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RESONANT STATE EXPANSIONS

Patric Lind

This is the summary part of a Ph.D. thesis consisting of the papers [1, 2, 3], here ordered
according the date of their submission. Due to the unorthodox character of the subject and the
many complementary aspects investigated in the three papers, this is not just a summary of the
papers but rather a summary of my view and experience of the subject with references to the
papers for details. I also include here some simple illustrations that did not fit into the papers.
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1 Introduction
A function is said to have a resonance if a normal change of input suddenly leads to an
abnormal output. In the theory of two particles scattering off each other, we can have a
resonant behaviour in a narrow interval of energy where the cross section is several orders
of magnitude larger than the smooth background outside that interval. This indicates that
at this energy, the two particles are close to each other for a much longer time than at other
energies. The resonant system also behaves very similar to the discrete bound states that
can be formed by the two particles. In the relativistic theory of scattering of elementary
particles, these resonances are sometimes treated as new particles because they behave as
such, at least during the time scales considered. Resonances in nonrelativistic theory are
being considered in all disciplines of physics and also in mathematics and there has recently
been efforts made to approach a more unified description of them [4]. The common problem
is how the potential (the interaction between the scattered particles) in the Schrödinger
equation gives rise to resonances and how to treat and interpret them. In this work I always
had in mind the potentials used in nuclear physics but the conclusions are valid generally
for the case of any finite range (cutoff) potential.

The resonances in the elastic (potential scattering) cross section are poles of the S-
matrix and can thus be seen by calculating the phase shift from the radial Schrödinger
equation (e.g. [5, 6]). Since the resonances correspond to a certain complex energy (or
wavenumber) and wavefunction [7], they can be also be found by solving an eigenvalue
problem [8] where the boundary conditions are generalizations (to complex energies) of those
that define bound states. These complex energy eigenstates are to represent decaying states
(Gamow states) and the wavefunction must represent the fact that the probability density at
a certain distance increases with the distance. Therefore the wavefunction oscillates with an
amplitude that increases with the distance and the ordinary normalization integral is thus
divergent. But these states are nevertheless so natural for describing decay and resonance
phenomena, that there has been several methods developed for how to use the diverging
functions anyway [9, 10, 11, 12, 13]. Those who do not want to use these regularization
procedures and are satisfied with a theory valid only inside a finite radius can instead use
the Mittag-Leffler theory [14, 15, 16]. There one starts with a pole expansion of the resolvent
and uses the Gamow states to calculate the coefficients (residues of the resolvent) but the
radial integrals are only performed up to the finite radius» so one then does not have to bother
about the divergence at infinity. Since one usually argues that the nuclear potential (not the
coulomb part) is of finite range, this theory might seem to be all that we need but it does
not make use of the eigenfunction property of the resonance states.

In this thesis I start from a theory where it is shown that the Gamow states are part
of a complete set of functions and one can write a completeness relation just as in ordi-
nary eigenfunction theory [11]. This proper completeness rele n consists of a discrete
part (bound states and resonances) and a continuum part (integral over complex scattering
states). I prefer to write this completeness relation as an expansion of the unity operator
and since the Gamow states are included, the most fundamental resonant state expansion
(RSE) is obtained. By RSE I thus mean a generalized eigenfunction expansion (and not just
a pole expansion). The eventual resonant content in the remaining continuum integral in
this expansion and others that can be derived from it is studied in two ways: by analytic



continuation of the integral in the unity expansion [3] or by analytic continuation of the
integral in the expansion of the resolvent (complete Green's function) [1] that can be derived
from the unity expansion [17, 11].

I started out to investigate if resonances (e.q. in the a-n system) could be used to
describe the properties of certain bound nuclei (such as 6He). Of particular interest was
the halo nucleus nLi which, if treated as a three-body system, has no bound states in the
two-body channels 10Li-n and n-n. All attempts ended up with the question of what the
different completeness relations imply for the development of such applications. It seemed
to be worth the effort to get some experience of completeness relations and RSE before
continuing with the applications to nuclear systems.

The general questions that I wanted to address were:

• What does it mean to have a complete set of functions ? Is it possible to replace the
continuum states in a completeness relation by the discrete resonance states ? If it
is not, then how big is the error of neglecting the complex continuum states ? Is it
possible to obtain a purely discrete RSE (as indicated by Mittag-Leffler theory) and
are the possibilities depending on what quantity we are to expand ? (See paper [3].)

• We have derived several expansions of the resolvent but we want to work only with
an expansion in terms of discrete states. How big and of what character is the error
when neglecting the continuum integral of the proper expansions ? Is there maybe
one expansion where the integral is vanishing and would this still be an eigenfunction
expansion or rather a pole expansion that can also be obtained from the theory of
analytic (or meromorphic) functions ? (See paper [1].)

• Are the discrete expansions with few discrete terms useful in a realistic nuclear cal-
culation or do we have to include so many states to get convergence that there is no
gain with using the expansions ? If the error of neglecting the integral of the proper
completeness relation is small, is it then possible to use the discrete set of bound states
and resonances as "shell-model basis" with continuum effects *hus included ? (See
paper [2].)

This obviously makes this thesis to be an investigation of the properties of a theory
more than of a particular physical system. Therefore I felt that I did not have to stick
to realistic nuclear wavefunctions but instead could use a model potential of similar shape
where analytical expressions for the wavefunction can be given. The most common are
the square well potential and the delta-shell potential of which I find the former to be more
realistic. With the experience gained in these model studies, the investigation of the realistic
wavefunctions could be done more systematically. It also turned out to be simpler to start
with particle-hole states instead of two-particle states because of the possibility to define
an "exact" solution in that formalism (CRPA). The extension to 2p-2h states is where this
theory will prove to be different from (or even superior to) other approximations.
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2 Resonant States
The functions that I have been studying are solutions to the radial Schiödinger equation

with the boundary condition that they should be finite at the origin [un(0) = 0] and contain
only outgoing waves at infinity, i.e.

