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Heavy-ion collisions at beam energies of some tens to some hundreds of 

MeV per nucléon provide a unique tool for studying the properties of nuclear 

matter under extreme conditions. Among many other exciting phenomena 

the production of Intermediate Mass Fragments (IMF) attracts a lot of in

terest as it constitutes a major decay channel of nuclear matter formed in 

such heavy-ion collisions [1, 2, 3]. The recent experiments of ALADIN col

laboration [2] and MSU group [1] have given even more evidences about it. 

On the other hand IMF production still somewhat remains a puzzle from 

the theoretical point of view. This can be easily seen from the large num

ber of still coexisting and debated descriptions, ranging from the standard 

statistical approaches to more microscopic dynamical models [4]. It is hence 

of prime importance to try to understand the basic dynamical mechanisms 

underlying the production of IMF's, both for the consistency of the theory 

and because of the physical importance of this phenomenon. 

Models designed to explain multifragmentation can be divided into static 

and dynamical ones. Statistical [5,6] and Sequential decay models [7, S] have 

been rather successful in explaining some experimental data and pulsing the 

first nonequilibrium stage (9, 10] makes these models more realistic. Perco

lation models have allowed to understand the power law distribution of the 

fragment sizes [11] and to link multifragmentation to the physics of phase 

transitions [12]. But they fail to explain the large fraction of IMF's observed 
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in recent experimental studies of the 1 2 9 Xe+ , 9 7 Au reaction [13]. 

A number of dynamical models have been proposed with success at dif

ferent levels. Although molecular dynamics models [14] have been developed 

specifically to describe the nonequilibrium aspects of nuclear collisions, re

cent comparisons with data indicate that the fragments multiplicities calcu

lated with these models are much smaller than those observed experimentally 

[15]. The standard one-body transport approaches [16] provide a reasonable 

description of the average properties of one-body observables but are un

suitable to simulate the latest stages of a nuclear collision, when the system 

breaks up into several fragments. Furthermore they do not take into ac

count the proper building up of fluctuations which are initially produced 

during the early, most dissipative, stage of the reaction. On the other hand, 

the recently introduced extension of the nuclear Boltzmann equation, the 

Boltzmann-Langevin equation (BLE) [17], offers a well suited framework for 

studying multifragmentation as it properly incorporates fluctuations in the 

course of the dynamical evolution of the system. However, simlating the 

BLE in realistic cases is a difficult task, furthermore hardly affordable from 

a computation time aspect. One hence has to rely on approximate methods 

for simulating such equations, such as the one used below. 

In this paper, by using the Boltzmann-Langevin equation and by coupling 

it with a coalescence model, we shall demonstrate that multifragmentation 
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may be realistically studied in the framework of such a microscopic theory. 

A calculation of 4 0 Ca + < 0 Ca reactions will show that we can simultane

ously recover some trends of multifragmentation data of both the ALADIN 

collaboration and the MSU group. 

Let us briefly outline the theoretical framework used in the present work. 

The Boltzmann-Langevin equation for the fluctuating single-particle density 

/ ( r , p , i ) reads [17, 18]: 

§i + m ' V r ~ V r t / ( / ) ' V p ) / ( r ' P ' ° = KU) + tK(.r,p,t) (1) 
Here the left-hand-side describes the Vlasov propagation determined in terms 

of the nuclear mean field (/(/). The collision term K(f) has the usual BUU 

form but is expressscd in terms of the fluctuating density. The fluctuating 

collision term SK(r, p, t) is characterized by a correlation function, 

< SK(r, p , t)6K{r', p ' , f) > = C(p - p')«(r - r')6{t -1') (2) 

which is assumed to be local in space and Markovian, coherently with the 

structure of the Boltzmann collision term K{f). 

Numerical simulations of the BLE can be obtained by employing the stan

dard methods for solving stochastic differential equations, but one expects 

that for describing gross properties of the density fluctuations approximate 

schemes may be sufficient [19]. We employ here the projection method intro

duced in Ref. [IS] for simulating the BLE. Fluctuations are projected on the 
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local multipole moments of the momentum distribution. They are evaluted 

on the first two non-vanishing terms of this expansion, i.e. quadrupole and 

octupole moments. Fluctuations are finally injected back onto the momentun 

distribution itself through a local approach [IS]. This method of evaluating 

fluctuations through multipole moments of the momentum distribution has 

been used with success for studying the effects of fluctuations on the pro

duction of mesons well below the nucleon-nucleon threshold [20]. In the case 

of IMF production, emphasizing fluctuations in the quadrupole channel also 

makes sense as suggested by schematic studies of spinodal instabilities [21]. 

