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Phase-space description of plasma waves.

Linear and nonlinear theory

By THOMAS BIRO

Sweitsh Institute of Space Physics, University of Umeå,
S-901 81 UMEÅ, Sweden

Abstract

We develop an (r,k) phase space description of waves in plasmas by intro-

ducing Gaussian window functions to separate short scale oscillations from

long scale modulations of the wave fields and variations in the plasma pa-

rameters. To obtain a wave equation that unambiguously separates conser-

vative dynamics from dissipation also in an inhomogeneous and time varying

background plasma, we first discuss the proper form of the current response

function. On the analogy of the particle distribution function f(v,r,t), we

introduce a wave density Af(k, r, t) on phase space. This function is proven

to satisfy a simple continuity equation. Dissipation is also included, and this

allows us to describe the damping or growth of wave density along rays. Prob-

lems involving geometric optics of continuous media often appear simpler when

viewed in phase space, since the flow of Af in phase space is incompressible.

Within the phase space representation, we obtain a very general formula for

the second order nonlinear current in terms of the vector potential. This for-

mula is a convenient starting point for studies of coherent as well as turbulent

nonlinear processes. We derive kinetic equations for weakly inhomogeneous

and turbulent plasmas, including the effects of inhomogeneous turbulence,

wave convection and refraction.

Keywords: space plasma, phase space description, response function, wave

density, dissipation, nonlinear current, nonlinear wave interaction
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Introduct ion

Until the 1950's, the space surrounding our planet was believed to be almost
empty, containing only a few randomly scattered particles from the Earth's at-
mosphere and from the Sun. Since the first satellite launches our picture of the
space environment has changed dramatically. Due to the pressure of the solar
wind and the magnetic field of the Earth, there exists a cavity around our planet
called the magnetosphere. The magnetosphere is limited by the extent of the
Earth's magnetic field and reaches approximately ten earth radius towards the
Sun and several thousand radius on the night side.

The matter in the space environment consists of a sparse, ionized gas. Generally
an ionized gas is called a plasma if certain conditions are fulfilled. One condition
is that the motion of the gas particles depends not only on local conditions but
also, due to interaction via the long-ranged electromagnetic field, on the state of
the ionized gas in remote regions. Another condition is that the gas should be
overall neutral, i.e., the net charge is zero. A useful parameter to decide whether
an ionized gas is a plasma or not is the Debye length, Ap, defined as

(1)

where <0 is the permittivity, k is the Boltzmann constant, T is the electron
temperature, n is the electron density and e is the electron charge. The Debye
length gives the screening distance for the Coulomb potential in a plasma. If the
screening is to be meaningful, the extent of the plasma must be much larger than
the Debye length, that is, the plasma must be dense enough. There should also
be many plasma particles in each Debye sphere, nA|, > 1.

Although plasma is rare on our planet, it is estimated that more than 99% of
the matter in the universe is in the plasma state. We must therefore say that the
physics of space is plasma physics. From a knowledge of the physical mechanisms
in our magnetosphere, conclusions can be made that are valid in the whole solar
system and probably also in the whole universe. Satellite missions have revealed
the existence of rnagnetospheres around many planets in the solar system. The
Sun as well as the galaxie» may also be surrounded by magnetospheric structures.
Satellite experiments ar«> of roursr a crucial tool to give us any real knowledge
of the magnetosphere. Observations ant! laboratory experiments in combination
with the theoretical development and understanding of space and plasma physics
can also be beneficial for man in a more concrete manner, namely, in the develop-
ment of thermonuclear fusion. The goal of fusion research is to solve our energy
problems permanently.

Since the mean free path for Coulomb collisions between electrons in the niag-
netospheric plasma is very large, about the order of the distance from the earth to
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the moon, the collision frequency is almost zero. The interaction that takes place

in a collisionless plasma occurs through electromagnetic waves. A description of

plasma wave-particle interactions involves solving the the Maxwell's equations

for the electromagnetic fields or equivalently to solve the wave equation

to [fl?A(r,0 + c2dr X ft x A(r,i)] - j(r,t) = 0 (2)

where A(r,z) is the vector potential and j(r,t) is the current density. In order

to give a self consistent description for the field-particle interaction the current

is regarded as a functional of the field. When applying this partial differential

equation to a magnetospheric plasma, certain approximations must be made in

order to make the mathematics manageable. For example, ihe current may be

regarded as linear or weakly nonlinear in terms of the electromagnetic field.