«n(r) , r) , r oo (2)

where Ot is the outgoing Coulomb function in the proton case and the outgoing Hankel
function in the neutron case. (If one does not like to think in terms of nuclear physics, one
can can consider "protons" and "neutrons" as labels for the solutions to potentials with or
without a Coulomb component asymptotically.)

The scattering solutions instead look asymptotically like a linear combination of outgoing
(Oi) and incoming (/<) waves

xt(k)Ot(k,r) + yt(k)It(k,r) , r - oo (3)

and when we approach a resonance energy, k —* k,,, we have x/(fc) —» oo. Thus the scattering
solution has poles at the energies En = ^^n 3 that are solutions to the eigenvalue problem
denned by eqs. (1) and (2). At these energies there are also poles in the 5-matrix

St(k) = - *<(*)

and in the Resolvent, Gi(k), defined by

+ V^ + ^ W ) = -6(r - r')

(4)

(5)

together with outgoing boundary conditions.
The solutions of (1) can be divided into four types (a, b, c and d) depending on the position

of the wavenumber kn = Kn - i-yn in the complex fc-plane.
In the upper half plane we have poles only on the imaginary ib-axis, kf, — i|ifc| , 74 < 0,

and they correspond to bound states. The (neutron) wavefunctions then decay exponentially
(as T —> 00)

ub(r) -* &J+)(*fcr) - e'*»r = e~Mr (6)

(see appendix B for definition of Riccati-Hankel functions). Examples of bound state (pro-
ton) wavefunctions can be seen in figure 1.

In the lower half plane we have poles kj = K4 — ifj (with n*, fj real and positive) and
they correspond to decaying (or outgoing) resonances. The reason is seen when looking at
the asymptotics of the time dependent solutions u«<(r, t) = u*^Yp(r) as in ref. [14]

(7)

wherp I introduced

En = En-lf = (8)
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In (7), the first factor represents an outgoing wave, the second factor shows that the state
decays at the rate Td/h and the third factor represents that the amplitude at the decaying
centre was larger at the time t — r/v (u = Äic^/m), when the particle found at r was emitted.
Examples of resonance wavefunctions can be seen in figure 1. As will seen in section 3, the
resonance poles can be distributed all over the fourth quadrant of the fc-plane (Reit > 0 ,
ImJfc < 0) and they are found to have different properties. Those that we are most interested
in physically, are usually (somewhat arbitrary) called physical resonances. This is because
they show up as sharp peaks in cross sections and this can happen when Fj <C £4. (It is
also suggested [6] that these are the only poles that should be called resonances at all. I
am not so restrictive and use the label resonance to all poles that have «cn ^ 0.) A more
theoretical definition of physical resonances is when they are found at the same positions
independent of the approximations and restrictions of the physical problem made to be able
to solve it. The poles with K& > 74 were called proper resonances in ref. [14]. Of these, those
which are not considered physical, I consider to represent the continuum background rather
than resonant features. Those resonance poles which are not called proper (i.e. «j < 7J )
are usually ignored and can be called unphysical or virtual [1] resonances because the real
part of the resonance energy is negative, En < 0. (These states are also called "crazy" by
the authors of ref. [18].) It was emphasized in the papers [1] and [2] that it is extremely
important to consider all resonance poles, even those called virtual, if we want to have a
purely discrete RSE that is to represent continuum effects (i.e. also the background).

In the eigenvalue problem (with outgoing boundary conditions) the resonance poles ac-
tually come in pairs [17] and are related by

kc = — kj* = (9)

The conjugate states kc are called capturing (or incoming) for a reason that can be seen
by studying the asymptotics of the time dependent wavefunction just as in the case of the
decaying resonances. It can be shown [14, 11] that the resonance wavefunctions are related
by

uc(r) = ud(r) = ud(r). (10)

One should be careful here not to be confused with the fact that we get incoming solutions
from a problem with outgoing boundary conditions. This is one example of the kind of
questions that we have to deal with when we want to use more than half the Jfc-plane (i.e.
more than one energy sheet) at the same time. The most serious effect of this extension
is seen when we study what states can be included in a proper completeness relation, see
section 4.

The fact that the resonances come in conjugate pairs is an indication that we are actually
dealing with a bi-orthogonal set of functions. This means that if we are to normalize these
states, we shall not consider the ordinary normalization integral

(U>n) = j f |Un(r)|2 dr

but rather the inner products of the resonance with its conjugate state

(un\un) =

(11)

(12)



(Here n can denote any of the states b, c, d and even a as will be used later, but for the a and
b states, the two integrals are equal.) For the resonances both the integrals are divergent due
to the increasing oscillatory asymptotics of the wave function. Therefore several methods
have been developed to deal with these divergent integrals. The mathematical basis for the
regularization of divergent series and integrals can be found in the book of Hardy [19].

Berggren [11] used the method of Zel'dovich [9] with a gaussian convergence factor to
show that the resonances are orthogonal and can be normalized so that

I dr = «mB. (13)

(Here m and n were considered as d-states.) Gyarmati and Vertse [13] considered the general
convergence factor

- tT'

More important was though that they introduced the idea of complex scaling which is a
very useful method also numerically [4]. In this method we rotate the real r-axis into a
complex ray along which the integral is no longer divergent. Romo [12] instead considered
the inner product for resonant states by starting from a convergent integral between mod-
ified resonant-state wavefunctions that depend on the wavenumber variable. This is then
continued analytically into the lower half plane and the inner product remains finite even
though the modified functions approach the resonant states.

