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Abstract

A non-perturbative method using a Monte Carlo algorithm is used to integrate

the Bethe-Salpeter equation in momentum space. Solutions for two scalars and two

fermions with an arbitrary coupling constant are calculated for bound states in tin;

ladder approximation. The results are compared with other numerical methods.

(to be published in Nuclear Physics B)
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1. Introduction

The success of Quantum Chromodynamics as the theory of hadronic interactions

has spurred advances in non-perturbative solutions of quantum field equations. In

particular the calculations of bound states of two particles have been approached by

several methods including bag models, lattice field calculations, potential equations

and the Bethe-Salpeter (B-S) equation [1]. This last one was originally put forward

as a general equation to solve relativistic quantum field problems, but due to its

intractable nature the numerical solution has been a long and involved process. It

was the Wick transformation [2] that paved the way to the numerical integration

by Cutkosky [3] in the particular case of two scalar particles interacting through a

massless boson in the ladder approximation. It was then shown that in the limit of

small coupling constants the binding energy of the system agreed with the Schrodinger

equation results. Even in this simple case the solution had to be found numerically.

Further work by Linden and Mitter [4] obtained solutions for massive bosons and

obtained wave functions. Excited states were also obtained, but it was pointed out

early on by Nakanishi [5] the existence of spurious states later described in more

detail by Itzykson and Zuber [6].

New results have been obtained more recently by Karamonov [7] who proposed

and developed solutions of the B-S equation based on the transformation to the •

infinite momentum frame. Further, Ji and Furnstahl [8] have used this method and ^

1
calculated bound state spectra for arbitrary masses. They also obtained several *n

f
approximate equations for the binding energy. All of these methods have the general ?

shortcoming that only the simplest of possible diagrams can be calculated. Several

other approximations to the B-S equation have also been devised, and a comparison



of these has been published recently by Silvestre-Brac and collaborators [9].

In this paper we propose an alternative method to integrate the Bethe-Salpeter

equation, based on a stochastic algorithm, which by its nature would allow any possi-

ble combination of diagrams, including closed loops, radiative corrections, etc. This

is possible because the Monte Carlo method of integration does not require parti-

cle conservation, and can deal better with a large number of simultaneous variables.

Only ground states will be considered in this paper, as they are spherically symmetric

and represent a stable configuration. This paper considers only the simplest diagram,

i.e. the ladder approximation. Higher order diagrams will be calculated in future

work.

In section 2 of this paper we describe in general terms the algorithm used. In

section 3 we present the calculations for two scalar particles interacting in the ladder

approximation through a massless boson, and compare the results with previous

calculations. We also analyze the statistical uncertainties involved, the computation

times required as well as the convergence capability of the algorithm. In section 4

we treat the case of two fermions and solve for the two possible spin states. The

conclusions and outlook of future work are described in section 5.

2. Description of the algorithm

The general expression of the Bethe-Salpeter equation in momentum space for a

bound state system is

F(p) = \jrK(p,P')F(p')<rP, (1)

where p and p' represent all dynamical variables and the choice of kernel A' will

depend on the particular fields and diagrams to be considered. A detailed discussion



of this equation, its origin and the meaning of the generalized states F in momentum

space can be found in the text of Itzykson and Zuber [6].

The eigenvalue A is related to the coupling constants of the fields and will be

considered constant, but can be made momentum dependent by including the variable

part in K.

It is important to point out that eq. (1) is formally equivalent to the Chapman -

Kolmogorov [10] equation and as such it describes a random walk in the space of all

variables of the system, or the evolution of a markovian process. Then the resulting

distribution, if stable, will be the eigenstate of eq. (1). Furthermore a Monte Carlo

calculation provides a natural algorithm to evaluate the solution, provided the kernel

can be used effectively as the transition generator of the process.

If several different processes can occur (different Feynman diagrams) then the

kernel will be the sum of these. As described later in more detail the variables in (1)

include all momenta, spins and other dynamical variables involved in the interaction,

and the integration is performed over the complete space of these variables, here

denoted by F.

The advantage of using the momentum space instead of the configuration space

is that in the latter, dynamical processes are non markovian. There is also a reversal

of the roles of the binding energy and the coupling constant as free parameter and

eigenvalue respectively.

To best describe the algorithm, we will consider a random walk in momentum '.'

and spin space and use the kernel A' as the transition probability. The probability *

distribution at step n is called F(n)(p)- Although the momentum variables take values '

in a continuum manifold it is convenient to bin the function F in order to accumulate
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the intermediate results at each step of the random walk.

We call Fi the discrete function F(pi) and similarly we call Ki} the kernel K{pi,p}).

We also define the quantities

F^ = 6io and SJn) = £ K t l F ^ (2)
j

We will iterate eq. (1) as

ff+1) = A<">£A'lJ*f) (3)
i

Eq. (1) allows the freedom of a multiplicative constant factor for F(p). If we impose

the normality condition on all F*n* then

The same argument is used in successive steps of the random walk, then one obtains

(5)

The algorithm then proceeds in the following sequence,

Kio (6)

1 (7)

ft which are repeated cyclically with each new step n.

j> The above equations can be generalized directly to any number of variables by

i;
fi|y expanding the dimensionality of the space. It is clear howfever that the sequence of
US



eqs. (6-8) cannot be performed directly for a large number of simultaneous variables

in a reasonable computing time, unless a Monte Carlo method is used. On the other

hand one can generate a random set of variables for the initial and final state, m times

for each step of a random walk, and replace the sum in eq. (6) with an unbiased

estimator of the function S; .

