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ABSTRACT

The equation of motion of the auto-correlation function has been solved analytically

using a secant-hyperbolic form of the memory function. The analytical results obtained for the

long time expansion together with the short time expansion provide a good description over the

whole time domain as judged by their comparison with the numerical solution of Mori's equation

of motion. We also find that the time evolution of the auto-correlation function is determined by

a single parameter r which is related to the frequency sum rules up to the fourth order. The auto-

correlation function has been found to show simple decaying or oscillatory behaviour depending

on whether the parameter r is greater than or less than some critical values. Similarities as well as

differences in time evolution of the auto-correlation have been discussed for exponential, secant-

hyperbolic and gaussian approaches of the memory function.
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1 INTRODUCTION
A considerable amount of work has been done in recent years for the study of time
evolution of the auto-correlation functions (ACFs) and the transport coefficients of atomic
fluids. In these studies, equilibrium [1,2] and non-equilibrium molecular dynamics[3-6]
techniques have been used to investigate the velocity, stress and energy current density
auto-correlation functions. On the other hand, theoretical study of the ACFs can be
made[7] through Mori's integro differential equation. In this approach, the fundamental
theoretical quantity to be calculated is the memory function. The reduction of the problem
of studying the ACFs to calculate the appropriate memory function is a an important
step in the theoretical analysis of atomic motion in fluids. Since the exact microscopic
calcultion of the memory function is not yet feasible, in general, simple approximations to
the memory function can be made which preserve the number of important properties of
ACF irrespective of the approximation introduced for the memory function. In the present
work, we use a secant-hyperbolic form of the memory function, which is a solution of a
non-linear differential equation well known in soliton dynamics. This memory function
has been used by us[8-llj and also by Heyes and Powels[12] in the study of time correlation
functions (TCFs) and transport coefficients of classical dense fluids and has provided a
very satisfactory agreement with the available computer simulation data. In fact, very
recently Leegwater[13] has derived an expression for the first order memory function of the
velocity auto-correlation function using the kinetic theory approximation which is identical
to the secant-hyperbolic memory. But in all the earlier studies of the time correlation
function using secant-hyperbolic memory, the underlying Mori equation has been solved
only numerically. Therefore, the aim of the present study is to solve analytically the
Mori equation with secant-hyperbolic memory. The analytical solutions provide a clearer
picture of the time evolution of the ACFs as has also been demonstrated by Denner and
Wagner [14] using an exponential and a gaussian memory function.

The layout of the paper will be as follows. In Section 2 we introduce the mei ory
function used in this work. In section 3, we discuss the Fourier spectrum of the ACF.
The analytical short and long time expansions for the ACF are obtained in section 4.
Section 5 contains an analytical investigation of the poles of the Laplace transform of the
ACF. The validity of analytical expressions for the poles is also checked in this section by
comparing with numerical results. In section 6, we compare our analytical results with
one obtained from numerical calculation of the ACF. In section 7, the results of ACF due
to secant-hyperbolic memory are compared with that due to gausssian and exponential
memory.

2 THE MODEL MEMORY FUNCTION
Mori has shown that ACFs obey an equation of motion [8] which determines their time
evolution. It is given by

(1)



where C(t) is the ACF of some dynamical variable Aft), Mi(t) ia the first order memory
function and is denned as

(2)

where,

The operator Qi(= 1 — Pi) projects onto the subspace orthogonal to the variable A(t).
The angular brackets in Eq.(2) represent the ensemble average and L is Liouville operator.
In order to calculate time evolution of the ACF from Eq.(l), the fundamental theoretical
quantity needed is the memory function Mt(t). If we apply the projection operator
technique used in deriving Eq.(l) to the case when fi(t) is treated as the dynamical
variable, we obtain an equation similar to Eq.(l) for the time evolution of the Mi(t).
This provides

)Mi(t-t)dt = 0 (3)= f
Jo

where, Mj(t) is second order memory function defined as

Mi(t) =< \M0)\2 (4)

with
f1{t) = exp(iQ»LQtL)Qtf1,

Q, = 1 - Pi - ft

and the operator Pj projects on ordinary dynamical variable /i(t). We differentiate Eq.(3)
w.r.t. time t to obtain