All these regularization procedures give the same result for the integral

/ •
JR

et<r dr = (15)

although with different restrictions on the value of q. Since the exponential function is so
natural and essential for us and the fact that the complicated regularizations give the same
simple result (15), it is very tempting to assume the validity of (15) for all values of q (except
of course q — 0). This would then again be some kind of analytical continuation argument
where one also could start from the convergence factor (14) with p = 1 and with c chosen so
that initially, the q in (15) has Img > 0. The result (15) would then be all that we need to
know about regularization when considering a cutoff potential. In paper [3] I made extensive
use of this regularization, even with q on the negative imaginary axis, and encountered no
problems.

The fourth kind of solutions (a) to the equation (1) are called antibound or virtual states
and have ka — —ija, 7» > 0. This means that the wavefunction is growing exponentially

ua(r) (16)

and the regularization can not deal with them formally (although it might be possible tech-
nically, see ref. [20]). With the extended regularization (15) there is no problem though. If
we like to consider protons, i.e. we add a Coulomb tail to the cutoff potential as in paper [2],
we cannot use this prescription but have to use the complex rotation procedure [20] and
the mixing of different angles being argued for in a similar way as above. It is not possible
to explain whal an antibound state is but the poles give the same kind of contribution as
bound states to the low-energy part of cross sections. The *S channel in the neutron-proton
system is a popular example [14]. Examples of antibound state (proton) wavefunctions can
be seen in figure 1.
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3 Poles of the S-matrix
I have in this thesis only considered the case where the poles of the S-matrix are also the
solutions to the eigenvalue problem (1). In order to achieve high numerical accuracy and to
be able to perform calculations with many states of all kinds (even complex scattering states
in addition to the poles states) I often use the square well potential. It is then possible to
obtain analytic expressions for relevant quantities (see appendix B). Fven when we consider a
realistic nuclear potential (e.g. Woods-Saxon), it is in the numerical applications convenient
(and often necessary) to put the potential zero outside some cutoff radius, V(r) — 0, r > Re-
Therefore all considerations are made for a cutoff potential (except for the proton case where
we have a Coulomb tail outside the radius where the nuclear potential is truncated). Thus
the eigenvalues of (1) are found by matching continuously the interior solution, u(k,r), r <
Re (found by numerical integration), to the exterior solution, Oi(k, r) , r > Äc (known
analytically), at the cutoff radius Re- The eigenvalue problem is then to find the zeros,
C(kn) = 0, of the function defined as the difference between the logarithmic derivatives of
the two solutions or equivalently

C(k) = u'(k, Rc)Ot(k, Re) - u(k, Rc)O't(k, Re). (17)

This definition can be used both for protons and neutrons since we know the exterior solutions
analytically in both cases. (To define the proton poles by matching at some radius where
also the Coulomb potential can be neglected is not realistic since the numerical integration
inside will accumulate too much error on that large interval. Also the truncation effects
might then be different compared to the neutron case.) We found in paper [2] that it is
possible to find all poles with the numerical integration procedure [21] but we also found
that we need rather good starting values in the complex plane. To find these starting values
we calculated the function (17) on a mesh in the Jt-plane which resulted in a quite smooth
surface on which the poles are clearly seen. This procedure was also used in the square well
case although it is there much faster. In figure 2 I show the distributions, in both k and E
plane, of the neutron and proton poles that we used in paper [2]. I also show for comparison
the poles of the square well with the same radius and depth as the neutron potential. In
appendix B.I I explain and extend (to higher I values) the graphical method to find bound
and antibound state poles in the square well case [17, 22].

The square well potential was thoroughly studied by Nussenzweig [22] and especially
interesting is to see how the poles move in the complex fc-plane as we increase the depth of
the well (pole-trajectories). A smaller study of similar kind for the truncated Woods-Saxon
potential was done in ref. [23]. The behaviour of the pole-trajectories in the two cases have
some similar features. For a very shallow well there are no bound states and the resonance
poles are far down in the fc-plane, almost parallel with the real axis and with a separation
of about n/Rc- When we increase the depth of the well, the poles move upwards parallel
to the imaginary axis and then they, one by one, start to approach the imaginary axis.
Most of the poles (except in the i = 0 case) pass very close to the real axis and appear
as physical resonances. When the pair of conjugate resonances hits the imaginary axis (at
the origin except in the t — 0 case where it hits the axis below the origin) it splits up into
a bound-antibound state pair which gets more bound when increasing the depth further.
One gets the impression [22] that all resonance poles has this behaviour, i.e. the resonances



are "would-be bound states" ["'.. I have found though, both in the square well case (see
appendix B.2) and in the Woods-Saxon case (e.g. the / = 4 neutrons in fig. 2), that the
virtual resonances rather are "will-never-be bound states" (they really behave crazily).

The distribution of asymptotic poles (i.e. ic,, not close to 0) strongly depend on the cutoff
radius Re since the separation of f/Rc is maintained also for realistic values of the depth.
This means that the Woods-Saxon potential (Äc = 2iZo) has about twice as many resonance
poles as the square well with the same radius (Ra = Ro) and depth (VQ = Vo) as can be
seen in figure 2. It can thus be questioned if it is sensible to use a truncated potential since
the pole distributions depend so strongly on the cutoff radius, the choice of which should
be arbitrary in order to have sensible physics. We can of course not expect that the limit
Re —> oo will give the same as a proper treatment of the full potential [6]. However, it
seems that the physical resonances can be independent of the cutoff radius and the rest
(which cannot be identified as individual states) are only there to interfere with each other
so as to create the background.

To restrict oneself to cutoff potentials is mathematically convenient since the functions
that we use are then analytical in the whole it-plane. When considering the full Woods-Saxon
potential, with an exponential tail, our analyticity only goes down to a cut in the lower half
plane. It is believed that the truncation of the potential and the consequent removing of
the cut cannot have any significant effects on physical quantities. But it has enormous
effects on the analyticity of our formalism and, as discussed above, on the distributions of
poles. There are thus still many questions concerning the effects of truncations that needs
to be investigated. However, any treatment of the full potential usually implies some kind
t r ncation or discretization which makes the problem even more intricate. For the Woods-
Saxon case there exists though analytical solutions for the S-wave case and they were used
in the test of the computer code [21].