We have used a Monte Carlo procedure similar to one used previously to integrate

the Lippman-Schwinger equation [11] based on standard Monte Carlo techniques [12]

as applied to integral equations. The significant difference here is the reevaluation of

the eigenvalue A after each step of the iteration. It was found most efficient to use

uniform generators for the variables evaluated in eq. (6), and that using a discrete set

of points for the variables introduces a systematic error in the eigenvalue estimation,

which is particularly large when the kernel is not symmetric in that variable, as is

the case for p. The solution to this problem is to stagger the momenta from one

iteration to the next by half a step width.

The convergence of this iteration is quite fast and after a few steps of the walk

the eigenvalue A*"' fluctuates about the solution A of (1).

3. Two interacting scalars

In order to compare this algorithm with previous numerical solutions of the Bethe-

Salpeter equation we consider the case of two scalar particles with masses m0 and

mj and 4-momenta pa and pt interacting via the exchange of a single massless boson. \

IIn this simple case the kernel of the eq. (1) is ^|

AA'(poPt,p'aK) = ^ [{pi - ml) (pi - ml) (pa - p ' J } ' 1 ^

As is usual in these calculation we change variables to express explicitly the binding



energy B of the system

'Po = PaP + P. Pb = HbP - P with Mi = T — (1 0)

p / , H*O^ M1 ^

After performing a Wick rotation [2] and using the Euclidean representation, we

obtain for the case of equal masses

where p and p0 are the space and time components of the relative momentum between

the two scalars, and q2 = (p — p')2.

The equation (1) becomes

] g£ / * ^ 7 ' (13)
where i = cosB the angle between p and p' . As the function F does not depend on

x in the ground state, we can integrate over x directly by setting

(14)

and a random xk with uniform distribution in (-1;+1). We have used for F a grid of

(10 x 11) points for the variables p and p0) with ranges 0 > p 2 > lOBm and

-10B > po > +10B respectively.

; The procedure described in section 2 was followed, with m = 104 trials in each

rip step, and a total of 20 steps. The average of the eigenvalues A(n) except the first

ij four was used to determine a, and the calculation was repeated for several values

I
(5* of the binding energy B as input parameter. The statistical accuracy of the resultsET



(obtained by repeating the calculations with different sets of random numbers) was

found to be 3%. ;

For very small values of B/m we reproduce the values of the Schrodinger equation

with a Coulomb potential (BSR = ma2/4), as the ladder approximation is equivalent

to it. For larger values of B/m we obtain the results of Cutkosky [3] and Linden [4]

as is shown in fig. 1.

It was found that the discrete grid introduces a systematic shift in the computed

eigenvalues, and that this effect could be easily corrected by a displacement of 1/2

unit of grid spacing between the new and old values of p and po at each step.

The wave functions F axe obtained as the average over all F^ except the first

four. They agreed with the results of Linden and Mitter [4], although at individual

grid points they fluctuate by about 10%. For more precise wave functions the value

of n should be increased.

The CPU time for each run with 20 steps at a given B was 6 seconds with an

Amdahl 5860 computer.

Results for two different masses are quite similar to the equal mass case if the

binding energy is determined in units of the reduced mass [9]

4. Two fermions in the ladder approximation

The propagator for a fermion a is -^- ^ and the matrix elements of ^ + ma for '
a1-ml /

spin-flip and non spin-flip are a • a and mo + a0 respectively. Furthermore if two ;

Ifermions are in a singlet state, they will remain in that state unless other diagrams J8

are considered, therefore only non spin-flip amplitudes will contribute. In a triplet jf

state one can have both spin flip and non flip amplitudes. After performing the same



transformation as in the previous section the kernels for these two cases are,

A'(triplet) = [(1 - B/4m)2 + p2
0/im

2\ A'(scalar) (15)

if (singlet) = [\ [(1 - B/Am)2 + pS/4mJ] + \ [p2/4m2j} A'(scalar) (16)

where AT(scalar) is given in eq. (12), and a new variable must be included in the

algorithm such that the spin state of the fermions is considered. In the singlet case

we sum over the two states, by using alternatively the first or second bracket in eq.

(16) at each trial in the evaluation of eq. (6).

We calculated the eigenvalues for both singlet and triplet states and several val-

ues of binding energy, and obtained the coupling constants as described in section

3. Although the values are close to the scalar case we reproduce two important ef-

fects. Namely that the singlet state is more bound than the triplet [13], and the

a2

fine structure splitting has the correct order of magnitude —. The difference AB —

B(singlet)-fl(triplet) is shown in fig. 2 in units of BNR- The eigenfunctions obtained

are almost the same as the scalar case. The computing time for each case was 20

seconds.

Conclusions

We have developed an algorithm that integrates numerically the B-S equation with

a Monte Carlo procedure. The advantages of this method are a.) a targe number of

dynamical variables can be used including spin and still use a reasonable computing

time; b) several different diagrams can be integrated simultaneously, although this

has not been done in this paper; c) there is no restrictions to the number of inter-

acting particles, and d) the method is independent of the magnitude of the coupling

constants of the fields.



The method was tested in the simple case of a ladder approximation for scalars

with arbitrary coupling constant. It was compared with exact numerical calculations

done previously, and both eigenvalues and eigenfunctions found in agreement. The

statistical accuracy was determined and systematic errors eliminated by staggering

of the momentum variables.

The algorithm was also used in the case of two fermions in a ladder approxima-

tion and the fine splitting of the singlet and triplet states was found in agreement .

with calculations done for small coupling constant (positronium), when the relevant

diagrams were considered.
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Figure Captions

1. The binding energy B in units of BNR = ma2 /4 as a function of the coupling

constant a. The full line is the result of Cutkosky3) and the dots are our re-

sults. The size of the dots indicate the statistical uncertainty of the calculations.

2. The binding energy split AB between singlet and triplet states in units of

BNR - ma3/4 as a function of the coupling constant a.
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