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ABSTRACT

A deterministic algorithm to study the nonlinear current voltage characteristics of

polycrystalline semiconductors, such as ZnO-based metal oxide vatistors, under dc bias

and at room temperature is developed based on the electrical properties of individual grain

boundaries. Assuming a thermionic emission type mechanism between individual grains

and a nommiform distribution of barrier heights at. grain boundaries, the set of nonlinear

Kirchhoff equations that determines the macroscopic current, across the specimen ami the

nonlinearity coefficient a is solved numerically. The appiied voltage dependence of the

barrier height is found to be crucial to obtain a values reaching ~ 50, indicating high

nonlmearity as required by potential commercial applications.

MIRA MARE-TRIESTE

July 1993

L INTRODUCTION

Polycrystalline semiconductors (PCS) form a large class of materials having a

grain boundary structure in between those of crystalline, and amorphous materials.

This in combination with other factors, such as preparation, leads to peculiar electrical

properties. The most notable examples are the Si-PCS used among other things as

gate electrodes in metal-oxitie-semiconductor devices, as diffusion sources in shallow

junctions and the ZnO-PCS that are used as varistors. Especially its mixtures with

metal oxides display a highly nonlinear current-voltage {1-V) characteristic finding

practical application as quality voltage .surge suppressors.[1] The nonliuearity of the

I-V characteristics in these systems is usually defined through the relation

1<XV, '" (1)

where a — d\n //tMn V is the coefficient of nonlinearity attaining values up to 70 in

some cases.

A theoretical study of the high « coefficient of a macroscopic sample starting

from trie point of view of electrical properties of individual grain boundaries is by far

not trivial. Indeed PCS are so complicated systems that, it is necessary to introduce

various approximations to enable their theoretical analysis. A few attempts have been

made in the literature to characterize ZnO varistors in simple terms, i.e., assuming all

grain boundaries to be identical and regularly arranged in a lattice [2,3] or considering

a binary mixture model [4]. As we shall discuss below, this problem is still in its

pioneering stage.

In this paper, we complement our previous study of a binary mixture approach[4],

by developing a deterministic simulation model to analizc the nonlinear I-V charac-

teristics of PCS. Our primary aim is to demonstrate that the observed nonlinear I-V

characteristics, and in particular the large nonlinearity coefficient a of the macroscopic



samples, may be calculated through a deterministic network simulation of different

inuividual grains having a notiuniform distribution of barrier heights at grain bound-

aries. To our knowledge simulations of this kind have not been previously reported.

The rest of the paper is organized as follows. In the next sections, we first briefly

review some of the vork done on ZnO varistors, propose a model suited for numerical

solution, and discuss our simulation results in connection with other techniques of

network simulation. We conclude with a brief summary and outlook for future work.

II. PASSAGE FROM A JUNCTION TO MACROSCOPIC PCS:

STRUCTURE AND ELECTRICAL CHARACTERISTICS

A. Singlr grains

Electron micrographs indicate that the microstructure. of the ZnO varislur consists

of, as suggested by the name polycrystalline. a random spatial distribution of ZnO

grains with sizes of about. 10-20 /im. and an intergranular material composed mainly of

the additive oxides. A point worth noting is that ZnO has a very high conductance in

comparison to the metal oxides. Hence one is led to believe that electrical conduction

is dominated by paths aSong the closest contacts (~ 30 A) between successive grains.

With this assumption the grain-intergranular material-grain problem reduces to that

of the grain-boundary-grain (G-B-G) junction. Focusing for the moment on a single

G-B-G junction we discuss on its I-V characteristics.

Several models for the conduction mechanism have been proposed, the most noted

ones being the FYenkel-Poolc emission and Fowler-Nordheim tunneling.[2] However

after the definitive work of Mahan, Levinson, and Phillip[3] on this subject, the

electrical conduction through the barriers is considered to be, mostly due to a modified

form of thermionic emission. Charge trapping by gap states arising from impurities

or dislocations causes the appearance of Schottky barriers. Conduction through these

barriers may be simultaneously determined by the dominating thermionic emission

modified by the two-step transport and various other mechanisms related above.