In the square well case, the antibound poles are situated between bound state poles. For
the truncated Woods-Saxon we instead find that the antibound energies often are almost
identical to the bound state energies. (This was also found in ref. [23].) In correspondence,
the wavefunctions are found to be very similar inside the nucleus, as can be seen in figure 1.
It might be questioned, for numerical reasons, that antibounds have energies so similar to
the bound states but the sum-rules (41) checked in paper [2] were satisfied.



4 Completeness relations
It was proved by Newton [17] that the bound states and the (real) scattering states form a
complete set. This can be written as a completeness relation (or resolution of unity)

6(r - r') = 5>(rH(r') + - f ° *<(*,r)#(*,r') (18)
b r J-oo

from which we can derive an expansion of the resolvent

valid for Imq > 0 [1]. Since this proof is so fundamental and instructive, I have given a more
detailed version of it in appendix A. It is actually written in a form so that it includes the
cases where we want to include the resonances, as was done e.g. by Berggren [11]. We can
thus prove (as was discussed in paper [3]) that with C being an inversion symmetric contour
(if k G C then — Jfc G C), the poles that are positioned above the contour (in the domain
denoted by C) form a complete set together with the complex scattering states with k-values
defined by C

1 = £ |Un)<Un| + - / |ih(*))«tt(ifc(fc')|. (20)
neC * J c

I prefer to write the completeness relation like this, as an expansion of the unity operator
[(r|l|r') = 6(r — r')], since I found the projection property (I2 = 1) important. Eq. (20)
include the completeness relation of Newton (n = b, C = R) and those of Berggren (n =
b, d, C — T, and [24] n = b,c,d, C = Z). (See figures in paper [1] or paper [3] for schematic
definitions of the contours.) As mentioned in paper [3] it is also possible to find a contour
such that we include ail the pole states in the discrete part (n = a,b,c,d). One important
thing of using an inversion symmetric contour to get (20) is that we are then able to rewrite
the integrand in the proof as a projector of continuum states. Another thing is that not only
is the unity operator (20) idempotent, 1* = 1, but also the discrete part and the continuum
part separately have - property, £ J = £ and J2 = J. If we continue the integrand in
(20) analytically and deiorm C into a contour that is not inversion symmetric, we destroy
these properties. But if we deform C into the [/-contour [25, 1,3], the discrete part assumes
the form of the "completeness relation" in Mittag-Leffler theory [15, 16]. The possibility
of obtaining useful discrete expansions might then not be washed out by the fact that the
"unity expansion" is no longer idempotent. This was one of the confusing observations that
encouraged me to study what it really means to have a complete set of functions (that
includes resonances). Mittag-Leffler theory is based on the theory of analytic (or rather
meromorphic) functions and is restricted to the finite radial interval r, r ' < Re defined by
the cutoff radius of the potential. One starts by deriving a pole expansion of the resolvent

and from this one can obtain two "(over)completeness relations"

L n=a,b,c,d n=a,b,c,d
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Since linear dependence is introduced by the restriction to the finite radial interval (the pole
states are orthogonal over the infinite interval), the question of a(over)completenessn might
not be the same in the eigenfunction theory. In paper [3] I instead called the proper zero
operator

1 / \ipi(k)) dk {il>t(k*)\
0 = xJc Jb ( >

overcompleteness relation. By formally deforming the C-contour in (20) and (23) into the
{/-contour we obtain

1 = 2 £ l«n)(un|
n=a,b,c,d

If \Mk))dk(Mk')\

o= E
n=a,b,c,d

•K JU

(24)

(25)

We have already noted that the relation (24) does not represent an Hempotent unity operator
but as we shall see, it can still be used to derive valid resonant state expansions. We therefore
called it a reduced completeness relation in paper [1] thus referring both to the reduction of
the projector property (as explained in paper [3]) and to completeness properties in the
Mittag-Leffler sense.

When we consider the unity operator (20) for deriving expansions of (wave)functions, we
can generalize the statement of validity made by Berggren [11] to say that the expansion

(26)

oo, if q is above theis valid for functions with exponential asymptotics, $(r) —> e***1, r —»
C-contour (i.e. q G C). Since (20) is a proper unity operator, we have

(27)

(28)

In terms of convergence, the expansion (26) has the properties

(/I*) - (/!•)
and

where / ( r ) is just a (well-behaved) function. If we instead had used the "unity operator"
(24) to define the expansion (26), the only one of these three properties that would remain
is (28) and that only if the function / ( r ) is truncated in the same way as the potential, i.e.
f = fc where /c(»") = 0, r > Rc. In paper [3] I discussed the fact that (V7(&*)|$) has extra
poles at k = ±q in addition to the poles of -0/(Jk, T*). Since the {/-contour can be drawn also
below these extra poles, we get an extra singular continuum contribution to consider. In
fact this extra integral gives the same contribution to both (24) and (25) except for a factor
of q. The expansion derived by the simultaneous use of both these operators

|4) = (1 +?O)|$) (30)

has the property (29) So if we are satisfied with an expansion of $(r) valid only for r < Rc,
we can thus use

» / \ ^ ••» *WJ I" *4 i" i j t \ / \ / A i \
en I « i —— x /<•/ I CD \ * / i f I [ {] I
VV I ~ 2^i ^TL \un\v/un\r)- K"1)

n=a,k,c,d

10



This differs from the expansions of Mittag-LefBer theory since the radial integral (tin|$) has
oo as upper limit.

