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DENSITY DEPENDENCE OF LINE INTENSITIES AND APPLICATION TO 
PLASMA DIAGNOSTICS 

Kuniaki MASAI 

National Institute for Fusion Science, Nagoya 464-01, Japan 

ABSTRACT 

Electron density dependence of spectral lines are discussed in view of application to 

density diagnostics of plasmas. The dependence arises from competitive level population 

processes, radiative and collisional transitions from the excited states. Results of the 

measurement on tokamak plasmas are presented to demonstrate the usefulness of line 

intensity ratios for density diagnostics. Also general characteristics related to density 

dependence are discussed with atomic-number scaling for H-like and He-like systems to 

be helpful for application to higher density plasmas. 
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1. Introduction 

Spectroscopy of radiation from a hot plasma is of practical importance for diagnostics 

as well as of interest in atomic physics of highly charged ions. Spectra of various species 

in a plasma give information not only of their abundances and ionization states but of the 

electron temperature and the density of the plasma The temperature and the density can 

be obtained also by other means, e.g. Thomson scattering in tokamak plasmas. It may be 

stressed that the temperature and the density obtained from line spectra reflect 

straightforward the environment of the ion in the thermal structure of the plasma. 

Atomic processes for the electron temperature and the density diagnostics are so 

simple as to be applied easily for various configurations of atomic structure. We here 

give a basic concept for the electron density measurements by use of line spectra. The 

density dependence of line intensities (specific intensities) comes from the competition of 

radiative decay and collisional transitions from the excited level. At a low density limit, 

the population of the excited levels are negligible compared to the ground state since 

excitation is followed immediately by radiative decay to lower levels without collision. 

Then the line intensity is in proportion to the rate of excitation from the ground state. 

With increasing the electron density, collisional transitions from the excited state to other 

upper levels become significant and take over the radiative decay to lower levels. At a 

high density limit, the population is dominated by collisional processes to be a Boltzmann 

distribution, as in a thermodynamic equilibrium. Then, the line intensity can be given by 

the radiative transition probability and the Boltzmann factor. In the intermediate region 

between the two limits, the specific intensity naturally exhibits the electron density 

dependence. 

We have studied the density dependence of line intensities of oxygen and iron in 

tokamak plasmas. Some examples of these observations are presented with discussion of 

the applicability to density diagnostics. In the following section, we give a simple 

account for the electron density dependence of line intensities. In section 3, metastable 

levels of Be-like oxygen and B-like iron are discussed with an application to the density 

diagnostics of tokamak plasmas. In the final section, some remarks on the density 

dependence are presented for H-like and He-like systems. 

2. Principle of density dependence 
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Line intensity is proportional to the population of the excited state, which is 

determined by a couple of equations of all the transitions among all the energy levels. In 

addition, transitions from/to another ion have to be taken into account when the ionization 

state is far from the equilibrium. However, the problem much reduces for two extreme 

cases; the electron density is much smaller or higher than the radiative transition 

probability divided by the rate coefficient of the competitive collisional process. At a high 

density limit, collisional de-excitation dominates the transitions from excited states and 

the level population is ruled by a Boltzmann distribution. On the other hand, at a low 

density limit, radiative decay dominates the transitions from excited states and the 

population of excited states are negligibly small compared to that of the ground state. 

This condition of population is often called corona after the condition attained for solar 

corona. 

In order to give a simple account for the density dependence of line intensities, we 

consider a schematic two-level atom consisting of levels 1 and 2, the ground state and the 

excited state, respectively. With level k representing all other upper levels including the 

free electron state, a couple of rate equations for the level population of the atom can be 

written as, 

-—=- ne(Cn+C\k)ni + neC2\n2 + neCkmk + A2in2, a t 
(1) 

-r^-=neC\2n\ - ne(C2i+C2k)n2 + neCk2nk - A2\n2, at 

where n, represents the population of the level j , ne the electron density, and Cf. and Ay 

represent the rate coefficient for electron-impact excitation and the radiative transition 

probability from the level i toy, respectively. Generally, the rate coefficient Ct- can be 

expressed as a function of the electron temperature Te independently of ne. In some 

practical situations, collisional transition by particles other than electrons may be 

important. Here, however, only the collision by electrons is considered. With a 

stationary state, eq. (1) gives populations of the levels 1 and 2 as, 
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" 2 - "cCl2 + "eCuCfc2/(Cfci+C*2) - "eCl2 
n{ An + nedx + neCzkCuKCn+Cia) Alx + nt.C1{ &> 

where the last expression means a 2-level atom approximation and may be attained 

practically when the plasma is neither ionizing nor recombining. 