In the thermionic emission model the I-V relation for a single G-B-G junction

has the form.

e'v/kBT) (2)

where A' is Richardson's constant, V is the voltage drop of the junction, /i is the

Fermi level, tH is the Boltzman constant, and <p(V) is the voltage dependent barrier

height. The simplified thermionic emission model incorporates the barrier,
2

(3)

with <S,] = ts>(\' — 01 being the barrier height at zero voltage drop.

This assumption for o[\') leads to a maximum nonlinearity of <v ~ 15 fur a typical

value of <pa ~ 0.75 eV at. room temperature. One usually defines the voltage at which

the nonlinearity is a maximum as the breakdown voltagef'l],

V - — (1)

Substitution of this into the expression of <j>(V) yields

<t>f>
(5)2kBT '

demonstrating that this simplified model assumption for tp(Y) leads to a maximum

nonlinearity coefficient a =s 15.

A more sophisticated approach followed by Mahan. Levinson and Philip[3] leads

to a different form for tj>(V) with a much closer fit to the experimental data ending up

with a very high nonlinearity coefficient. However this model is rather complicated

and since 4>(V) is not obtained in closed form it is not pleasantly suited for simulation

purposes. Another possibility has been investigated by one of us[4] where under the

condition fi\eV < 4>o,

4



(6)

with B\ =s 0.19 and f)2 ~ 0.38 a. nonlinearity up to a ~ 35 may be found. Actually,

as implied by the increase in uonlinearity, this model is also seen to have a closer fit

to experiment than the simplified thermionic emission though it still falls short of ex-

periment and the modified thermionic emission advanced in Ref. 3 in the insensitivitv

to voltage for low values. Both nf such approaches giving the same value at V —> 0.

The transition to the macroscopic system is the complementary problem to that

of the single junction and therefore has also to be solved before claiming the solution

of the whole problem. In the following we review some of these attempts.

H. Marrosrnpir .System

Tin1 first step in the direction of relating the behavior of a single junction to a

macroscopic sample was taken by Levinson and Philiip[l], in the form of a preliminary

model in which the grains are assumed to be identical and regularly arranged within

a lattice. This obviously results in a macroscopic characteristic entirely similar to

that of the single junction with the transition from one to many becoming trivial.

However, various experiments^)- 8] have revealed that the barrier height and thus

the breakdown voltage is not at all identical for all the junctions. The nature and

magnitude of the effects brought forth by these lluctuations to the nonlinearity set

within a random spatial distribution is not known very well.

Some of the experiments un the distribution of barrier heights have resulted in

the following values.(.^ 7]

VB = : i . 4 V , « B a 0 . 5 V

V'ei = 0.9 V , VBi s= 3.5 V ,

VB ^ 3 . n V , SVB s= L5 V

0.3 V , SVB2 K 0.8 V

Actually there arise problems when one tries to form a correspondence be-

tween these breakdown data and the simplified thermionic emission model. The

Viterature[3-8] on this topic does not address, in a coherent or even a consistent way,

the question of what relation there exists between <̂o and \'B- There is one generally

acceptable conclusion which may be drawn from all these experiments: the barrier

height has a random magnitude (within some interval) and is arranged in a .spatially

random network. Thus even though the single G-B-G junction is explained well by

M.Jian, Levinson, and Philip[3] the uniformity assumption for barriers is without

experimental support and deserves further investigation.

One attempt made to study the ZnO varistor is that of Canessa and Nguyen.[4] Af-

ter assuming basicallv the simplified thermionic emission mechanism described above,

the authors extend their discussion of the single junction to the macroscopic lattice.

Their method, based on the effective medium approximation (EMA), is a scheme

used to calculate the overall conductance. S of disordered systems.[9,10j The poten-

tial distribution in a random resistor distribution of IT,J'S under a uniform external

field also has a "component" arising from the fluctuating "local11 field, which averages

to zero over large scales. The random resistors are replaced by an effective medium

such that tiie total field inside is just the external field, requiring the medium to be

homogeneous. The condition enabling the determination of the macroscopic, homo-

geneous conductance £ is that the local field generated when S is replaced by (j^'s

should average to zero within the effective medium. For a cubic lattice this leads to.

j dcrp(cr)- = 0 . (8)

where p(a) is the distribution function for the conductances and d is the dimension-

ality of the space in which the lattice is embedded.[9, 10]

