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Abstract

A family of multi-twist transverse-Reid spin rotators using discrete bending magnets is
described that can be used as Siberian snakes. By varying the number of twists, snakes with
quite small orbit excursions can be constructed at only a small penalty in the overall Reid
integral. Examples for a 1/4-twist snake and a 3-twist snake are presented, the first suitable
for very high energy machines and the second for use in the proposed TRIUMF KAON
Factory.
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1. Introduction

"Siberian snakes" are 180° spin rotators using magnetic fields transverse to the beam direction
to rotate the spin. The name, coined by E.D. Courant, refers to their invention in Novosibirsk
by Derbenev and Kondratenko and to the shape of the beam path in these devices.1 Dy
flipping the spin each turn in a synchrotron, the depolarizing effects of non-vertical magnetic
fields in the accelerator can be made to effectively cancel over two turns, thus eliminating
depolarizing resonances in the lattice to a high degree.

Recently, Siberian snakes have passed an important milestone with the first successful
experimental test of a snake at IUCF.2 Also, several proposals for inclusion of Siberian snakes
into existing or proposed synchrotrons have been made.3"8

Since the first proposal of the Siberian snake, several snake designs have been published.
As spin rotation angles in a transverse field are larger than in longitudinal fields by a factor
of 7^7/(1 + G) transverse bending magnets are much more efficient than solenoids at high
energies. Here 7 is the energy in units of the rest energy, and G = (g — 2)/2 where g is the
gyromagnetic ratio; G = 1.7928 for protons. However, as the spin precession angle in a trans-
verse field varies only with the inverse velocity 1//3, application in high energy accelerators
requires a virtually constant magnetic field, and thus the central orbit in the device becomes
energy dependent. This leads to large orbit excursions that can reach tens of centimetres at
low energies, necessitating large magnet apertures. Keeping orbit excursions small is therefore
a major concern in the design of Siberian snakes.

A snake with very small orbit excursions is the helical snake proposed recently by E.D.
Courant.3 A similar proposal had been made by Derbenev and Kondratenko several years
ago.9 In their work, these authors show that a helical magnetic field can lead to 180° spin
flip and how, by using helices with several twists, the orbit excursions can be kept small at
only modest increase in overall length of the device. As the helical field leads to the central
path being offset in one direction, orbit restoration dipoles are used at each end of the helix
to create an overall straight-through Siberian snake.

Motivation for the work described in this paper arose from the desire to be able to use a
snake in the 30 GeV Driver synchrotron of the proposed TRIUMF KAON Factory.8 At 3 GeV
injection energy the orbit excursions can be quite large, and only a snake of the helical type
appears to be practical. This led us to the investigation of helical snakes, but rather than
using the continuous field of a special helical magnet we examined the possibility of designing
a helix using dipole magnets. It turns out that in this way a whole family of Siberian snakes
can be constructed differing from each other not only by the the number of twists but also
by the number of magnets used.

The paper is organized as follows. In Sec. 2 the equations for the helical field and the
conditions for 180°spin flip are derived. Orbit restoration schemes are described in Sec. 3. In
Sec. 4, examples of helical Siberian snakes are presented.

Throughout the paper a right-handed coordinate system is used, where x is the transverse
horizontal and 2 the vertical direction, and y is the direction tangential to the reference
orbit. We also define a coordinate system along the axis of the helix, x,y,5 = z. A positive
horizontal bending magnet bends to the right, and the roll angle of the magnetic field about
the y axis is measured clockwise from the vertical axis. The particles are assumed to be
relativistic protons with /3 = 1.

2. The Helical Field

In the original proposal for the helical snake a corkscrew-like field was used, parametrized as

Bx = Usinifcy, Bx = Bcosky, (1)



where it = 2jrAf jL is the wave number; L is the length and M the number of twists in the
helix. The field integral necessary for the total spin precession to be 180° is, for a helix with
a full number of twists,

BL = *V4M + 1 ̂  , (2)

where mp is the proton mass, c the velocity of light, and e the unit charge. The orbit in the
snake is also sinusoidal in both planes; i.e. for a given bending radius p the projection of the
orbit on to the x - z plane is circular in shape with a radius

For the dipole helix we approximate the helical field by a series of dipole magnets, which
are rolled about the reference orbit. The spin transformation through this array of bending
magnets can be expressed by the spin transfer matrix:

rT (• M Q - 1 ) \ (.a \ ( . M(2n - 1 ) \
Mhelix = U exp »̂ir — av) exp \*2a*) e x p \~n 2JV ""/ ' ' *

where N is the total number of bending magnets in the helix, a the spin precession angle of
each magnet, and irM(2n-l)/JV the roll angle of each magnet. The crZ|Vi< are the Pauli spin
matrices.