At the low density limit as ne « A2l/C2V n2/nl ~ «eC"12M21 and the population of the 

excited state is negligibly smalL Then the line intensity of the transitiou „om the level 2 

to 1 can be given by 

hi ~ ^2i«2 = neCnni = neCnn, (3) 

in proportion to the rate of excitation from the ground state, and the density of the ion in 

its ground state nx is nearly equal to the ion density n. In this situation, radiative 

transition probability plays no explicit roles for line intensities. The collisional transition 

rate to optically forbidden (non El) levels is smaller than that to optically allowed levels 

by only a factor, yet the corresponding radiative transition rate is smaller by several 

orders of magnitude. Therefore, under a corona condition as described by eq. (3), 

forbidden lines can be observed with considerable intensities much higher than those 

expected straightforward from their radiative transition probabilities. 

With Maxwell distribution of electrons, the rate coefficient for excitation from a level / 

toy can be written generally in a form 

Cij(Te) = Gij T<m+^ e-£«/*r., (4) 

where Gy s <G{kTJEi •)> is an extended Gaunt factor averaged over the Maxwellian, Et.. 

is the transition energy and a,- • is a parameter depending on the transition i to j ; a « 0 for 

electric dipole (El) transitions and generally a > 0 for non El transitions. Any line 

exhibits a dependence of its intensity simply proportional to the electron density. 

Intending to discuss the specific density dependence of line intensities, we compare the 
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intensities of two lines to eliminate the trivial density dependence. Using eq. (4), we can 

obtain an expression for the line intensity ratio at the low density limit, as 

lfi/la = Cg/e a = (Gv/Gik) T?*** e-C$r5#w. «,{Gij/G[0 e - ^ - ^ W . , ( 5 ) 

where the last expression can be attained for the ratio of El transition lines. The 

exponential Te dependence with weak Te dependence of GJGik gives an account for 

temperature diagnostics by use of resonance-series lines with much different excitation 

energies or the different principal quantum numbers of the excited states. Eq. (5) is 

independent of the electron density and gives an asymptotic value toward the low density 

limit In the corona regime, the line intensities are determined by the direct excitation 

from the ground state, and their relative intensities are to be a function only of the electron 

temperature. 

With increasing the electron density, neC21 becomes significant compared to a constant 

A2, in eq. (2). At the high density limit as «e » A2 j/C2 v the population of the two-level 

atom is given by n2lnx ~ C12/C21 ~ (g2fei) e~El2/kT' as the result of the detailed balancing 

between excitation and de-excitation by collision, where gl and g2 are the statistical 

weight. Thus the line intensity can be written as 

'21 - 4 M «2 = | 2 - e - ^ ^ A 2 1 »i-™8? **"!!*' Mi n, (6) 
gi i + (g2/gi) e'E^kT' 

independently of the electron density. Thus the intensity ratio of two lines at the high 

density limit can be written in a form 

Ijilhi«(gj/gk) (Aji/Att) e-tE*-£-V*r.. (7) 

The intensity ratio of two lines or the relative intensities of lines must vary from a value 

given by eq. (5) at the low density limit to a value given by eq. (7) at the high density 

limit with increasing the electron density. 
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The schematic behavior of the line intensity ratio is shown in Fig. 1 as a case that the 

ratio increases •with increasing the density. Regions (i) and (iii) correspond, to the corona 

and the Boltzmann regimes, respectively, where the ratio is close to the respective 

constants at the two limits. In the intermediate density region denoted by (ii), the 

intensity ratio varies to be applicable to density diagnostics. The critical densities 

dividing these three Tegimes depend on the radiative decay probabilities of the excited 

states concerned. In a tokamak plasma, the corona condition is attainable for resonance 

series lines, but not always for the lines associated with metastable levels such as 

forbidden lines. Further excitation to other upper levels can occur by electron impact 

from excited levels of small radiative decay probabilities even at low densities, whereas 

the resonance Knes immediately follow the excitation from the ground state with much 

larger radiative decay probabilities. Then the intensity ratio of the former line to the 

resonance line can be a measure of the electron density. 

3 . Practical applications to density diagnostics 

As an example, the atomic level configuration of Be-like oxygen (O V) is shown in 

Fig. 2. At low densities, excitation to 2s2p (3P) metastable state is followed by radiative 

decay to the 2s2 (*S) ground state into a line at 1218 A. As the density increases, 

collisional excitation from 2s2p (3P) state to 2p2 (3P) is enhanced to result in the line 

2s2p (3P) - 2p2 (3P) at 760 A, while the line 2s2 (!S) - 2s2p (3P) becomes less prominent 

relatively to the resonance line. This situation is seen in Fig. 3 (a), where the relative 

intensities of the above two lines to the resonance line 2s2 (1S) - 2s2p (!P) are shown as 

a function of the electron density.X) These lines are practically prominent and sensitive at 

densities lower than 1013 cm"3, which may be attained for the peripheral region of 

tokamaks2). Fig. 3 (b) shows a similar calculation3*, where the behavior of the ratio 

2s2p (3P) - 2p2 (3P) to the resonance line is different from one in Fig. 3 (a) at lower 

densities. This difference is mainly due to taking direct excitation from the ground state 

into account for the population of 2p2 (3P) state in Fig. 3 (b). As a result the intensity 

ratio exhibits a reasonable asymptotic behavior toward the corona limit, as suggested by 

the discussion in section 2 and Fig. 1. 

