals modelled through a simple pair potential [12].

Here we have similar problems in the supercooled regime. In these cases, presumably

some modified form of the crossing function [4] could work better. However, we have

confined our present study to the standard form to study its weakness and limits in

the case of a particular interaction law. We anticipate that, provided the ansatz 4 is

accurate enough, if it is possible to get satisfied equation 5, the HMSA results will be

in fair agreement with the simulation results.

Structural and thermodynamic data are summarized in figures 1, 2, 3 and 4.

In fig. 1 and 2 we compare the HMSA results for the equation of state (EOS) with

MD data. There is evidence of a progressive divergence between the two sets of data

when the temperature is lowered. However, the comparison of the pair correlation



functions for the 1-1 and 1-2 pairs, shown in fig. 3 and 4, shows that these functions

are reasonably well represented by the HMSA data. Most of the difference in the

EOS comes from the rising part of the first peak of pu(r) and Su(r) which give the

dominant contribution to the pressure integral. Possible improvements on the original

HMSA closure suggested by the present results include the introduction of more than

one parameter a in eq. (4) and a change in the form of the mixing functions fij(r). As

it was already noticed, such modifications can be exploited to get better agreement

between MD data and HMSA results. The difficult task, which is presently under

study, is to find a modified algorithm able to improve uniformly on the existing theory.

The region of the second peaks of the flij(r) also deserves some comments. In the

literature many discussions were based on the presence of the splitting of such a peak

in MD studies. In our simulations we have found a great sensitivity of such a splitting

on the presence of crystallization nuclei. In particular by removing from the statistics

all the configurations suspected of containing crystal seeds we have found the curves

shown in the figures. Less care in the selection of the configurations would results in

a clear splitting of the second peaks.

In conclusion, we have shown that HMSA provides a reasonable approximation

for the structural properties of supercooled and even glassy states of the investigated

mixtures.

The progressive worsening of the results for the EOS at the lowest temperatures

and the lack of solution of the consistency equation below T" = 0.45 signals some

inadequacy of the closure at the highest couplings. In particular we believe that small

modifications of the functional form of the interpolating functions fij(r) should give

better results. However, it appears as a major limitation of the HMSA and related

closures that no systematic and universal method of improvement is known.
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Energy Agency and UNESCO for hospitality at the International Centre for

Theoretical Physics, Trieste.
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Table 1. Values of the mixing parameter a as a function of the reduced temperature

T*. In the two cases here considered (<XJ/<TI = 0.5 and 0.1) the values of Q do not

depend on the size ratio.

0.95 0.85 0.75 0.65 0.6 0.55 0.5 0.45

0.12 0.10 0.085 0.065 0.052 0.04 0.025 0.01

Figure captions

Figure 1. Equation of state for aijox - 0.5. Black squares are HMSA results, open

triangles are MD data. The continuous line is only for visual aid.

Figure 2. Same as for fig.l but for (TJ/<TI = 0.1

Figure 3. Pair correlation functions g22, gi2 and gn for ffi/oi — 0.5 at T* = 0.85.

Dashed lines: MD, continuous lines: HMSA

Figure 4. Same as for fig.3 but for T* = 0.45
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