In quantum mechanics it is very useful to expand wavefunctions and operators using a
complete set of functions and thereby obtaining matrix equations instead of e.g. differential
equations. In nuclear physics this set can be generated by the shell model potential. For
structure purposes it is often possible to approximate this by a harmonic oscillator (h.o.)
potential (with a purely discrete spectrum) but for reaction purposes we need a finite po-
tential and thus a spectrum with a discrete part and a continuum part. The bound states of
the Woods-Saxon potential have some similarities with the lowest h.o. states and it was also
found that the Gamow functions have a node number similar to the main quantum number of
the higher h.o. levels [18] (see also figure 1). The completeness relation of Newton was used
in the continuum shell model [26] (one-nucleon channels only) and the existence of Gamow
functions as residues of the resolvent was noted. It seems obvious thit , by the use of the
completeness relation of Berggren, resonances can be included in terms of discrete states on
the s.-.-ne footing as the bound states and the continuum background can be represented by
the Z-contour. (I do not know of any such applications.) Attempts have been made [18, 2]
to neglect the L-contour and use the bound states and decaying resonances as an extension
of the bound shell model basis. The hope is to be able to include continuum effects also
from the region outside the nucleus which is important, e.g. in the particle decay of giant
resonances [18]. One can then use the same formalism as is done when using the h.o. basis.
This formalism (RPA) only needs the existence of a basis of discrete states that can be
divided into holes and particles. The inclusion of decaying states in the particle basis seems
more natural, though, if one is to study particle decay widths and the results in paper [2]
are promising. (See further section 5.)

The natural discrete approximation to the unity operator thus seems to be

(32)
n=b,d

but since the {/-integral in (24) vanishes when the conditions of Mittag-Leffler theory are
fulfilled (this can probably be proved in the same way as the vanishing circular integrals in
[27]), one could maybe expect the {/-integral to be more negligible than the L-integral. It
thus seems as if most of the continuum effects can be represented using the discrete states
and maybe there is a possibility to find a discrete unity expansion that would do a better
job than (32). This I studied in paper [3] by considering different resonant states expansion
(see section 5). I also studied the perturbation problem

(H + V- qS) \il>v) = 0 , [H - K2) \un) = 0 (33)

in a case where solutions to both equations are known (i.e. both the potential in H and the
perturbation V were chosen as square wells with the same radius). With a discrete unity
operator the perturbed eigenvalues are found by diagonalizing the matrix

(H + V)mn = (34)

For the purpose of finding the perturbed bound and resonant energies and/or to study
threshold effects (the creation of bound states from resonances), I found no better unity

11



than the one in (32). As in bound state perturbation theory, the results were as good as the
first order approximation

1v2 BZ Jfcn2 + (UnjVltin) (35)

except when the pole goes through the threshold. The contours in the other possible approx-
imate unity operators based on (20) look more complicated than the L-contour and are also
found to be much less negligible. As is indicated by the factor 1/2 in (22), the problem with
the unity in terms of b, c, d states (i.e. neglecting the Z-contour) has to do with some double
counting of the resonance contributions. If we necessarily must have a matrix equation that
we can diagonalize for the perturbed poles, we have to use the Dyson equation

(36)

(37)

I suggested another way (compared to ref. [15]) to find such a matrix, namely

(K + U)nn =

by using the expansion (21) in the Dyson equation and taking matrix element of it between
the states \n). The major difference between ref. [15] and with my derivation is that I can
give an interpretation of the eigenvectors from the diagonalization

(38)

This coincides wilh (31) and is resonable since the perturbing potential is a cutoff function.
We have now seen some examples on the danger of performing analytical continuations

of completeness relations without having a particular application of them in mind. There
are interchanges of orders being made here (e.g. between Jb and r' integrals and between
analytical continuations and deriving of expansions), the consequences of which will be more
clearly seen in the next section where we instead start by considering given quantities to be
expanded.

12



5 Resonant State Expansions
I started to study resonant state expansions because of the problems encountered by the
authors of ref. [28] concerning expansions of the resolvent. We therefore studied these ex-
pansions theoretically in paper [1]. Let me, however, start here by considering expansions
derived from a completeness relation. To study expansions of functions is sometimes not
enough since we might then have so complicated conditions for the validity of the expansion
that it is hard to use it (see the previous section). The most reasonable thing is instead to
study expansions of a scalar quantity, such as a matrix element

(39)

and the corresponding expansion obtained from the zero operator

($i|0|$-;) = 0. (40)

If we use functions that are truncated in the same way as the potential, $ = \> x(r) =

0, r > Re, we know from Mittag-LefBer theory (22)

1
« E (Xil«n)(«nlXa> = (XilXa) , - =0 . (41)

These relations are sometimes called sum-rules since we know what the sum should be equal
to when enough terms are included. With the completeness relation (20) we can allow $ ( r )
to be non-vanishing outside Re and have

7T JC
(42)

an c
(43)

If the functions $(r) here go to zero faster than any exponential, we can deform the C-
contour into the [/-contour and get the same expansions as we would if we had used the
operators (24) and (25) in (39) and (40) respectively. These expansions were checked nu-
merically in paper [3] and found to be perfectly valid. This is why (24) is in some sense a
"completeness relation" (although reduced since it is not a projector). If we consider func-
tions with exponential asymptotics instead, the expansion (39) with the unity operator from
(20) is valid (if qi,q2 G C) but with (24) it is not. This is because the extra poles at k = —qi
and k = — q2 were not treated properly since the interchange of the integration order made
in the "derivation" of (24) was not allowed. By deforming the contour after the overlaps
($t\ipt(k)) have been calculated, we get the proper expansions

~ E2
n=a,b,c,d

and

E
n—a,btc,d fc=-«l =-qj

(44)

(45)
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The validity of these expansions was checked in paper [3] and the exact vanishing of the
remaining {/-integral was noted.