Another example is shown in Fig. 4 for B-like iron with a doublet ground state. At 
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low densities, 2s22p (2Pin) is substantially populated, and the line intensity ratio of 

2s22p (2P3/2) - 2s2p2 (2P3y,) 114 A to 2s22p (2P,/2) - 2s2p2 (2S1/2) 117 A is determined 

by the ratio of the rates of excitation to 2s2p2 (2P3/r2) and 2s2p2 (2S1/2) from 2s22p 

(2Py2) state. With increasing the electron density, population of 2s22p (2P3/2) increases 

and the excitation to 2s2p2 (2P3/2) therefrom is enhanced to take a place of excitation 

from 2s22p (2P1/2) for 2s22p (2P3/2) - 2s2p2 (2P3/2) line at high densities. With a 4-ievel 

atom, the intensity ratio of the two lines can be expressed as, 

/31 b3i\Ci3 Cl3nit (8) 

where 
bjk = AjklC^ Aji + ne X Cji) 

i i 

is the branching ratio for the radiative transition from level j to level k. In the corona 

regime, the second term is negligible compared to the first one in the bracket of eq. (8) 

because of n2 « nv and /42//31 ~ (b^/b^^) (^14/^13)' ^ discussed above. On the other 

hand, in the Boltzmann regime, the second term is responsible for the intensity ratio as 

I A 2̂ 31 *" (^42^31) (^24^-13) ^n2^n0 w*m a significant population of n2 given by /Zj 

(£2/81) c'El2/kTt. Because the energy difference between 2P3 / 2 and 2P1 / 2 of 2s22p 

ground state is so small compared to the electron temperatures where Fe XXII is 

abundant, /42//31 reduces to (gzlg{) (bA1/bn) (C24/C13) « 2 (&42/&31) (C24/C13). On 

account of close excitation energies for C24 and C13 as seen in Fig. 4, the intensity ratio 

further reduces as /42//31 ~ 2 (642/631). The small differences in the excitation energies 

for Cj 3, Cl 4 and C24 are favorable to apply to density diagnostics with a weak electron 

temperature dependence. Also the close wavelengths of the resultant lines, 114 A and 

117 A, have a practical advantage to be free from the wavelength-dependent sensitivities 

of the devices to observe. 

Figs. 5 (a), (c) and (d) show the line intensity ratio of 2s22p (2P3/2) - 2s2p2 (2P3/2) 

114 A to 2s22p (2P1/2) - 2s2p2 (2S1/2) 117 A observed for three plasma conditions, 
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ohmic and ICRF (ion cyclotron range of frequency) heating with gas puffing, ohmic 

heating with gas puffing and ohmic heating without gas puffing, respectively, for D/H 

gas discharges on the J1PP T-IIU tokamak. The ohmic heating is inherent and the others 

are operated at around 110-120 nvs,4) Fig. 5 (b) is the line-averaged electron density 

obtained by microwave interferometer for the condition of Fig. 5 (a). The line intensities 

observed in the earlier ohmic heating phase and in the later ohmic/lCRF heating phase are 

plotted with l~a error widths in Fig. 6. Here the density dependence of the line intensity 

ratio is drawn by more detailed calculations with 10 levels, and excitation by protons and. 

deuterons as well as electrons is taken into account. The horizontal width of each error 

box represents the electron density at the plasma center by means of Thomson scattering. 

4. General remarks 

Radiative transition probability of hydrogenic ion is proportional to Z4 for electric 

dipole transitions (El), where Z is the nuclear charge, while the rate coefficient of 

collisional transition is proportional to Z~3 at a characteristic temperature TJZ2 normalized 

to its hydrogenic ionization potential. Accordingly the density to satisfy a corona 

condition increases roughly in proportion to Z7 with increasing the atomic number for 

optically allowed El transitions. For optically forbidden (non El) lines, the critical 

density for the corona regime is lower than that for El because of their smaller transition 

probabilities. With increasing Z, the radiative transition probabilities for non El lines 

increase much faster than those for El lines as A «= z6 '1 0 with larger power of Z. 