(5)

where Mj(0) = 63 = 63 = (d/Cj-Ci) with C%n being the nth order sum rule of the ACF.
Now the problem of calculating time development of the ACF reduces to the calculation of
Mj(t) or M\{t) which themselves are the time correlation functions of time derivatives of
the original dynamical variable A(t). The exact microscopic calculation of M\ (() or Af2(f.)
is not yet possible. Therefore, several phenomenological forms of the memory function
have been proposed in the literature [8-12]. In this work we take

= aseck{bt) (6)

with a = Mi(0) = 6i = Cj. This memory function tends to Gaussian and a simple
erponential for the short and long times, respectively. It is also noted that Mt(t) given
by Eq.(6) is a solution of a non-linear differential equation, well known in soliton dynamics,
given by

The analytical results obtained for the time correlation function using the secant-hyperbolic
memory function is expected to demonstrate the effect of the non-linearity reflected
through Eq.{7) of the atomic motion on the time evolution of ACF.

3 POWER SPECTRUM OF THE AUTO CORRE-
LATION FUNCTION

In order to calculate the time evolution of the ACF, C(t) arid its power spectrum we
rewrite Eq.(l) as

where, the reduced time scale is i = \fl2t and

r = (2/*)(6t/61). (9)

In Eq.(8) we have used the memory function as given by Eq.(6). It may be noted that
now the ACF involves only one essential parameter r. Defining the Laplace transform as

we obtain

where

v 2 " Jo
and has the series expansion [15]

C{z) = J exp(-zi)C(i)di,

C(z) = t
l ^

1 y*ot>

-) = / sech(i)exp(-iz)dt
Jo

(10)

(11)

(12)

The Fourier transform G(ui) of the ACF, C[t) is related to its Laplace transform C(z) as

l°° d i ( i i ) C ( )G(w) = j " / dtexp[-Mt)C{t) = -fieC(w)} (13)

Inserting Eq.(ll) in Eq.(13), the power spectrum G(w) is obtained as

G(u) ~ 3 E C ^T' ) ^ 4 ^

where

(15)

In above equation, tj>(x) is Euler Psi function. We note that F(w) has the expansions

*=o



for small w and

for large w. Using Eq.(16) and the series expansion of sech(wu>/2), we obtain the low
frequency behaviour of G(w) as

(W) = 1(1 + ^ ( 1 - 2[|r + 1 - Hj>

However for large ui

(18)

(19)

It is evident from Eqs.(18) and (19) that G(u>) will have a maximum for r < rm =
f [^j - 1 + $]2 « 2.1. In Fig.(l), the power spectrum G(w) of the ACF is shown over the
entire frequency range for different values of T. Following Denner and Wagner [14], we also
find that the maximum in the power spectrum for w > 0 constitutes a sufficient condition
for oscillatory decay of the ACF. In the next section it is shown that for oscillatory
behaviour of C(t) is observed even for values r > rm. This implies that the oscillatory
behaviour of C(t) is not a necessary condition for the existence of non-zero w peak in

4 SHORT AND LONG TIME EXPANSION FOR
THE AUTO CORRELATION FUNCTION

The time evolution of C(t) can be obtained by taking the inverse Laplace transform of

(20)

(21)

C(t) = ^-. f+'°° dzexp(zt)C(z).
lift J-iao

The short time expansion of C(i) is given by

~

On the other hand, long time expansion of C(t) is determined by evaluating the poles of
C(z) which are close to zero. In the next section, it is shown that there are two poles z\
and z2 in this region. The remaining poles give rise to terms which decay much faster. In
view of the above fact and following the procedure of Denner and Wagner [14], we obtain
long time expansion of Eq.(20) as

(22)

where /J'f1^-) is first derivative of
poles Z\ and zt are known.