Using the completeness relation (20) we can also derive an expansion of the resolvent,
8i{q) = 1(?2 - H/ ) - 1 ! , (see Newton [17] and Berggren [11])

n t C k(q - k)
dk. (46)

If we are to continue the integrand here analytically, we should consider a matrix element
of the resolvent operator like ( $ I | & ( ? ) | $ J ) but I have not encountered any case wheie the
interchange of integration orders creates any problem. In paper [1] we thus deformed the
C-contour and obtained (just as Romo [25] did)

n=a,b,c,d k(q-k)

where we again find that the discrete part has the same form as in Mittag-Leffler theory
(21). At this point it might not be too surprising that expansion (47) cannot be obtained
using (24). We stated in paper [1] that the resolvent expansion (46) is a proper eigenfunction
expansion. We also noted that as opposed to the proper unity expansion (20), where the
discrete part and the integral part separately has the projector property, the two parts in
(46) do not separately have the symmetry

Qi(-q') = G't{q)- (48)

Instead it is the discrete part and the integral p..rt of (47) that separately have this symmetry.
This symmetry is relevant for the low-energy part of the single-particle response function

= (f\Gt(q)\f) (49)

used in the continuum random phase approximation (CRPA) [28, 2] (and for the vanishing
of the strength function below threshold). We could thus explain some of the confusing
results of [28], i.e. the difference of neglecting the integrals in the expansions (47) and
(46), with C = L. In both paper [1] and paper [2] it was found numerically that it is the
{/-contour that can be neglected if we need a useful discrete expansion. For the realistic
case in paper [2] we used a formfactor f(r) that was negligible outside the cutoff radius
of the potential and the Mittag-Leffler expansion was very accurate even with reasonably
few states included. However, if one likes to have correspondence between the CRPA and
the resonant RPA (RRPA) [18], the resolvent in the CRPA needs to be expanded in the
"complete" particle-hole basis of the RRPA. It is possible though, to use the Mittag-Leffler
expansion in the CRPA to calculate the RPA energies and the residues of the correlated p-h
response function which are used in the definition of the amplitudes in the p-h wavefunctions
of the RRPA.

Another important conclusion that was made from the numerical results of papers [1]
and [2] was that all poles must be included in the resolvent expansion. There is no way to
neglect e.g. the virtual resonances by arguing that we will never see them (as resonances)
in a physical quantity.

14



6 Short summary of the papers

Paper [1]

Contents: Thorough derivation and investigation of validity of various resonant state ex-
pansions of the resolvent. Numerical application to the elastic scattering amplitude in a case
where it can be calculated analytically.
Conclusions: In the resonant state expansions that can be derived from proper complete-
ness relations, the discrete part and the integral part does not separately possess the funda-
mental symmetry G(—k*) = G*(k) even though the expansion as a total does. This means
that the approximations obtained by neglecting the integral have some fundamental draw-
backs and even spurious poles. We found instead that the expansion where the discrete
part and the integral part separately has this symmetry is the one where the integral can
be neglected. One then obtains an expansion that can also be obtained from Mittag-Leffler
theory, which is another indication that this expansion is the most useful one. Numerically
we found it very important to include all resonances in the expansions, also the virtual ones.

Paper [2]

Contents: Investigation of completeness properties of realistic nuclear wavefunctions, both
single particle and particle-hole. Continuum RPA calculation with resolvent expansions.
Conclusions: We found that the sum-rules of Mittag-leffler theory are applicable in the
realistic case and of such accuracy that they can be used to ensure that all relevant poles
have been found. The sum-rules for the particle-holes basis (bound states and decaying
resonances) was not fulfilled to the same extent but enough to continue the applications in
the RRPA. The resolvent expansion of Mittag-Leffler theory was compared with the exact
and was found to be very accurate. The expansion in the particle-hole basis was less accurate
but similar. Virtual resonances were again found to be essential and the consequent use of all
poles solved many problems previously encountered. The RPA energies and residues of the
correlated response function (partial decay widths) was also found very accurate compared to
the exact calculation but the calculation is an order of magnitude faster with the expansions.

Paper [3]

Contents: Several aspects of unity operator expansions were investigated: sum-rules, con-
tinuum contributions and importance of an idempotent unity operator. Similarities and
differences with Mittag-Leffler was exemplified. Derivation and validity of discrete expan-
sions of wave functions. Numerical illustrations using square well functions.
Conclusions: The importance of using an inversion symmetric contour to define the contin-
uum is essential to have a proper completeness relation. After the extraction of the resonance
contributions, the remaining continuum is smooth. When restricted to a finite sphere, the
continuum defined by one reflexion symmetric contour is found to be vanishing. In this
case one can represent the continuum, both peaks and background, by discrete states. If one
studies this case from the eigenfunction point of view, one can in some quantities get singular
continuum contributions. These can be made to cancel by the use of an overcompleteness
relation and one obtains discrete expansions of wave functions that can, in some sense, be
more useful than those of Mittag-Leffler theory.
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I

A Proof of Completeness
I here give the details of the proof of completeness as given by Berggren [11] which was an
extension of the proof given by Newton [17]. The decimal equation numbers refer to the
paper of Newton.

We consider the integral [the complex conjugate of (7.1)]

/ ( r )= f
Jr

;r1r')= f ° h(r')J(ry)dr'
Jo

(50)

J(r,r') = Jrdk kgt(k;r,r')

where the closed contour F = 5 + C consists of a semicircle in the upper half Ar-plane tnat
will be taken to infinity (5 —> 5») and an inversion symmetric contour (if k is on C then so
is —k) that approaches the real Å:-axis as \k\ -» oo. The integration orders of the k and the
r' integrals can be interchanged (unless explicitly stated) so it is convenient to work with

(51)

(52)

(53)

and the explicit expression for the resolvent (6.3)

We write the integral in two parts /(r) = A(r) + /j(r) and consider first

h(r)= I* h(r')J(ry)dr'.
Jo

This integral will be evaluated in two ways that will be put equal. First we use Cauchys
theorem on the closed contour /i,r( r) a n d then we evaluate explicitly the contour integrals
h,Soo(r) and /i,c(r). One can consult the papers [1] and [3j for the form of the L-contour
and also for other possible choices of C.