Fig. 7 (a) shows a schematic energy level diagram of He-like, Li-like and Be-like 

systems. Here we pick up the density dependence of the intercombination line (x,y) and 

the forbidden line (z) of He-like system. In the corona regime for ls2s (3Sj) state, 

excitation from the ground state Is2 (JS0) of He-like ion and innershell ionization from 

the ground state ls22s (2S1/2) of Li-like ion is followed by forbidden transition z. With 

increasing the density, the collisional excitation to ls2p (3P) takes the place of radiative 

decay z in transition from ls2s (3Sj) and results in the intercombination lines x and y 

through the radiative decay from ls2p (3P). Then the relative intensity or the intensity 

ratio of the forbidden line z to the resonance line w decreases and that of intercombination 
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line increases, as seen in Fig. 7 (b).S) As the density increases more, further excitation to 

ls2p (*P) by collisions takes the place of radiative decay .r,y in transition from ls2p (3P) 

and results in the resonance line w. Thus, excitation to ls2s ^Sj) and ls2p (3P) is not 

followed by either ~ or.r,y but ends in vr via excitation to ls2p 0?) therefrom. 

The critical density dividing the above regimes of the density dependence can be scaled 

as ne
c « Z14 with the atomic number, as seen in Fig. 7 (b) for oxygen and iron. This 

scaling is useful to see the range of applicability and the favorable elements for the 

density diagnostics. In He-like system there is another n=2 excited state ls2s 0SQ), 

which is stabilized by 2 photon decay into a continuum spectrum to the ground state of 

the same spin quantum numben Its radiative decay probability is smaller than that of 

ls2s (3Sj) and varies in proportion to Z6. At densities considered here, transition from 

ls2s (1S0) is dominated by further excitation to other n=2 states and results in the line 

spectra z, x,y or w depending on the density as discussed above. 

Finally, we give a comment on nonequilibrium ionization. As shown in eq. (2), the 

transitions from/to level k affect the population of the levels 1 and 2, and are significant 

when the plasma deviates from an ionization equilibrium. In recombining, radiative 

recombination followed by cascade to lower levels plays an important role for the level 

population. Then the picture that excitation from the ground state is responsible for the 

level population fails, and the transitions fromAo level k cannot be ignored. The level it 

here represents higher energy levels and the free electron state of only the ion A+z 

concerned. Under ionizing conditions, the levels of the lower ionized A+(z_1) ion should 

be involved in eq. (2), because ionization from the levels of A"**2"1* may occur to populate 

directly the excited levels of A+r without going by way of its ground state. This process 

is observed for O V in a tokamak plasma2* and taken into account for the calculations of 

density dependence.2,3* In nonequilibrium ionization, it should be noted that 

ionization/recombination processes from other ionic states can be more important for the 

population of excited levels than usual collisional excitation processes from the ground 

state. The transitions are no longer closed within an ionic state, but one has to solve the 

level population problem for all ionic states simultaneously. Then, the density 

dependence of line intensities is practically complicated though its principle based on 

competitive radiative and collisional transitions is kept alive. 
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Figure Captions 

Fig. 1 Schematic behavior of electron density dependence of line intensity ratio. 

Fig. 2 Energy level diagram of Be-like oxygen (O V). 

Fig. 3 Theoretical density dependence of line intensity ratios of 2s2p (3P) - 2p2 (3P) 760 

A and 2s2 (TS) - 2s2p (3P) 1218 A to the resonance line 2s2 OS) - 2s2p ('P) 760 A of 0 

V See text. 

Fig. 4 Temperature dependence of rate coefficients for collisional excitation and energy 

level diagram of B-like iron (Fe XXII). 

Fig. 5 Time variations of 2s22p(2P3/2) - 2s2p2(2P3/2) 114 A to 2s22p(2P1/2) -

2s2p2(2S 1/2) 117 A of Fe XXII with (a) ohmic/ICRF heating ana gas puffing, (c) ohmic 

heating and gas puffing and (d) ohmic heating, and (b) line-averaged electron density 

measured by microwave interferometer for the case (a). See text. 

Fig. 6 Density dependence of the line intensity ratio 2s22p(2P3/2) - 2s2p2(2P3/2) 114 A 

to 2s22p(2P1/2) - 2s2p2(2S1/2) 117 A of Fe XXII calculated for excitation by (a) 

electrons, (b) electrons, deuterons and protons with densities njnjn = 1.0/0.9/0.1 and 

(c) electrons and protons with njn = 1.0/1.0. The vertical and the horizontal widths of 

the box represent the errors of the observed intensity ratio and the electron density 

measured by Thomson scattering at the plasma center, repectively. 

Fig. 7 (a) Energy level diagram for He-like, Li-like and Be-like systems and (b) electron 

density dependence of the intercombination line (x,y) and the forbidden line (z) to the 

resonance line (w) of He-like system for oxygen and iron. 
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