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1 INTRODUCTION

Consider the one-dimensional two-point boundary-value problem governed by the equa-
tion

O, ( 1 - 1 )

where a and e are given positive constants, and the Dirichlet-type boundary conditions
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ABSTRACT

Physical processes which involve transportation of slowly diffusing substances in a fast-
flowing medium are mathematically modelled by so-called singularly-perturbed second
order convection diffusion differential equations in which the convective first order terms
dominate over the diffusive second order terms.

In general, analytical solutions of such equations are characterized by having sharp
solution fronts in some sections of the Interior and/or the boundary of the domain of
solution. The presence of these (usually very narrow) layer regions in the solution domain
makes the task of globally approximating such solutions by standard numerical techniques
very difficult.

In this expository paper we use a simple one-dimensional prototype problem as a ve-
hicle for analysing the nature of the numerical approximation difficulties involved. In the
sequel we present, without detailed derivation, two practical numerical schemes which suc-
ceed in varying degrees in numerically resolving the layer of the solution to the prototype
problem

with e -C a manifesting the dominance of the convective term over the diffusive term.

The exact (analytical) solution of this problem is the function

which, as may be deduced from the sketch in figure 1 is monotonic increasing with
respect to increasing values of x in the inerval 0 < x < 1.

1.1 Finite Difference Discretization
A standard numerical scheme based on finite difference discretization of derivatives ap-
proximates the derivatives u' and u" in (1-1) by central difference quotients which
involve values of the solution at a discrete set of points Xk = hh, k = 0,1 ,...,N; where
h = -ft is a constant interval length between consecutive points on the partitioned interval
domain 0 < x < 1. Such discretization leads to the numerical problem

(1-4)

Uo=O,
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where, for any subscript k, U^ denotes the numerical approximation of uE(xjc).
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Figure 1: Sketch of the analytical solution of
the prototype problem taking a = 1, and e = 0.01

Equation (]-4) is a special case of the more general problem

k_, •+ /?Uk + -fUk+] = 0,

k - 1 , 2 N - l ; U0 = 0, UN

0-5)

in which the coefficients a, p, and 7 satisfy the relationship

o < 0, jS > 0, and o -f- /? •+ 7 = 0. (1-6)

A casual study of the exact solution (1-3) reveals the monotonic increasing nature of
the analytical solution u t(x) with increasing values of x .
The stability of any numerical scheme for approximating the solution u,(x) will qualita-
tively be measured by its success in preserving monotonicjly in the numerical solution.

The numerical solution U^ has the form

V

Z l ~ Z2

( 1 - 7 )

where Z\ and zi are the roots of the characteristic equation

7Z2 + 02, + Q = 0

associated with the difference equation (1-5). For zt and z2 one finds the values

, 7/0.

With — /? = a + 7, and consequently, /32 - 4Q7 = (a — ~/j2 , we can express jj and
in the form

= ^ - ( Q + 7 - I a - 7 I ) ,

1

Whether or not {U^} is monotonic depends on tSe nature
of the two roots z\ and zit and this, in turn, depends on the sign of 7. In analysing

the general behaviour of {lit-} we distinguish between two distinct cases.

Case 1: 7 > 0

In this case we have | a — 7 |= 7 — a, and therefore

zi = - < 0, z2 = 1.
7

This implies that the numerical solution is oscillatory, and hence numerically unstable.



Case 2: 7 < 0

In this case we have either a — 7 > 0 or a — 7 < 0 . If a — 7 > 0, then

a
Z\ = 1, and Z2 = - > 0.

7

On the other hand, if a — 7 < 0, then

zi = — > 0, and Z2 = 1.
7

Thus, 7 < 0 implies that both roots are positive, which means that the numerical
solution (1-7) is monotonic increasing, and therefore numerically stable.

1.2 R e m a r k s

1. The above analysis leads to the conclusion that the numerical scheme presented in
(1-5) is conditionally stable, that is, it is stable iff 7 < 0.

2. Scheme (1-5) can be written out in full to give a system of simultaneous linear equa-
tions whose solution is the vector with components Ui;, k = 1,2,..., N — 1. The
coefficient matrix for the system is typically a tripple-diagonal matrix of the form:

A =

P 7
a ,3 7

O

O\

a I) 7
a 0 /

The stability condition: 7 < 0 together with the relations given in (1-6) can be
summarized by saying that, a numerical scheme for solving the prototype problem
is numerically stabe if the associated matrix A is diagonally dominant.

3. With reference to the specific scheme (1-4) for solving the illustrative example, the
stability condition 7 < 0 implies |£ < ] or h < ^ . This is a restriction on the
choice of the mesh-parameter h. The quantity p = ̂  is called Peclet number
by physicists. When e denotes the coefficient of viscosity of some fluid, p is then
referred to as Reynold's number.

If t > o, the stability constraint imposed on h may not have any serious practical
implications. However, for convection-dominated flows, i.e. £ <C a, such a constraint
may be quite impractical. For instance, for a — 1 and £ = 0.01 one would be forced to
work with an interval length h of at most 0.02.