In order to solve equation (2), and thereby to determine the exact evolution

of the plasma wave-field, the initial or boundary conditions must be known. It

is possible to determine the boundary conditions for the field when the system

is simple enough, as for example in certain laboratory situations. In such cases

the number of wave modes is usually very small. However, in the very complex

physical system of the magnetosphere this method fails, because calculations

become mathematically impossible and measurements that must be done become

unmanageable, both in practice and in principle. In addition, we are not only

interested in the behaviour of individual wave modes, which generally are not

observable, but also in the behaviour of the wave field as a whole. To deal

with these problems, we must apply the techniques of statistical physics. For

example, the temperature in a gas is an easily measured quantity, we just use

a thermometer. Since the temperature is closely related to the average kinetic

energy of the particles, the measurement gives us information about the system

as a whole. With a statistical model for the distribution of the particle energy,

the evolution of a perturbation in the system can be described. The theory of

the physical mechanisms in a gas is then compatible with the measurements that

are perform able. In this sense, we need a model for the plasma wave-field that

can describe the evolution of the waves based on the measurements that can be

made.

The collective behaviour of plasma particles can be described at a statistical

level by introducing a particle distribution function, / ( v , r , t ) . This function is

proportional to the probability of finding a plasma particle at the point (v,r)

in the six-dimensional phase-space. On the analogy of the particle distribution

function, the aim of these papers is to introduce a phase-space wave density

distribution function, and to present a description of the evolution of plasma

waves that can be related to satellite observations.



Solar wind

Figure 1: Schematic picture of the the Earths magnetosphere. The dipolar

magnptic field of the Earth is compressed by the solar wind on the side facing the

Sun, and elongated in a long tail on the anti-sunward side. The region behind the

bow shock, called the magnetopause, forms the boundary of the magnetosphere.



Summary of the papers

An essential requisite for the description of waves in space plasmas, as well
as for the Vlasov theory for the particle distribution function, is the separation
of different length scales. In eikonal theory of geometric optics (Bernstein &
Friedland, 1983), an established theory to describe the evolution of plasma waves,
one assumes a short scale related to the wavelength and a long scale related to
the inhomogeneities of the background plasma. However, the wave field itself
may be characterized by separate length and time scales. The short scales are
naturally related to the wavelength and the wave period, while the longer scales
are described by slow amplitude variations and modulations in the wave field.
The scale length of wave modulation may not be the same as the scale length
of inhomogeneity in the background medium, and this fact is not given much
attention in eikonal theories.

In the recently developed phase space descriptions of plasma waves (McDonald
and Kaufman, 1985; McDonald, 1988; Rönnmark and Larsson, 1988), short scale
phenomena are described by their spectral content, that is, their (k,w) depen-
dence, while slow variations in the wave field are described by a dependence on r
and t. By using the dispersion relation to eliminate one variable, a wave density
distribution function is introduced. The function is proven to satisfy a kinetic
equation similar to the Vlasov equation for the particle distribution function.
However, these studies suffer from ambiguities (Rönnmark, 1990) related to the
form of the wave equation and the current response functions. The purpose of
Paper / is to develop a phase-space description of plasma waves, based on the
methods invented by Rönnmark and Larsson (1988), that is free from ambigu-
ities, and to generalize it by including dissipation. In Paper / / , we extend the
theory by including nonlinear effects.

On the basis of the work of Larsson (1989), we first discuss the proper form
of the linear current response function in an inhomogeneous and nonstationary
plasma. The current may be expressed as

. r + r' t + t'j(r.t) = Jdt'dt'Mr - t'.t - , ' ,111,111). A(r',f) (3)

It is demonstrated that the Hermitian part of the admittance tensor, A, should
be the same as the admittance tensor of the associated conservative physical
system, while the anliHernutian part of A is uniquely conected with dissipation.
This implies that the wave equation for the vector potential, A, rather than the
electric field, is a proper starting point for an analysis of the evolution of the
wave field. The ambiguities of the previous studies are thereby resolved.