This product can be simplified by combining the roll of successive elements about the
longitudinal axis to yield

i>—ffvjj exp(-tjrM<ry) exp^-iV—a y j .(5)

We now introduce a new angle /), so that the expression in [ ] becomes

with

cos/3 = cos — cos T — (7)

and the unit vector b defined by
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The matrix for the helix then becomes
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For 180° spin rotation the trace of the product in [] has to vanish, and

cosJV/?cosirM + -f sin Np sin *M = 0 . (10)
o

In the general case of integer N and real M (N 6 IN, A/ £ fll), this equation cannot be
solved in closed form for a. But we shall give closed solutions for important cases, namely
full- and half-twist helices and quarter-twist helices with 4 magnets per twist.



2.1 . Ful l - twis t helices

For M E IN.sinirM = 0 and Eq. (10) is fulfilled by

m G l N -

Therefore the spin rotation in each magnet is

CO8? = E ^ S r ' (12)

This is a cosine-like function of m with a period of 27V, so the smallest value for m that leads
to the rhs being less than unity, which is m = M, will give the solution with the smallest a.
Here we restrict ourselves to cases where M < 2/V; for 71/ > 27V the beam does not describe
a helical path but rather is deflected to one side.

2.2. Half-twist snakes

For the case M = (2m- l ) /2 ,m £ IN, i.e. for half-twist snakes, sinxTtf = ± 1 , cosxM = 0
and Eq. (10) becomes

^sin7V/} = 0, (13)
o

which is solved by

and therefore

a _ cos x
c o s - -

i.e. the same function as Eq. (12) with m - M.

2.3. Quarter-twist snakes

For snakes with fractional twists of 1/4 or 3/4 [M = (4m - 2 Tl)/4] Eq. (10) becomes

cos TV/? ± ^ * sin TV/? = 0 , (16)
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so that

M
cosTV/?sin/?±tanir— sin 7V/3 cos/? = 0. (17)

To solve this equation, we restrict ourselves to helices with 4 magnets per twist, M/7V = 1/4.
Then tanirM/7V = 1 and

0 (18)



and therefore
•VI

(19)

cos = ^ r ^ .
2 COSJT#

By defining M' = M ± 1/4 and N' = N ± 1 and noting that M'/N' = M/N = 1/4 this can
be written in the form

a
c o s - =

and M' = (2m - l) /2, i.e. the same as M for half-twist helices. Surprisingly half- and
quarter-twist helices with four dipoles per twist and the same number of full twists reach
180° spin rotation at the same value for cos a /2 (although the overall spin-rotation axes are
different). Therefore, 1/4-twist helices appear to be most efficient for 180° spin rotation. Full-
twist helices do not fit into this scheme for although Eq. (12) is of the same form as Eq. (20)
the relationship between M and m is different, leading to different values of cos a /2 for the
same m.

2.4. Hardware parameters

Once the spin-rotation angle is found the length of the helix can be calculated from the field
integral

BL = Na^-. (22)

In the limit N -+ oo, Eq. (22) converges to the equation for the continuous helix, Eq. (2), as
can be shown by expanding the cosines on the rhs of Eq. (12) (with m = M) to 2n<iorder:

a 1
cos — « -

The rhs is just the beginning of the Taylor series of the cosine function, and we can therefore
write

No, w jrVSFTT, (24)

and

BL w Tty/iM+l1^. (25)

Thus, the length of the helix is shown to increase only with y/M, and for this reason a
larger number of twists can be used economically to reduce the orbit excursions, as will be
shown in Sec. 2.5.



The orientation of the helix about the longitudinal axis determines the direction of the
spin-precession axis. The axis will be in the horizontal plane as required for a snake if the
vertical field components are symmetric about the centre of the helix. The roll angle of the
first snake dipole, 0T, can be determined by finding the amount of rotation of the helix about
its axis that sets the vertical component of the rotation axis to zero;

(26)

This orientation makes the orbit symmetric in the vertical plane and antisymmetric in the
horizontal plane.

2.5. Orbit excursions

For the dipole helix the projection of the orbit on to the x - z plane transverse to the central
y-axis is no longer exactly circular but has JV/Af-fold symmetry. In the limit of thin bending
magnets the shape would be polygonal as shown in Fig. 1. The circular orbit in each dipole
projects into an elliptical arc. The radius of the circumscribing circle gives the maximum
orbit excursion in the snake.

The orbit in a vertically bending dipole (e.g. magnet "E" in Fig. 1) and its projection are
shown in Fig. 2. The orbit coordinates at the end of the magnet are given by

0
Y = psin- , and

- cos - ) . (27)

In order to follow the reference orbit the dipole is tilted w.r.t. the central axis of the helix by
the angle

tan 4 . .