Since the layer region has thickness 6 = O(s), one may be tempted to conclude that
the whole problem can be circumverted by choosing a large enough h 50 that no mesh
point xi, falls inside the layer region, and therefore the need for approximating ut(x) in
the layer may not even arize. However, such an approach is missdirected, for, in practice,
one is precisely interested to know the behaviour of the solution inside the layer region.
We are therefore compelled to devise ways of overcoming the numerical problem posed by
the use of scheme (1-4) based on central difference approximation of derivatives. What
we want is a numerical method which will be unconditionally stable with respect to the
choice of h .

2 UPWIND DIFFERENCE SCHEMES (UP)

The simplest and most direct method of developing stable numerical sclifines is through
the adoption of upwind-type difference schemes. This implies approximating first-order
derivatives by one-sided (as opposed to central) difference expressions, using forward dif-
ferencing when a < 0 and backward differencing when a > 0.

2.1 The Standard Upwind Finite Difference Scheme
For equation (1-1) where we assume a > 0 we approximate u" using central differences
, and u' using backward differences to get

Uk_,) + ~(Uk - Uk_,) = 0

and hence

(2 -1 )

k = 1,2,..., N - 1; U0=O, and UN = 1.



Here, the coefficients a, 0, and 7 are given by the expressions

7 = - 1 < 0, and

Therefore, the stability of the corresponding system of linear equations is automati-
cally guaranteed.

However, the gain we have made in having a stable scheme has been paid for dearly,
for, in the process, we have introduced some two practical setbacks:

1. While the central difference scheme of method (1-4) has an accuracy of order
O(h2), h - » 0 , the new scheme given by (2-1) is only O(h) accurate.

2. By analysing the truncation error for scheme (2-1) one can show that it corresponds
to a central difference scheme for the modified equation

(a) stability, i.e one giving a non-oscillatory solution

(b) is higher-order accurate, and

(c) minimizes smearing of sharp solution fronts.

With these objectives in mind, a number of modifications of the standard upwind
scheme (2-1) have been proposed by various numerical analysts. In this paper we present
only two such schemes, which seem to be the simplest and most popularly used. The aim
in both cases is to guarantee stability by retaining some aspect of the one-sided upwind
differencing technique, while at the same time improving the accuracy bv damping out
the effects of the mathematically induced artificial viscosity term.

2.2 The Axelsson-Gustafsson Scheme (A-G)
By adding and subtracting the term ^ u " in equation (1-1) we get

( ah\ „ , ah ,,
(2-3)

and since, for any 6 for which |<5| < 1 we have

Y 1 u" + au' = 0. (2-2)

In a sense, we are saying that (2-1) is an O(k2) difference scheme for a different
problem, and therefore, we should expect some loos of accuracy. Since the diffusion
coefficient

ah

equation (2-3) can be approximated by

- KU" + au' - ~ u" = 0 (2-4)

of equation (2-2) is bigger than that of equation (1-1), its' corresponding layer width
is also wider. The effect of the mathematically induced artificial viscosity ^ will
thus be manifested by a less sharp numerical solution front in the layer region.

where

1 + ah

By considering the Taylor series expansion of u(x) at point
Xfc and evaluating it at point Xfc_i = x^ — h we get

Technically, one speaks of " smearing " of the boundary layer caused by the ad-
ditional diffusion term. In such a situation it is even more difficult to resolve the
solution in the layer region. The ideal numerical scheme is one which ensures:

( 2 - 5 )



We can then discretize (2-4) by approximating the term — vu" using the usual O(h2)
centra! difference scheme, and the combined terms au' - ^ahu" by the O(h) backward
(upwind!) difference expression j;(Uk — Ufc.i) given in (2-5). The resulting difference
scheme is

(2-6)

and it satisfies all the requirements for a stable numerical scheme. The amount of
artificial viscosity introduced by this scheme is

A = „ + *&-

2.3 The Il'in Scheme (IL)

This method solves the problem

- {e + A)u" + au' = 0

using centra! difference approximations for both u' and u" . The parameter A is
an artificial diffusion constant which is to be determined in such a way that the numerical
solution generated by the resulting difference scheme

U k + 1 = 0 ( 2 - 7 )

matches the exact solution at all interior nodal points. This turns out to be the case
when A is given the value

where, by setting

Ji = ih. ^ the parameter G takes the form

G = - M -

3 DISCUSSION OF NUMERICAL RESULTS
In order to assess the goodness of the four numerical methods we have discussed, numer-
ical calculations were carried out on the prototype problem given by equations (1-1) and
(1-2) using the values a = 1, £ = 0.01, and h = 0.1. The corresponding exact (analyt-
ical) solution was then tabulated at the same nodal points. The results arc as displayed
in Table 1.

As shown in Figure 1., the exact solution (ES) is zero almost everywhere except in a
narrow boundary layer sub-interval very close to the point x = 1. Only for x > 0.85 does
the true solution have values greater than 10~s, the error allowable in our computations.

In sharp contrast to the behaviour of the exact solution, we observe how the numerical
solution obtained by the central difference scheme (CD) violates all the basic featutes of
the analytic solution: the true solution is monotortic increasing, whereas the numerical
solution is wildly oscillating. In sharp contrast to this manifest instability of the central
difference scheme, the numerical solutions of the upwind scheme (UP) and its two modifi-
cations (A-G) and (IL) are monotonic increasing, thus mimicing faithfully the behaviour
of the analytic solution. We also observe the smearing effect the crude upwind scheme
has on the solution front in the layer region, a characteristic which is almost nonexistent
with the modified schemes of Axelsson, Gustafsson and U'in.
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