The inputs of all the calculations are the following : we work with a 

simplified three-parameter (A, B,a) Skyrme interaction which gives an in-

compressibility modulus of the order of 200 MeV; the nucleon-nucleon cross 

section entering the collision term is taken with its energy dependence to

gether with phenomenological medium effects. Computations are performed 

with 20 numerical pseudo-particles per physical nucléon -nd the collision 

integral is evaluated by means of the full ensemble technique [18]. 

From the time evolution of the mean values and dispersions of the quadrupole 

and octupole moments of the momentum distribution, it is clear that large 

fluctuations occur in the early stages of the collision process [IS, 19]. These 

fluctuations are subsequently propagated by the nuclear mean-field and lead 

the system to reach the dynamical instability region. In this spinodal region, 
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fluctuations will trigger instabilities leading to catastrophic events, i.e. cause 

the system to break up into several pieces, the one-body field binding nu

cléons together to form clusters. In principle the Skyrme mean-field should 

be sufficient to "stabilize" the fragments. In practice the finite number of 

pseudo-particles raise some difficulties here. In order to get sufficiently sta

ble "light" fragments (Z around 5 typically) one obviously needs more than 

20 pseudo-particles per nucléon. In addition, due to the intrinsic dynam

ical evolution of the system, one should follow the fragments over a long 

time interval (several tens of fmfc) in order to ensure a proper definition 

of their gross properties (size, charge, velocity, excitation energy, ...) and as 

these fragments may be highly excited this time interval may compete with 

physical decay times. 

A much cheaper and more convenient way to characterize the fragments 

is to use a coalescence model on top of the BLE simulation, in the late 

stages of the explosion. Such a model has the advantage of providing a 

full phase space definition of fragments namely through physical conditions 

both in real and momentum spaces. Of course parameters enter this model 

but this would be the case for any operational definition of the fragments. 

Even if only Skyrme mean-field was considered, as suggested above, a cutoff 

density would at least be necessary in order to allow fragment separation, 

as the phase space description is by nature continuous. In the generalized 
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coalescence model we use here to find the bound fragments, particles with 

relative momenta smaller than Pa and relative distances smaller than flo are 

considered to belong to one cluster. We adopted the parameter set Bf> = 2.4 

fm and P0 = 200 MeV/c (22). We have checked that gross properties of 

fragments do not crucially depend on the instant at which the coalescence 

model is used, provided this is done during a physically sounded interval of 

some tens of fm/c in the late stages of the reaction (23). 

The onset of dynamical instabilities can be conveniently traced by com

puting the time evolution of the square of the sound velocity vf, which takes 

a particularly simple form in the case of the three-parameter Skyrme interac

tion we use [24]. We have computed vj in a sphere of radius 2 fm surrounding 

the center of mass, for the system 4 0 Ca + ''"Ça at three bombarding energies 

20, 60 and 90 MeV/u. At 20 MeV/u beam energy, t j remains positive during 

the whole reaction process : the expansion is not big enough to make the 

system reach the spinodal region. There is no dynamical instability, and this 

corresponds to the incomplete fusion mechanism. On the contrary, at 60 and 

90 MeV/u beam energies, the system may stay in the spinodal region long 

enough to allow fragment formation [21]. In the following we shall focus our 

attention on the properties of IMF's produced in the reaction at 90 MeV/u. 

Figure 1 shows the probability distribution of M/MF, the multiplicity of 

intermediate mass fragments (3 < Z < 12, which is reasonable to discard 
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a's, protons, and the residual evaporation nuclei of the light system we study 