<f> = arcsm jf- (28)

about the z axis. The projection equation is therefore

X-Yei J> Y t a ° ' (29)

and Eq.(27) becomes

X = psini-rr (M)

so that

Y tan | I tan |
n = JJ *—rf « j *-

s i n T ^ t a n T ^ 2JV*sinirj

for small 0. By the symmetry of the orbit this is the radius of the inscribing circle.



The radius of the circumscribing circle, P, is given by

) ( 3 2 )

again for small 0. Thus, for M/N = 1/4 the ratio P/p is about 1.12 and approaches unity
for small M/N. We can then write, using Eq. (24),

For M/JV at a constant value, this shows that the orbit radius will decrease approximately
as I/A/ as L increases with yfM. Keeping M at a fixed value the orbit radius becomes, for
N -*oo,

(35)

with the same general dependence on M. Eq. (35) agrees with Eq. (3) for the continuous helix,
as can be verified easily. The advantage of multi-twist snakes lies in the orbit excursions being
proportional to l/M, while the increase in length is only proportional to \/M. At the same
time the number of magnets per twist has only limited effect on the orbit excursions. We can
therefore expect helices with 3 or 4 magnets per twist to be efficient devices in terms of orbit
excursions as well a- in terms of the field integral.

3. Orbit Restoration

Orbit restoration is necessary because the helix itself is not a straight-through device, but
rather offsets the beam in one plane. Dipole magnets have to be used on either side of the
helix to restore position and angle of the reference orbit outside the helix. If this is done in
such a way that the largest orbit excursion to either side is P, the orbit excursion is minimized
and we call the snake "orbit centred". Two dipoles on either side are needed for this purpose.
In addition an optimized orbit restoration system should avoid orbit excursions and magnetic
fields in the orbit restoring dipoles larger than the corresponding values in the dipoles of the
helix. An orbit restoring system that fulfills these requirements has the first orbit restorer
at a cent re-to-cent re distance of 2L/N from the second orbit restorer, which in turn is at a
distance L/N ahead of the first dipole of the helix (c.f. Fig. 1).

It turns out that the analytical treatment of the orbit restoration system is extremely
tedious for long bending magnets. The equations given in the following are therefore approxi-
mate, using thin dipoles. This is justified as higher-order deviations of the reference orbit lead
to corrections to the setting of the orbit restorers that are of the same order of magnitude as
the approximations made in deriving these formulae.

The bending angle of the first restorer is

0 1 = a r c t a n o r ^ _ M (36)



in order to achieve the necessary offset of the orbit at the second restorer. Its roll angle is

(37)

i.e. the magnet has the same orientation as a hypothetical 0"* helix dipole but opposite field
polarity.

The second orbit restorer cancels the bending angle from the first and, in addition, matches
the beam angle to the entrance angle of the reference orbit w.r.t. the axis of the helix, which
is

A (38)
COST

Observing that the directions defined by these angles are at an angle x ( l /2 — M/n) w.r.t.
each other we can calculate the bending angle of the second restorer,

1 \( . tanf „ . M M\ „, . M
02 = T7-. arcsin ^j- + * i s inT—COST—) + ^ C O S 4 T — - , (39)

cosir$>J\ * M w w / l M

and its roll angle,

flicos2*^ (1M

arcsin
(40)

Being located at a cent re-to centre distance of L/N before the first helix dipole the orbit
excursion in this magnet does not exceed P. In this scheme both orbit restoring dipoles have
less bending angle than the dipoles of the helix for 4 or less magnets per twist. For snakes with
more magnets per twist the distance of the first orbit restorer may have to be increased as
this reduces the angles in both orbit restoring dipoles. Orbit restoration on exit from the helix
is obtained from the entrance restoration by reversing the order of magnets and inverting all
bending about the vertical axis.

Given that the spin-rotation axis of the helix does not in general coincide with the lon-
gitudinal axis the orbit restoration can change the spin-rotation angle of the snake. It is
tedious and not particularly instructive to multiply the matrices for the helix and the orbit
restoration. With a matrix multiplication program, however, it can be seen very quickly that
the effect of the orbit restoration discussed here on the spin-rotation angle is only a few %
in most cases. Only for snakes with less than 1 twist was orbit restoration found to lead
to deviations of 10-20%. This deviation from 180° is compensated by slightly changing the
setting of all dipoles. Orbit restoration also affects the axis of spin rotation of the snake: in
fact, it invariably rotates the axis to within a few degrees of the longitudinal direction. As
described here, helical snakes are always nearly Siberian snakes of the first kind.