In Ref. 4, EM A has been applied to a binary mixture of G-B-G junctions. The



experimental rnoti\'ation for this type of distribution comes from Ref. 8, in which

junctions are divided into two classes: "good" and "bad", according to high and low

nonlinearity, respectively. In a limited way this approach has enabled the introduction

of fluctuations from bond to bond. However the question of the effect of randomness

in a network of highly nonlinear junctions still draws attention. To this end, we put

forth a rnodfi aiming to I>e simple enough to be suited for numerical manipulation

and accurate enough to observe the consequences of randomness. This is presented

next.

in. A MODI:I. roR NUMERICAL APPROACH

At this point we commence the examination of a deterministic model in order to

describe macroscopic breakdown phenomena in polycrystalline semiconductors under

dc bias from the point of view of single G-B-G. By neglecting grain resistances and

randomness in the positions of the grains, we follow a simulation procedure in which

we ascribe each grain to a site and each G-B-G junction to a bond in a two-dimensional

lattice with periodic boundary conditions and proceed to solve KirdihofF's (^nations.

The choice of the l-V characteristics for a single G-B-G junction is made in the

direction of the simplified thermionic emission mechanism given by eq. (2) discussed

in Section 11. Initially, it might, seem that this may not be an accurate selection due

to the discrepancy between experimental data and the <j(l") of eq. (3). It is apparent

that the breakdown voltage predicted is only one-half of the true average value. Also

the nonlinearity of about 15 is far below the 50-101) range. However, there are several

reasons making this choice attractive. It is a First step from the single G-B-G toward

the system, and since its functional form is not drastically different from that of

the model with higher nonlinearity we expect it to show the effect of fluctuations.

Moreover, there is no closed form expression for the more accurate (j>(V), and all

other approaches like those in Ref. 4 seem bound to be parametric.

According to the previous section, we adopt the following values for the dimen-

sionless barrier heights and corresponding fluctuations at zero voltage,

T 4>a 0.75 eV
kBT 300 K
S<p 0.375 eV

:29.

« 14.5. (9)kBT 300 A'

Similarly upon the assumption that the Fermi level \L over a grain is constant

(grain resistivity ~ 0), eq, (2) becomes.

'o

where, at a given temperature, !u s AT2t.~"^tBT is here regarded as being independent

of Vifc, in the above, the dimensionless barrier height i/'u is determined at

K eVk
= | V ; - V * | = 0 ,

• " - kBT kBT

where AV.t > 0 is the dimensionless voltage drop across two grains i-k.

Having described the assumptions of the deterministic model we outline in the

following the algorithm of the simulation procedure.

(i) Given an L x L lattice, (square in our case) set the periodic boundary conditions

along the j-direction.

(ii) Apply an external voltage V between the edges of the cylindrical lattice, i.e..

along the (/-direction so that zero current flux along the transversal axis is attained.

(Hi) Assign random values of the barrier heights V'o for sites i-k of all G-B-G junctions

(or bonds) in the interval (i/!u — Si[\ ipa + 5u'\. Once this distribution has been deter-

mined, then the 0o and <5t/>o values of bonds remain fixed throughout the simulation,

making the model deterministic.

(iv) Solve Kirchhoff's equations for all sites. For site i in our square lattice, then

solve



- V * } = 0 , (12)
jt=i

where currents between sites i-k are evaluated using eq.(10). We shall carry out the

solution by analytically calculating the Jacobian and following a many-dimensional

version of Newton s method.

(v) Having the values of all the node voltages, calculate the total current flux. In

addition, there will lie electric breakdown in the i-k bond, if

AV.j. > 2i/'U • (13)

is satisfied.

(vi) By running over different applied voltages, form the I-V characteristic and the

voltage dependence of the nonlinearity coefficient n. Note that we restrict ourselves to

the I-V characteristic of the grains of ZnO-PCS within the first ohmic, prc-breakdown

and breakdown regimes and do not consider the post-breakdown or second ohmic

region, which as already mentioned, is related to the finite resistance of grains. In

the next section we describe and interpret the results of this model.