The phase space representation that separates different scale lengths of the wave
field, ib achieved by a type of local Fourier analysis as discussed by Rönnmark



and Larsson (1988). They multiply the field, A(r.r), by Gaussian windows and

Fourier transform according to

The widths of the Gaussian windows in space and time are L and T, respectively.

This implies that A(r\ t', r, t) will be independent of the behaviour of A ( r \ f*) for

The evolution of the wave field is determind by the wave equation. Within the

linear approximation the current response is given by (3). If the field in equation

(2) is multiplied by the Gaussian windows and the Fourier transform is performed

according to (4), the wave field A(k,u,T,t) will satisfy the equation

,u,,r,i) = 0 (5)

(6)

The local dispersion tensor D is given by

D(k,u;,r,z) = (o[*
2l + c2(kk - A(k,w,

The arrows on the partial derivatives indicate that these operators act on ev-

erything to their left and right, respectively. Equation (5) is, within the linear

approximation, exact. Unless the medium is simultaneously strongly dispersive

and inhomogeneous, a low order Taylor expansion of the exponential operator in

(5) is a sufficient approximation.

A more useful continuity equation can be derived if we make use of the disper-

sion relation to eliminate w as an independent variable. This equation is

(7)

The phase space wave density function is defined as

Af{k,r,t) = h~*A'{k,T,t) • dnD'{k,fl,r,t) • A(k,r,t) (8)

where A(k,r,t) = (JTT2)1/4 j A(k,u:r,t)du/2ir. The growth rate 7 is determind
from the anti-Hermitian part D" of D = D' + tD" as

,. .. A' 0" A ,o,
71 ' ' ' A'.dnO'A ()

Here, ft(k, r.t) is the solution of the local dispersion relation det D' = 0.

The implication of (7), which is one of the main results in Paper / , is that wave

density is conserved along rays in (k,r) phase space if and only if there is no

dissipation. Equation (7) also gives an important connection to mechanics, since

it contains Hamilton's equations of geometric optics, r = d^ft and k = -dTil.

We can also see that the flow of wave density in phase space is incompressible,

since dT • r + d^ • k = 0. Notice that the factor h~* in (8) has nothing to do



with quantum effects, its purpose is only to convert the wave action density into

a dimensionless wave density. The wave density is dimensionless, because the

volume element dkdria phase space is dimensionless.

In Paper / we also introduce a wave energy density function as ^(k,r,z) =

WLV(k,r,i), and show that the energy density is conserved along rays in phase

space if and only if the medium is stationary and dissipationless. Conservation

of wave energy density in phase space has been applied to magnetospheric waves

by Rönnmark (1989) and Rönnmark fc André (1991).

In Paper / / , we briefly outline how phase space methods can be used in stud-

ies of nonlinear plasma waves. The linear theory describes the propagation of

infinitesimal pertubations in the background medium. If the wave amplitudes

become finite, nonlinearities in the current density induced by the perturbing

field can no longer be neglected. In weakly nonlinear plasma processes the second

order current, proportional to the square of the field, is the dominating nonlinear

term. Therefore, in order to develop a nonlinear phase space description, we first

derive a general formula for the second order current J^2\k,w,T,t) in terms of

the vector potential £(k,u>,r,z).

The assumption of weak nonlinearities is often consistent with a first order

expansion in the linear terms. Thus, by expanding equation (5) and adding the

nonlinear current we obtain

[D + i (d»O(dt + iu>)- dt0dw+dT,Odkj - dk)0{dT) - &$] • A = f® (io)

From this equation we derive the nonlinear generalization of the kinetic equation

for the phase space wave density

The nonlinear term I\ that describes the increase in the wave density at k due

to coalescence of waves with other wavevectors, is given by

T(k,r,r) =

where M contains the nonlinear coupling coefficient and ft' = ft(k') and it" -

ft(k").

When comparing the results of Paper / / with those in the literature (e.g.,

Melrose, 1980), we encounter some obvious similarities, but also some important

and interesting differences. The standard weak turbulence theory describes the

evolution of the waves by functions on k space only, while we here use a descrip-

tion on (k,r) phase space. This give us an opportunity to describe the effects of

slowly modulated wave fields and weakly »homogeneous plasmas in the theory
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of nonlinear wave interaction.
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