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ABSTRACT

A discussion of a numerical procedure to find the proportionality factor between two
measured quantities is given in the framework of the least-squares method. Variable, as
well as constant, amounts of experimental uncertainties are considered for each variable
along their measured range. The variance ol the proportionality factor is explicitly given
as a closed analytical expression valid for the genera! case. Limits of the results obtained
here have been studied allowing comparisons with those obtained using classical least-
squares expressions. Analytical and numerical examples ;"e also discussed.

MIRAMARE TRIESTE
June 191)3

1 Introduction

Calibration procedures can be regarded as the problem to determine the
proportionality factor between two measured quantities x and y which con-
stitutes the set of measurements {(£;,!/i)}i<v<jv, where JV is the number of
experimental data pairs. The proportionality factor, fc, is intended to be the
number that relates x and y just in the form y = kx. When N > 1, the
problem of finding k is clearly overdetermined. Among the standard numer-
ical procedures to find k in these cases, the least-squares method is the more
common. It is so widely spread that it is considered as a common feature
pocket calculators. Nevertheless, problems arise when one wishes to consider
the experimental uncertainties in the x and y measurements, <r{Xi) and rr(yi)
respectively, because as it is well known, these uncertainties affect the final
estimation of k and, of course, determines the variance of k.

Among the least-squares-based procedures to fit experimental data,
the model y = mx -f b was extensively treated in the literature (see,
for instance [Reed B C, 1992, Press W H and Teukolsky S A, 1992] and
the review article [Macdonald J R and Thompson W J, 1992]). Neverthe-
less, this model is still under developing and continuous enhancements
of the problem resolution arises [Cecchi G C, 1991, Kalantar A H, 1992,
Moreno C and Bruzzone H, 1993, Jolivette, 1993].

The determination of k can be regarded as the least-squares fitting to the
model y = kx. This model has almost the same subtles points as y = mx + 6
and has not been discussed in the literature with the same detail as the
former. Moreover, it cannot be derived from the results already obtained for
y = rnx -f 6 in a straightforward manner.

In the present work we shall develop the model y = kx in a self con-
tained form, based in the generalized least-squares method as discussed by
[Deming W E, 1943] and the standard error propagation formula will then
be used to obtain the variance of k for the general case.

2 Method

When dealing with errors in both coordinates Deming criterion states that
the expression
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S = *. - X,)2 y, - V,)2} (1)

must be minimized to obtain the fitting points (A"i, Y,), which, in turn, sat-
isfies a relation like f(X, Y, p) = 0, p being the set of m < Ar parameters
to be determined, and / the so called model to fit the data. The coeffi-
cients w(xi) and o>(j[,) are weighting factors, usually asigned as cr~2{x{] and
T~2(y;), respectively, when gaussian error theory is applicable. When this is
not the case, other weighting procedures must be used. In the case of Pois-
son statistics, for instance, the weights are usually assigned as uj(xi) = r"1 .
Combinations of weighting scheemes can also be considered in the framework
of the maximum likelihood theory. For the sake of brevity in the present work
we shall assume only gaussian weights. Nevertheless, both, the formalism we
are going to discuss and the results we will obtain, can be easily translated to
Poisson statistics, for instance, by redefining the weighting factors as stated
above.

2.1 Relation between Deming criterion and the effec-
tive variance method

For the case we are interested in, there is an explicit relation Y = f(X)
between the fitting points. Therefore, expression (1) may be written as

S = (2)

where f(X,) = kXi is the proposed model to fit the data.

Following Orear's derivation [Orear J, 1982], minimizing (1) for a well
behaved function / , is approximately equivalent to minimize

(3)

Formula (3) is the so called effective variance method, firstly introduced
by [Barker D R and Diana L M, 1974], which as Orear shown, it is equivalent
to Deming criterion (1) when / is a linear function of X.

Applying the effective variance criterion (3) to the model y = kx, we have

(Vi -
(4)

which must be minimized by varying k.