Newton used C — R, the real axis, to prove completeness in terms of bound states and
real scattering states (7.9"). Berggren then used C = L to include the decaying resonances
at the cost of needing complex scattering states.

Evaluation of /i,r(r) using Cauchys theorem

To evaluate the integral

J(r,r') = ( - (54)

using Cauchys theorem, we need the residues of the integrand at the poles of the resolvent
given by the zeros of the Jost function ft{—kn) - 0 (and enclosed by F). The Jost function
can be defined (4.1) by the linear combination of the irregular solutions that equals the
regular solution

Mk)M-k,r) - (-)lM-k)ft(k,r) = (- (55)

17



and introducing

we get

and = /*(-*. , r)

The result of the closed contour integration can now be written

ner °»

where Cn is the derivative of the Jost function at the zero and can be shown to be

/<(*»)

Using this and (57) we have

and

After introducing

we can finally write
frun(r')h(r')dr'.

Infinite semicircle, I\,sm(r)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

Here we study

Js(r,r') = (-) / + 1 / dk
Js

y (64)

in the limit where the semicircle S is taken to the infinite semicircle Seo, >•«• |ifc| —• oo , ImJfe >
0. We use the asymptotic expressions (as |)fc| -• oo) for the regular solution (3.1?)

s'mtkr'-l-
) - ( 1 2 ) e J e

the irregular solution (3.17)

and the Jost function (4.16)

ile±ikr

M-k)

(65)

(66)

(67)
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tc write

Js^r,^) = Järn Js{r,r') = [-)t+l Jäm J dk kt+1

= —- lim / dk ( — l e v j + e l ' .

To evaluate t he integral

h,sjr)= lim i* h(r')Js(r,r')dr'
S-»So* Jo

we need the limits of the integrals

f Ä(r')c'*<r±r'>dr'.
Jo

We get as |Jb| —> oo (remembering Imifc > 0 and r,r' > 0)

(68)

(69)

(70)

—IK Jr'=

= i [h(r) - (71)

and

f h(r')elklT+r">dr' = - 1 \h(r)e3ikr - A(0)eifcr] + { f Ä'(r')e^r+r '>dr l -• 0 (72)
JO fc *- ' k Jo

where we have kept only the fc-dependence that does not vanish exponentially. Finally we
get

h s (r) = — lim Mr) [ — = ^ / i ( r ) (73)

where we used

I/J It

Inversion symmetric contour, /l.c^ir')

We first rewrite the integral over the i.s.c.

;r') = \J dk *[&(*; r,r') -Gt{-k;r,r')\

and then use (55) and the symmetries (4.7')

ft(k) — fl{—k*) and

to get

Mr,r') = ^

Jc(r,r') = Jjk (75)

(76)

= I f dk
ft(-k)

(77)
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where we finally introduced the scattering function (4.8)

/«(-*) '
(78)

To treat the eventual singularities at k = 0, Newton introduced in C an infinitesimal st mi-
circle Se above the origin which does not contribute for unless there is a zero-energy bound
state (a case which we do not consider here). The result is thus

and

Ic{r) = iri{^- -

Putting it all together

Now equating h,r(r) = h,Scc(r) + ^i,c(r) w e get

) J\n{r')h{r')dr'=

(79)

(80)

TTl

Kk%T')h{r')dr'. (81)

The evaluation of hir) is made in the same way and adding it to I\(T) yields

h(r) = E tt»(r) Jo°° un(r')h{r')dr' + \ jj* UK r) j f ^(**, r')h(r')dr'. (82)

We have thus derived the completeness relation

6(r - r') = £un(rK(r') + - I
_ ~ JC

dk (83)
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1

B The Square Well potential
Here I give the analytic expressions for wavefunctions and related quantities when the po-
tential in (1) is chosen as the square well potential

\
-Vn ,r<Ro

0 , r > Ä o .

Both inside and outside the potential, the solutions of (1)

(84)

(85)

are given by the Riccati functions that I define as /?/(z) = ~7?/(z) where /? is either the
spherical Bessel functions j , the spherical Neumann functions n or the spherical Hankel
functions h^\ i.e. the solutions to the spherical Bessel equation

(86)

The relation between these Riccati functions is now

5 = !
and

As z —> 0 we have

and as z —> oo we have

The recursion relations can be written

Uz) -* tfhw • Mz) (2/-1)!!

i-i + 0M = 01
z

and the parity is

k-*) = (-Y+ik*), M-*) = (-YM*)
The relation between asymptotic (k) and inner (A") momenta is

K* = k* + Vn^

with square root defined so that

ReAlmA" = ReJfclmJfc and Reff > 0.

(87)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)
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Without considering normalization we can now write the regular solution

where we have ^ ( - J f c ) = (-)'+M<*>(fc) and A^(k') = [A™(k)}', and the irregular
solutions

{#*"$+#»<*'> (97,
From these solutions we can now form wronskians

If we apply the normalization of Newton [17]

and

we can write

and

With the wronskian we write the Jest function

and the scattering solution

which has the asymptotics

HKr) -»{-)lSt{k)etkr - e~ikr

where the S-matrix element is written

St(k) =
Al-V

The resolvent can be written

22

±

D(±)p

(-)'(*r)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)



The discrete eigenstates are defined by A^- ) = 0 when Jfc = Jfc,, = «„ — 17,,

:J

where i4n = and the normalization can be given on explicit form

_ 1

(109)

(110)

( I l l )

N* =

(112)
The regularization of the last expression was considered in ref. [13] and the extension (15)
used here work fine for all kind of pole states.