IV. SIMULATION RESULTS

We embark on the survey of our results with the simplified thermionic emission,

expounded in detail in the previous sections. With the recollection that, for tj'!u =s 29.

this model led to n = 15, we consider Fig. 1. Plotted in Figs. ]a and lb are the

I-V and the nonlinearity coefficient a of an 8 x 8 square lattice, respectively. Note

that the units labeling the axes are dimensionless such that the current is calculated

according to eq. (10) and the voltage is in units of ksT/e.. We choose i/vs randomly

from an unweighted interval of [t/'o — 6ip, 4'a + <5v]- For 6T!> = 0.05. (dotted line) we

obtain the curves having higher nonlinearity coefficient and lower current in Fig. 1.

Actually, this is very much expected due to an argument by Kenkel and Stralcy.[ll]

9

For a circuit in which all elements satisfy,

V = p|/|"sgn(/), (14)

multiplication of all voltage differences by a factor x and concurrent multiplication

of all currents by I- generates a new solution. Thus the whole circuit will have the

same power law dependence. Similar conclusions may also be drawn within the EM A.

When 5i/> —• 0, i.e.. a very narrow distribution, EMA gives S = er, but for a finite

value of bv.' one usually has I! < cr. The lower nutdincarity and higher current curves

correspond to &i}> = 14.5, a more realistic situation considering the data in eq. (7) of

Section II.

Knowing the deficiencies of the simplified thermionic emission model, it is natural

to search for a <ji( V) to be substituted into eq. (2) in closer resemblance to experiment

and to the theoretical result of Mahan, Levinson, and Philip[3]. In Fig. 2, we plot the

6(V) for our initial simplified thermionic emission as the dashed line, the parametric

approach of Canessa and Nguyen[4] as the dotted line and our trial,

(15)

as the solid line in comparison to the experimental data points originating from ftef. 3,

which are represented by open circles.

The above trial function, (with parameters A| = 87. Aj = 39, and Vo = 81 in

appropriate units) is nothing but a suitable sum of two Gaussians and even now has

room for improvement. Clearly, every new trial in this direction is not only valid

because it leads to higher nonlinearity coefficient a, but it also must be justified on

physical grounds. We note here the difference between the earlier <j>(V) functions and

eq. (15) is that for small V, <j>(V) ~ A — BVl {A and B constants), according to

eq. (15). The key to nonlinearity lies in the insensitivity of <j>(V) to the bias for low-

values of applied voltage. Although the model proposed in Ref. 4 for a binary mixture

10



results in <» ss 3'), it is not desirable for simulation purposes due to its unphysical

high voltage behavior. One must set the high V part <t>[V) = 0, to obtain meaningful

results. Our trial 4>(V) attains an a > 45 and also has a pleasing asymptotic approach

to zero for high bias. Another point is that there is a fundamental difference between

the numerical implementation of the model proposed in Ref. 4 and the simplified

thermionic emission model even though both seem to be significantly incorrect for

high bias. The increase alter the minimum is parabolic in the simplified thermionic

emission whilo exponential in that of Ref. 4. An obvious attempt with the goal of

piecewise definition of fp(V) is inconvenient since the .lacobian of the system runs into

numerical problems hindering convergence. Our trial function [e<|.(15)] overcomes

these difficulties for the most part and leads to the characteristics depicted in Fig. 3.

Here <*>!/> = 005 for the solid line and hence unce again by the argument of Kenkel

and Straley[l 1], the lattice is basically equivalent to a single junction in the functional

form and nonlinoarily of its characteristics. Unfortunately, preliminary trials for high

(Si/' failed in convergence. The dashed line in Fig.."! shows the case for f>ii< — 100.

Although the resulting value of the average current {/) is very close to that for

8th — 0.05 (Pig. 3a), the nonlinearity coefficient a exhibits rather large fluctuations at

low applied voltages (Fig. 3b) due to the convergence problems. Nevertheless, a well

defined a is obtained around the breakdown region, as expected by the aforementioned

considerations.

Returning to the problem of distribution of n ' s , a distribution in the form of

"twin peaks" (binary mixture of grain boundaries) was inserted in the above de-

scribed algorithm with the experimental motivation coming from Ref, 3. This was

even worse in matters of convergence and seemed hopeless for the straightforward

solution method we were using. Possibly, it may be treated via EMA[4,0, 10] or other

linear approximation schemes to be discussed below.