Note that for the model we are dealing with, the effective variance ap-
proach reduces the original (jV + l)-dimensiona! problem (the minimization
of expression (2)) to a 1-dimensional, parametric minimization of expres-
sion (4). In spite of this simplification, the remaining minimization problem
has no analytical solution in the more general case, and therefore computa-
tional resources must be used. Nevertheless, several well known and simple
numerical techniques, such as Brent's method or Golden Section Search can
be successfully applied. In my own experience, algorithms such as Nelder-
MeacS also performs satisfactorily well. Other numerical procedures, such
as quasi-Newton-based methods or Brent-based algorithms^ make use of the
minimal condition over 5

(5)

which leads to

-2(y,-kx,)
= 0. (6)

Instead of using minimization methods, this last equation can also be used
with zero-finding algorithms.

Hoi details on minimization procedures see [Press ti al\, Chap. 10.



2.2 Evaluation of the fitted points

Once k is known, it is worthwhile to look for Lhe fitted points X, and V;.
Starting with expression (2) and considering S a minimum as a function of
Xi, we have

dS
~ = -2u

and hence, Xi, results in

Xi - Xt) -

Xi — — r" (8)

The V, variables can be found directly by its definition

It can be easily seen that

(9)

and

lim A, = x,,

lim Xi — yijk ,

lim Vj — kz;,

lim Y,i = y,,

(10)

(11)

as one would expect from the classical least-squares formulae taken into ac-
count the so called recurrence y/x when <r{xi) —» 0, or rjy when cr(j/,) —* 0.

3 Variance of k

In order to quantify the goodness of the parameter estimation, it is necessary
to evaluate the variance of k arising from the data uncertainties. Using the
well known error propagation formula, we have

where the quantities dkjdx, and dk/dyi remain to be determined from the
proposed model and from the experimental data set.

As we have already mentioned, it is not always possible to find an ana-
lytical expression for k(x{,yi} from equation (6), and therefore the partial
derivatives appearing in expression (12) cannot always be directly evaluated.
In those cases one can resort to the following implicit derivation procedure.

By differentiating expression (5) with respect to x; we have

_d^8S_ (PS_dk_

dx, dk dk2 dxi

which allows us to obtain

dk_ Wi{dj-kxi]-2k2dtWf<72{xi)

dxi ~ ^=1 [W,x] - W?d2a2{x,) ~ 2P Wfd]<7*{xi)

Differentiating expression (5) with respect to pi, we obtain

W?

In these last expressions
di - y i - k x , ,

is the vertical distance between each point and the fitted line, and

Wi = 2 { )

(13)

{14}

(15)

(16)

(17)

is the overall weight of each point.



Finally, the variance of k is obtained by replacing dkjdxi and dk/dx/i,
taken from (14) and (15) into expression (12). Once the replacements are
worked out, the following expression results for cr7(k)

where

(18)

(19)

and the symbol A has been used as a short name for d2Sjdk2, i.e.

JV

= E [W> *? - W? AA^i)- '2k2 Wfd]a\xt)\ . (20)

Note that once k is obtained by minimizing expression (4), or by solving
equation (6) for instance, <J2{k) can be analytically obtained from a direct
evaluation of expression (18).

4 Special Cases

Although it is not possible to give a general analytical solution of equa-
tion (6), there are several cases of practical interest, where this equation can
be explicitly solved in terms of the given data points (xj,$[,) and their un-
certainties er(z,), cr(j/,). We shall consider some of these cases, starting with
the more general ones and finishing with the more specific and simple one.

4,1 Constant variances along each axis

Let us consider the case when crfx;) = uI and cr(j/;) = ay Vi. In this case
equation (4) reduces to

y, - kx,)
(21)

m • m i * w-in

and the minimum condition is expressed by

(crj + k*
_ (22)

which has the solutions

, i
2

• (23)

These two solutions correspond to the closest and farthest fitting lines,
that is, those which minimizes and maximizes S respectively. Let us call k+

the solution taken with the "+" sign in (23) and fc_ the one corresponding
to the " — " sign. It can be easily seen that k+ fc_ < 0. Moreover, it can be
verified that

r 1 IV
(24)

which means that when none of two coordinates is error free, the two fitted
lines are not necessarily perpendicular between them. Care must be taken,
however, when ay —» 0 or cry —t 0 in the above expression, because in these
cases one of the two solutions is lost. If <rz -~* 0, for example, expression (21)
becames to be the classical least-squares fitting for the model y = kx, which
has the unique solution