w.r.t z. This expansion is useful only if the

5 INVESTIGATIONS OF THE POLES

5.1 General Properties of the Poles
The poles of C(z) are given by the solution of the equation

In order to obtain the properties of the poles , we have solved Eq.(23) graphically for real
z (=x) as shown in Fig. (2). We observe the following, (i) Positive real axis is free of
poles, (ii) for T > TC there exist two poles near the origin on the negative real 2 axis, (iii)
for r = rc both the poles coincide and (iv) for T < TC there exists no pole on real axis.
One can easily see from Eq.(22) that for T < rc, poles being in the complex z plane, ACF
shows oscillatory behaviour. For T - TC we have zx - z2 = xc and obtain the conditions

(24a)

(246)

From Eq.(24a) and (24b), we find

^<-^-) = V<^_>. (25)

This equation can be solved numerically for xc and hence for rc. We find xc = -0.47139
and TC — 4.4. It may be noted that r is an independent parameter and is related to
the frequency sum rules whereas, zt and zt vary with r. In order to have analytical
dependence of z on T we consider different regions of r.

5.1.1 T»TC

From Fig.(2), it can be seen that

Jinn Z1(T) (26)

and

T l im* 2 ( r )= -1 . (27)

Therefore, poles ZJ(T) may be obtained by expanding f(z) around z=0 up to terms of
order z . The expression thus obtained is given as

where rt = T + |
(12) in Eq.(23).

Zt{T) ~
(28)

. On the other hand, the pole ZJ(T) is obtained by using expression



For very large values of T, the contribution of pole z^(t
from the expression (22) whereas, 2I(T) = — 1/T for r -
The resulting long time expansion is given as

C(t) = exp(-t/r).

i —1) to ACF is negligible as seen
oo is the leading term in Eq.(28).

(30)

Thus, for very large values of T the ACF, C(t) decays with a time constant r. This result
corresponds to M](t) = \6(t) and agrees with that obtained from Eq.(l).

5.1.2 T>TC

For T = TC we have z\{rc) — Z%{T^) — xc- Therefore, for slightly larger values of T ( > rc), zx

and z-i can be derived from the series expansion of f(z) around x — xc. Using the relations
(24a) and (24b), the expressions for zi and 2j are derived to be

, l = * c - ? [ ! - ( ! - * £ £ ) • / ' ] (31)

(32)

with f = r - rc and K =

5.1.3 T<TC

For r < TC there exists no pole on the real axis. Taking the complex conjugate of Eq.(23)
and noting /J(jS-^i) = [/^t^)]*, we see that the poles are always complex conjugate to each
other. This condition is necessary for C(t) to be real. As a result of the complex nature
of the poles, oscillations occur in C(t). Thus TC separates the region of the oscillatory
behaviour from that of monotonic decay of ACF. The investigation of region T < TC

involves a more detailed analysis which has been given in the appendix. There, we have
obtained the approximate expressions for the poles *I,J(T) = X(T) ± iy(r) with

T -TC

and

where K> =

,24ar(r -

(33)

(34)

For a more accurate description of the poles one needs to solve the following differential
equation obtained from Eq.(23)

dz(r)
(35)

with z = x + iy.

5.1.4 r-+0

In this region the poles tend to the imaginary axis and ACFs shows more oscillations. An
analysis of this regime is also given in the appendix. Results are given as

( : )

and

(36)

(37)

In the next sub section, we check the validity of the above approximate expressions for
the poles of C(z).

5.2 Estimation of Validity
The validity of various analytical formulae derived in previous sub-section is checked by
solving Eq.(23) numerically for Zj and z2. These numerically determined r, and zj along
with their corresponding analytical values are shown in Fig.(3a) and Fig.(3b). From
Fig.(3a) it can be seen that Eqs.(28) and (31) represent Z\{T) very well. However, the
pole Z?(T) is not well described in the intermediate region 5 < T < 7 by the analyti-
cal expressions (29) and (32). For this region , one may have to consider higher order
terms in the expansion. For T < TC, we find that X(T) and j/(r) are very well predicted
by Eqs.(33),(36) and (34),(37), respectively. On the whole, we find that our analytical
expressions for the poles of C(z) agree well with those obtained by numerical solution of
Eq.(23) and therefore, can be used to predict the long time behaviour of the ACF using
Eq.(22).