11

V. COMMENTS AND OUTLOOK

The question of convergence was the dominating tone of the previous section.

The problem is heightened for junction characteristics with higher nonlinearity, wider

4>o distributions, higher applied voltages and greater lattice sizes. All these factors

give us a rough and qualitative feeling that the method we are using is suitable for

problems of a more docile kind. In our case, the main source of numerical difficulty

is that originating from the initial guess for the node voltages, Newton's method

crashes as it settles on a saddle point rather than a root, a case which becomes

all the more probable in the 64 to 144 dimensional function spaces we are working

with. Backed up with practical experience, this idea leads to the conclusion that our

method is not. suitable for large scale or other extensive simulations encompassing

various distributions for the barriers.

However, by limiting ourselves to the model described by eq. (2) with compar-

atively small nonlinearity, we were able to observe that increasing the width of a

uniform distribution diminishes the nonlinearity of the system (see Fig. 1). Further

it lowers the resistance as more and more barriers with lower breakdown voltages

become available. Increasing the lattice size from 8 x 8 to 12 x 12 (as dictated by

convergence constraints), resulted in a scaling of node voltages, supporting the claim

that 04 nodes is large enough to suppress most irregularities arising from the specific

selection of random numbers. Otherwise, the increase in the lattice size seems to have

very little effect on the actual value of the nonliuearit.y coefficient a.

Improving upon the parametric function of Canessa and Nguyen[4] we found a

<t>(V) which performed better than previous trials in all aspects. Although for a wide

distribution it was not possible to obtain a lattice characteristic, the smooth form

of eq.(15) may still provide us with an appreciable approach. It is then plausible

that if the theoretical curve of Marian, Levinson, and Philip[3] for a single junction

12



is properly parametrized, the kind of simulations proposed in this work would lead

to even higher nonlinearity coefficients as seen on experiments [3]. This will have

practical applications. Since it is desirable to achieve high nonlinear coefficients a in

commercial varistors. an accurate simulation of these materials may help their design

optimally with given barrier height distribution.

A promising direction for future work may be that of incorporating a linear ap-

proximation for each junction by comparing our system with the model adva,m:od by

Takaya.su[12], Thus, every junction may be lowered in resistance by a fixed ratio after

a certain breakdown bias is reached. Distributing resistances and breakdown voltages

(compare with other works[13-T5]) may soften the sharp but confined nonlinearity of

the single junction. Further, the linearity of the system will ease the solution of larger

lattices. With the solution of large scale systems at hand, the investigation of fractal

dimensions of the percolation clusters becomes possible. So far. such calculations

have been done on the ohmic regime [Hi -IS).

A further line of study that may be pursued by starting out from such a lin-

ear approach is the modeling of 1 / / noise in ZnO varistors.[ID, 20] Concerning 1 / /

noise, some time dependent function is needed to then Fourier transform it and studv

the frequency spectrum. The natural guess is 1o define some ';flux" (/.j/unit time)

through some specific lattice sites and see if they generate a sort of flicker noise in

the frequency domain. Here, "time" means computer steps defined a suitable way.

A more systematic study with larger lattices and different type of distributions for

the barrier heights and the investigation of dynamical properties in the. above sense

is currently under way.
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TIGUKE CAPTIONS

FIG. 1. (a) The average current {1} in an 8 x 8 square lattice, with 6t = 14..r) (solid

line) and by' = 0.05 (dotted line), (b) Corresponding nonlinearity coefficients a as a function

of the applied voltage in reduced units.

FIG. 2. Barrier height 4>{V) at a single grain boundary as a function of applied voltage

V, for <£>o = 0.73 cV and T = 300 K. Open circles arc the experimental data from Ref. 3.

Dotted line: thermionic emission model of yq.(3); dashed line: parametric model of Ref. 4;

and solid line: present model.

FIG. 3. (a) Tiie average current (/) in an 8 x 8 square lattice, with ftp = 0.05 (solid

line) a»d it%> = 10.0 (dotted line) using the model <I>(V) [eq.(15)j. (b) Corresponding

nonlinearity coefficients a as a function of the applied voltage in reduced units.
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