, V;
when = 0 Vi. (25)

By the other hand, if ay —* 0, it can be seen from equation (22) that the non
trivial solution is also unique, just because it becames from a linear equation
on k. It can be shown that the resulting expression for k in this particular
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yJt = vhen = 0 (26)

In the general case, when crr
ffy / 0> there are several ways to choose

the correct solution-among the two available ones given by expression (23).
From physical insight, for instance, one frequently knows the sign of k, and
therefore, one can select the correct, slope beforehand. Another way is by
computing S itself from equation (4) for both fc's values in order to see
which of them yields the lower value of S. One further method is a direct
inspection of a data plot together with the two lines to decide which is the
best. This is a simple, almost trivial method, which based on these reasons
alone, it should not be discarded.

The variance of k for the special case we are interested in is

(27)
1=1

Here, A is defined as

: 1

tf - w ̂  ui -

where
and F, = x,• + 2 k dt W <T2

X (29)

The fitted abscissae are computed from expression (8) as

(30)

The analysis of these expressions will be postponed to Section 5, after
other special cases are discussed.

4.2 Constant ratio between variances

In this case ay = cax, (c = const), and the solution of equation (22) is

. 1 ± (31)

The variance of k is given by

(32)
"-* v=i

where A is evaluated from expression (28) using

1
W = (33)

whereas the F< factors are reduced to

F, = xt + (34)

The fitted Xi coordinates are

cixi + l (35)

4.3 Equal variances for all the data points

This is, perhaps, theoretically the less general case but the more common
situation the experimentalist must face to. This is a particular case of the
previous subsection. In fact, taken c = 1 in equation (31), we have

10
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(36)

Denoting er = ax = CT^, the variance of fc is now given by

(37)

where

F, = a;,- +
2k dj

(38)

The weighting factors are

w = • (39)

whereas the A"; points became

(40)

5 Limiting Cases

We will consider some important limits and analytical examples in order to
compare the results presented here with those obtained by other methods
and with one could expect to find.

It is worthwhile to mention in the first place that all the obtained results
satisfies the reversibility criterion when x and y coordinates are interchanged;

(41)

11

as is to be expected. This desirable feature is not fulfilled by al! the least-
squares-based proposed methods for line fitting.

Let us consider, in the second place, the case when there is one data point
(z<>i!/o)t which is not lying in the origin, and having uncertainties (ax,cry).
In this case, expression (23} gives

Jtr = - •
2

- C T 2 X 2

1 ± (42)

which in turn leads to

= ^ and (43)

In the present case the slope k+ corresponds to the line passing through
the origin towards the data point, and this depends neither upon <rr nor
upon <Tj|, as one could expect having only one data point to deal with. The
solution fc_ corresponds to a line which does not include the data point. In
the first case S(k+) = 0, while for the second one we have

(44)

Regarding the variance of k for this case, equation (27) gives

(45)

in complete agreement with the standard error propagation law applied to a
single quotient.

It is worthwhile to compare the results obtained in Sections 2 - 4 , with
those that arise from the error theory applied to a set of quotients. In
fact, having a series of Ar points (^,,y,), one could attempt to estimate the
parameter k by evaluating the JV quotients t/./z, and then averaging these
partial results. Following this procedure, one gets

12



(46)

and

< i < N , (47)

as results from the standard error propagation law.

The weighted average of fc; is

(48)

and his variance is

(49)

It can be shown that although {£,) is a good approximation to k, it is
verified that

(50)

because {&;) is not the general solution of equation (6).