here) for five different impact parameters 0, 1,2, 3, and 4 fm for the *>Ca 

+ 4 0 Ca system at 90 MeV/u. It is apparent that there are two categories 

: one corresponds to central collisions with impact parameters 0, 1, and 

2 fm for which < MIMF > = 3 although there are also some events with 

MIMF — 4 and MIMF — 5; the other one corresponds to peripheral collisions 

with impact parameters 3 and 4 fm, for which < MIMF >— 2 while there 

are also some events with MIMF — 3. In Figure 2 we present the relation 

between the average multiplicity of intermediate mass fragments < MIMF > 

and charged particle multiplicity Nc after mixing events of different impact 

parameters, again for the ^Ca + "Ca reaction at 90 MeV/u. The number 

of events (altogether 400 for è > If m) is taken here as being proportional 

to the impact parameter (25J. From Figure 2, one can see that < MIMF > 

increases almost monotonically, which indicates that IMF emission increases 

with decreasing impact parameter, in agreement with the results obtained 

by the MSU group [1]. The maximum value of < MIMF >= 2.9 might 

however be affected by the poor statistics at Nc = 26. The ' 1 0Ca+' , 0Ca 

system which we employ is small as compared to the reaction system used 

in experiments (1, 2], because of limited computer time. Hence, a direct 

comparison with experimental data is difficult. Nevertheless, our results 

qualitatively reproduce the trend of the experimental data of Ref. [Ij. 
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Following the experimental analysis of Ref. [2] we display in Figure 3 the 

average multiplicity of intermediate mass fragments < MJMF > as a function 

of Zbeu„j, the summary bound charge of all fragments with Z > 1 for the 4 0 Ca 

+ 4 0 Ca reaction at 90 MeV/u. One can clearly see that < MIMF >> 2 in 

the region of Zj„,„,* = 14 — 22; again the maximum value of < MIMF >= 2.6 

might also be affected by the poor statistics, around Z^uni=n,l&. Neverthe

less, the general trend of the curve is qualitatively similar to results observed 

by the ALADIN collaboration, with a lower maximal < MIMF > however, 

as possibly expected for a lighter system as the one we use. In Figure 4, we 

iînally show a scatter plot of the correlation between the maximum fragment 

charge ZMAX and Zto„„j for the *°Ca + 4 0 Ca system at 90 MeV/u. Points on 

the diagonal would correspond to events where only one fragment appears. 

Points in the vicinity of the diagonal are evaporation events where at least 

two complex particles appear, but most of the charge is found concentrated 

in one of them. For central collisions, ZMAX becomes a smaller fraction of 

Zfanmci; the charge is distributed more evenly over three fragments. For pe

ripheral collisions, symetric-fission events can be seen, where ZMAX = 13. 

Zbound = 26. The reason why there are many events of multifragmention 

and fission and there are no events of total disintegration and evaporation is 

probably connected to fact that we only consider a light symmetric reaction 

and the incident energy is not very high. This question will be addressed in 
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a further work [23]. 

From the above results, it is seen that at energies above 60 MeV/u, 

the system we study reach the unstable region. In the framework of the 

Boltzmann-Langevin equation, coupled to a coalescence model in the late 

stages of the reaction, one can analyse the properties of formed fragments. 

Recently, statistical models also succeeded in describing some multifragmen-

tation data in heavy systems. It remains an interesting challenge to apply 

microscopic models such as the BLE to the analysis of such heavy systems. 

Expérimental data on lighter systems would also help a lot here. This might 

allow to unraveal the mechanisms underlying multifragmentation. 

By using the Boltzmann-Langevin equation coupled to a coalescence 

model we have demonstrated the feasibility of a realistic analysis of IMF 

properties in such microscopic theories, which allows to obtain information 

relevant for multifragmentation in heavy-ion collisions. From calculations of 

the 4 0 Ca + 4 0 Ca system, we simultaneously recover some trends of recent 

multifragmentation data [1, 2J. 
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Figure Captions 
Figure 1 Probability distribution of the multiplicity of IMF's MIMF, for 

five different impact parameters 0, 1, 2, 3, and 4 fm for the 4 0 Ca + 
'"Ça reaction at 90 MeV/u. 

Figure 2 Relation between the average multiplicity of IMF's < MIMF > 
and charged particle multiplicity Ne after mixing events of different 
impact parameters for the "Ca + *°Ca system at 90 MeV/u. 

Figure 3 Average multiplicity of IMF's < M/MF > as a function of Zi,mnd, 
the summary bound charge of all fragments with Z > 2 for the *°Ca. + 
<°Ca system at 90 MeV/u. 

Figure 4 Scatter plot of correlation between the maximum fragment 
charge ZM^X ar>d £ê<m«<< for ''"Ça + 4 0 Ca system at 90 MeV/u. 
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