We can now actually give explicit expressions for all overlap integrals between square
well states (both discrete and scattering states and also from different wells)

(um|un) = NmNn[lb + AnAnIh]

where we have introduced

= fI D . • • • • / . • • • > L J L J

With these we can see (trivially in the / = 0 case)

(Um|un) = 6mn , (Un\un) = 0

(Mk')K) = (un\Mk)) = 0.
If we write the Riccati-Hankel functions in the following way

n=0

Co° = - i , Cl = -

n=0

/-I riL-2
-I ~ Ln

= 0]

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)
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> (123)

(124)

we can also give explicit expressions for matrix elements involving square well states, expo-
nentials and polynomials. We then have to consider integrals such as

(125)

where the exponential integral is [29]

En(z) =

e--zEn-i(z)

= - 7 - In z - 5 ( -

En{z) =

(126)

(127)

(128)

(129)

(130)

and especially for the radial moments we have

/(<)(/M _ i (\%i\

and
(133)

(134)
«.

The most serious numerical problem involved is if we have to evaluate the function S(z) for
any complex value of z (the error might easily destroy every digit in the double precision
accuracy.)

B.I a and b poles of the 5-matrix
The eigenfunctions of the square well (84) are given in (109) which we can rewrite as

4 0 _ [ j(Kr)
rN \ Ah(kr)

(135)

if we skip the n,t and (+) indices. The eigenvalue conditions (u(r) and u'(r) continuous]
are

j(KRa) = Ah(kRo) (136)
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and
Kj'{KRa) = kAh'{kRa) (137)

where the prime denotes differentiation with respect to r. We are thus looking for the
solutions to eq. (17)

kj{KRD)h'{kRa) = Kj'(KRa)h{kRa) (138)

where the wavenumbers k and K are related by eq. (94). We know that the a and b poles
are given by purely imaginary fc-values so Nussenzweig [22] introduced the dimensionless
parameters

x = KRa , v = -ikRa (139)

and
2 2mRa ., .. AnS

B = -V~V° ( H 0 )

(although he used A for B). The poles are now found at the intersections (in the x, v-plane)
of the curve

(141)
h(iv)

with the circle
x2 + v3 = B2. (142)

Nussenzweig considered this for the I = 0,1 cases and Newton did it for the 1 = 0 case. In
figure 3 I show the graphs for 0 < I < 8.

B.2 Abnormal pole-trajectories
I noted in section 3 that the virtual resonances do not follow the same pole-trajectories as
the proper resonances, i.e. passing very near the real Jt-axis before colliding at the imaginary
axis. Instead they might rather move in some kind of spiral quite near the imaginary axis.
For even I values they might even collide at a point on the imaginary axis and split up into
a pair of antibound states, one moving up and one down. (The possibility to have more
antibound states than bound states is not a new observation [6] but I think it is interesting
to see that it is not just a mathematical curiosity either.) The one that moves upwards then
collides with the antibound state that was properly created at the origin and they form a
conjugate pair of virtual resonances that keep on spiralizing. This evolution is shown in
figure 4 for the I — 4 states of the square well with Ra = 7 fm. The potential parameters
here are similar to those of the realistic (208Pb) potential used in paper [2]. We can in the
realistic case imagine that we continuously change the strength of the spin-orbit potential to
go from the j = £ — 1/2 poles to the j = t + 1/2 poles. By comparing with the square well
case it is then possible to understand why we have three a and one virtual-^ g7/3 neutrons
but one a and two virtual-d gg/2 neutrons.
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Figure captions

Figure 1: Examples of wavefunctions - the d3/a protons used in paper [2]. In la we see
the bound states kb - 1.14i and Jfcj, = 0.66t and the physical resonance k& = 0.64 — O.OOllt.
In lb we see the antibound states Jfct, = — 1.14t and ifc& = —0.66t. In lc we see the proper,
but not narrow, resonances kd = 0.63 - 0.28i and k* = 0.96 - 0.27t. In Id we see the same
wavefunctions as in lc but using another scale.

Figure 2: Distributions of poles in ib-plane (2a-c) and £-plane (2d-g). The neutron (2b
and 2e) and proton (2c and 2f) poles used in paper [2] are shown and also the poles of
the square well with the same depth (VQ = 44.4 MeV) and radius (ÄD = 7.52 fm) as the
realistic neutron potential (2a and 2d). Square well poles are denoted by squares ( • ) . For
the realistic poles (with spin-orbit force) the j = 1+1/2 states are denoted by up triangles
(A) and the j = 1-1/2 states are denoted by down triangles (V). In 2g I show one example
(f7/2) of proton poles that were not used in paper [2] because we were uncertain what they are
implying concerning an eventual concentration at the origin. The proton sum-rules though
indicate that more states are needed. The triangles can be found in 2f and the rings (o)
denote poles that we did not use.

Figure 3: Graphs where the bound and antibound state poles of the square well are found
at the intersections as kn = iv/Ra- These curves are for the square well with ÅQ = 7 fm and
the circle correspond to Va = 45.9 MeV. By changing the radius of the circle (the depth)
one can imagine how the poles are created at certain values and how they become more (or
less) bound. This is especially interesting for even I values and here particularly in the I = 4
case. (See also the appendices B.I and B.2.)

Figure 4: a) Distributions in complex A-plane of I = 4 poles of the ÄD = 7 fm square well
of depths Va = 42,45,48,51 MeV. The states marked with squares ( • ) are not considered
in this example. Diamonds (O) denote resonances that split up or are formed into/from
(anti)bound state pairs. Up triangle(A) [down triangle (V)] denote bound and antibound
states that move upwards [downwards] as the depth is increased. In the 42 —» 45 transition
a virtual resonance splits up into a pair of antibound states. In the 45 —• 48 transition a
physical resonance splits up into a bound-antibound state pair. In the 48 —> 51 transition
two antibound states (created in the two previous transitions) collide and form a virtual
resonance (at a position different from that where the first one dissapeared). The same
evolution can also be seen in figure 3.
b) The pole-trajectories [k» = A (̂Vo), Vo = Va] in a) seen from another view. (See also the
appendix B.2.)
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