Only in the special case when cr(x,) = 0 Vt, one gets (kt) = k. In fact, it
can be easily seen from equation (4) that

w h e n
(51)

which coincides with {&,) as defined in expression (48). Moreover, it can be
proved, by simple substitution, that

13
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1
2
3
4
5
6
7
8
9

Xi

5.2
6.4
10.8
18.0
20.0
20.8
28-0
32/1
33.2

y<
1.6
4.2
6.4
8.0
12.0
9.4
13.8
16.2
18.6

<r(xt)
0.3
0.5
1.0
1.8
2.6
2.0
3.0
3.4
3.6

1.2
1.2
1.0
0.8
0.7
0.8
0.6
0.4
0.3

Xi
5.166
6.478
11.15
16.61
22.63
19.24
27.01
31.59
36.12

Yi
2.654
3.328
5.727
8.534
11.63
9.886
13.88
16.23
18.56

Table 1: Data points (z,,!/;), their dispersions <r(x,)> cr(y,) and the fitted
points (Xi, Yi).

(52)

under the hypolesis <r(xi) = 0 W.

To close the comparison between the results obtained in Sections 2 - 4 and
the averaging procedure we are discussing here, it is worthwile to mention
that the averaging scheme does not satisfy the reversibility criterion already
mentioned in connetion with expression (41), i.e.

(53)

as can be readily shown from expression (48). This fact makes the formal-
ism discussed in Sections 2 - 4 more suitable for data processing, than the
weighted average method.

6 Numerical Example

To illustrate the numerical procedure described in the preceding sections let
us consider the data given in Table 1. Ninf (XJ, yi) pairs are proposed as data
points, each of them having uncertainties given by (<r(xj),ff(j,)).

14
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Figure 1: Plot of the proposed data pairs with their uncertainties (+ sym-
bols), the fitted line (solid), together with it confidence region (dotted lines),
and the fitted points (o).

Minimizing expression (4) for the data of Table 1 one gets k = 0.5138.
The standard deviation of k obtained from expression (18) is <r(k) = 0.0311,
whereas the sum of the weighted squared residuals results in 5 = 6.171. The
fitted points (JV,, Yi) evaluated from expressions (8) and (9) respectively, are
displayed in Table 1.

In Fig 1 the data pairs (x,,!/,) and the fitted points [Xi,Y,) (shown with
"o" symbols) are illustrated together with the fitted line (central solid line).
It can be seen how the fitted points departs from their corresponding data
pairs in amounts and directions that depend upon the relative uncertainties
cr(xi) and CT(y<). The fiducial region, bounded by the dotted lines with slopes
k ± c{k) respectively, is also shown.

Evaluation of expresion (48) gives (&,•) = 0.5031 which, as predicted
by (50), differs from the value of k quoted above. The resulting value of
a[{ki)), evaluated from expression (49), is 0.0239.

Finally, by interchanging coordinates x «-> y one gets kx^y = 1.946,
"•(fci^j,) = 0.8833 and Sx^y = 6.171; in full agreement with expression (41).
In addition, re-evaluating expression (48) one gets (k,T_y) = 1.9109, which

15

is not the inverse of {£;), in complete agreement with what was predicted by
expression (53).

7 Final Remarks and Conclusions

Although it is not possible to solve analytically the equation that determines
k in the genera! case, explicit analytical solutions have been given for many
particular cases of practical interest. All these cases were studied in detail,
ending with ready to use formulae. In addition, the variance of the propor-
tionality factor, <T2{k), was analytically given for the general case, in a closed
form without imposing any particular assumption on the error's value?.

Closed expressions for the fitted points (X^Yt) were also obtained, and
the so called recurrences y/x and xjy were discussed in the framework of the
classical least-squares theory. The invariance of the results against coordinate
interchange was also checked.

By taking the appropriate limits in the results obtained here, comparisons
with already known formulae were done, obtaining exact agreement. Some
special limits have been discussed to illustrate delicate points in experimental
data fitting when errors in both coordinates are present.

Finally, a complete numerical example was worked out, to bring the reader
a base-point to start with, when developing his own program to implement
the formalism discussed in this work.

The author would like to thank Professor Abdus Salam, the International
Atomic Energy Agency and UNESCO for hospitality at the International
Centre for Theoretical Physics, Trieste. He would like to acknowledge the
opportunity provided by the ICTP and the Spring College on Plasma Physics
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