6 COMPARISON BETWEEN NUMERICAL AND
ANALYTICAL RESULTS OF C(t)

The equation of motion (Eq.(8)) for the time evolution of the ACF can be solved numer-
ically by taking the inverse Fourier transform of the power spectrum G(u>) i.e,

CU) = - f" G{u)coa(ui)(ki.
jr Jo

(38)

The results obtained from Eq.(38) for C(t) are shown as full line in Fig.(4) for different
values of r. The results obtained from the long time expansion (Eq.(22)) have also been
shown in Fig.(4) as solid circles. It can be seen from Fig.(4) that our analytical results
give an overall good description of C(t) if one excludes extremely short times. For short
time region, the expansion (21) is applicable. Thus, both the expansions taken together
yield a good description of the time evolution of ACF in whole time domain for a wide
range of parameter T.



7 COMPARISON AMONG SECH(t), GAUSSIAN
AND EXPONENTIAL MEMORY FUNCTIONS

We compare the results of C(t) obtained by using secb(t), a simple exponential and
a Gaussian form of the memory function. It is found that common features of ACF
discussed by Denner and Wagner [14] for exponential and Gaussian memory are also
exhibited by sech(t) memory. These features are summarized as follows. There exist two
poles Z\ and z^ which determine the long time behaviour of the auto-correlation function.
For all the three memory functions, there exists a critical value of the parameter TC which
separates the regime of oscillatory behaviour from that of monotonic decay of the ACF. For
T —» oo, one of the poles tends to zero and this dominates the long time behaviour of the
ACF. However, there are differences among sech(t), exponential and Gaussian memories.
These are the following. The poles Rtz^i vary with T for r < rc for Gaussian and
secant-hyperbolic memories whereas, these have a fixed value of -0.5 for the exponential
memory. On the other hand, for increasing T > TC the pole ZI(T) approaches -1 for both
exponential and sech(t) memories, whereas it tends to —oo for Gaussian memory. It is
also found that the poles show symmetry around z =-0.5 for exponential memory whereas,
this kind of symmetry is totally absent in case of gaussian memory. On the other hand,
the poles are more or less symmetric for the secant-hyperbolic memory. Thus, the secant
hyperbolic model memory function has some common features with gaussian and some
with the exponential memory.

In order to see the difference in the behaviour of the time evolution of the correlation
function using different memory function we have plotted C(t) for exponential, gaussian
and sech(t) memories in Fig.(5) for Sj/Si = jr. It can be seen from Fig.(5) that the decay
of C(t) with exponential and guasaian memories is slower than in case of sech(t) memory.
It is also find that C(i) attains a negative minima (back scattering effect) for t fa 7.5 for
secant-hyperbolic memory whereas, it remains positive for the gaussian and exponential
memory functions. The above differences in these different cases can be understood by
noting that T = fj and rc = 4, r = ^ J j and rc = 3.811 and r = \ & and TC = 4.4 for
exponential, gaussian and secant-hyperbolic memory, respectively. Here TC separates the
regime of oscillatory behaviour of C(t) from its monotonic decay. From this we find that
C(t) will show oscillatory behaviour for J* < 4,3.37 and 6.711 for exponential, gaussian
and sech(t) memory functions, respectively. Therefore, it is seen that the back scattering
effects are more pronounced for secant hyperbolic memory than for the gaussian and the
exponential memories. Thus, our secant hyperbolic memory function reflects more non-
linearity which arises due to effect of surrounding on the atomic motion in a dense media.
Similarly, for the the power spectrum G(o>) of C(t), we find that non-zero u peak appears
for sech(t) memory when |* < 3.27 whereas, it appears when f1 < 1.887 for gaussian case.
The parameter r or the sum rules up to fourth order of almost all the ACFs are known
[11,16]. Therefore, our study is expected to be quite useful as one now can obtain the
information about the nature of the decay of ACF just by knowing the value of parameter
and without actually solving the Mori equation numerically.

8 CONCLUSION

In this paper we have obtained an analytical solution of Mori's integro-differetial equa-
tion for the ACF using a secant-hyperbolic form of the memory function. We find that
long time expansion (22) together with short time expansion (21) provides a good de-
scription of C(t) for whole time domain. We have found that the behaviour of ACF
depends on a single parameter r which determines whether ACF decays in an oscillatory
or non-oscillatory fashion. This parameter r is related to the frequency sum rules of the
ACF upto the fourth order. Similarities as well as differences in time evolution of C(t)
have been discussed for exponential, secant-hyperbolic and gaussian approaches for the
memory function. It is found that the back scattering effects are more pronounced in our
sech(t) memory than in the gaussian and exponential memory functions. This implies
that our model reflects more non-linearity which arises due to the effect of the motion
of molecule on its surrounding in a dense media and its reflection on the motion of the
molecule.
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APPENDIX

In order to obtain the analytical expression for the polea of C(z) for T < TC region, we
first derive a general relation between real and imaginary parts of the poles. To this end
we decompose f(z) into real and imaginary parts by substituting z=x+iy in Eq.(23). This
provides

y{r) = — g
71

(A2)

where

and

9i(x,y)= / sech(t)exp(-xt)cos(yt)dt
Jo

9i{z,y) = - aecfi(i)exp(-xi)sin(yi)di
Jo

(Ai)

For T —• TC and hence for x —» xc it may be shown that the imaginary part y tends to
zero. Therefore, the behaviour of the poles for T < TC can be investigated by expanding
expressions (A3) and (A4) in powers of y up to terms of order y3. Expanding Eq.(Al) we
find that

^ - L ) l - {AS)
and

= [4x(Ir+ V (
If we expand (A2) in terms of y we find

Equating (A6) and (A7) in the limit i - i i , we obtain

TCX)C T - TC

r J f "

(Al)

[At)

vith

2 ,,-r:^~). m
The imaginary part y however, can be obtained directly from equation (A7) in the limit
x —» xc. We get

y = [ 2 M L Z j % / > (A9)

Eqs.(A8) and (AlO) determine the real and imaginary parts of the poles for the region
T<TC.

11

(ii)T-K).
Putting x=0 in Eqs. (Al) and (A2) it may be shown that for r = 0 the poles are

located on the imaginary axis at y = ±oo. The behaviour of poles in T —» 0 limit therefore,
can be investigated from Eqs.(Al) and (A2) in the limits i - + 0 and y —* ±oo. In the
zeroth order approximation we get

and
X(T) - --sech[—\

These equations determined the poles in r —> 0 limit.

(-411)

(A\2)
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FIGURE CAPTIONS

Fig.l Fourier spectrum G(u>) of the auto-correlation function with sech(t) memory for
different values of r.

Fig.2 Graphical solution of Eq.(23) for real z = x. This determines the poles of C(z) on
the real axis.

Fig 3a Comparison between the numerically determined poles zi and z2 and the approx-
imate analytical expressions on the real z axis. Solid curve : numerical solution,
solid circles : values of z\ and z? determined from Eqs( 28) and (29). A : obtained
from Eqs(31) and (32). + : obtained from Eq.(33), obtained from Eq.{36).

Fig. 3b Comparison between the numerically determined imaginary part of poles (/raj, =
— lmz?)- Solid curve : numerical results. + : from Eq(34) and suiid circle : from
Eq.(37).

Fig. 4 Numerically determined time correlation function C(t) in comparison with short
time expansion (broken curve : Eq.(21)) and long time expansion (solid circles :
Eq.(22)) for different values of r.

Fig. 5 Comparison of time evolution of the auto correlation function among gaussian, se-
cant hyperbolic and exponential memory approaches for parameter 6-z/Si = ir. Solid
line : sech(t) memory, dashed dot: Gaussian memory and dashed line: exponential
memory.
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