For full-twist helices a simpler orbit correction scheme using only one horizontal bending
magnet at each end of the helix to match the entrance and exit angles is possible. In this case
vertical orbit excursions are to one side only, leading to twice the maximum orbit excursion
in that plane. For a realistic dipole at some distance to the helix, the angle has to be reduced
slightly from the theoretical value leading to a tilt of the axis of the helix against the straight
line connecting the incoming beam with the outgoing beam. This scheme does not change the
spin-rotation angle of the snake; it does, however, cause the axis of rotation to be longitudinal
just like the scheme described previously.
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The equations given above do not take into account the higher-order deviations of the
central orbit due to the tilt of the bending magnets. This will result in slightly different
magnet settings for the orbit restorers. Also, due to the space needed between magnets the
field in the magnets will have to be higher than the "effective" field used in the equations in
this paper for the same length of the snake.

4. Examples

In this section we will present parameters for some helical snakes suitable for specific appli-
cations. For each example a numerical calculation was carried out taking into account the
gaps necessary between magnets and also higher-order corrections to the central orbit. The
parameters obtained from the numerical calculation deviate somewhat from those obtained
using the above formulae for these reasons. These examples serve to illustrate the range of
properties of helical snakes that can be achieved. We shall name the snakes according to
the projection of the central orbit for hypothetical thin bending magnets, i.e. "triangular"
snakes, "square" snakes, etc.

4.1. Snakes for very-high energy machines

According to Sec. 2, the simplest "helix" is a "square" helix with 1/4 twist and one dipole, at
90° roll angle. Not surprisingly, the spin-rotation angle in this magnet is 180° . Orbit correction
adds 4 dipoles to the array, so the snake has 5 dipole magnets in total. Although M is only
1/4 the orbit excursions remain small at very high energies. For 3 T magnets, the orbit radius
P as given by Eq. (32) is about 0.65 mm at 2 TeV, the SSC injection energy.10 The field
integral for the "helix" is 5.5 Tm; the orbit restoration systems add 12.6 Tm to this value.
Although this is technically speaking an orbit-centered snake; at only 1/4 of a twist the beam
does not describe a full turn in the helix, and the orbit excursion is therefore asymmetric.
Fig. 3 shows a diagram of the magnet array of the snake and the numerically calculated
reference orbit. A free space of 1 m was left between the 1.85 m long helix dipoles. Due to
the orbit restoration system the bending angle has to be increased by 8% from the analytical
values in all dipoles for an overall 180° spin rotation, bringing the total field integral up to
19.5 Tm. Because of this and the space between magnets the orbit excursions have increased
to 1.1 mm. The total length is 18.8 m.

A similar snake with only 5 magnets can be constructed using a helix with one twist and
three magnets and the simple orbit restoration involving only one mag""* at each end. Again,
the spin rotation in each magnet of the helix has to be 180°. For the same field as above P is
0.4 mm at 2 TeV, because the orbit is offset to one side the excursions are given by 2P. Such
a snake was already proposed by Derbenev and Kondratenko in 1977;9 it is here identified as
a member of the family of helical snakes.

4.2. A Siberian snake for the TRIUMF KAON Factory

The proposed TRIUMF KAON Factory8 consists of the existing 500 MeV TRIUMF cyclotron,
a 3 GeV Booster synchrotron cycling at 50 Hz, and a 30 GeV "Driver" synchrotron cycling
at 10 Hz and will provide proton beams of up to 100/;A at 30 GeV energy. In addition,
an optically pumped polarized ion source is being commissioned that is currently delivering
about 5/iA H~ ions extracted from the cyclotron. Due to its fast cycling rate, depolarization
in the Booster will be very small, less than 10%. For the Driver synchrotron, the use of a
Siberian snake is more attractive than resonance correction. However, a Siberian snake for the



KAON Factory Driver will need to have reasonable orbit excursions at the injection energy
of 3 GeV.

Of the many possible designs "square" snakes have the advantage of having only two bend
planes, tilted at 45° for full- and half-twist snakes but straight for quarter-twist snakes. This
makes the quarter-twist snake more attractive. As stated already in Sec. 2.3, snakes with a
one-quarter fractional twist are more economical and therefore preferable over three-quarter-
twist snakes.

The beam size in the snake will be about 5 cm. In order to keep the orbit excursions at the
same value as the beam size, 3* or 4^ twists would be needed. This would result in 17 or 21
quite short magnets, which is not cost effective. A more practical design is a 2j-twist snake
with 13 magnets of about 1 m length each, having 2 T magnetic field. The orbit radius P is
then 6.4 cm at 3 GeV, and the snake is orbit centred. Fig. 4 shows the orbit obtained from
the numerical calculation and the magnet array of the snake. The length of the snake is 22.5
m. The maximum orbit excursion has increased to 10 cm because of 0.5 m space between
each magnet. The total field integral is 23.6 Tin. Due to the orbit restoration system the
magnet setting is 2.7% higher than given by the analytical calculation.

Such a snake was successfully matched into the straight section of the Driver lattice. Trans-
forming sections at each end facilitate matching of the lattice functions while maintaining
the phase advance of the section. The matching conditions vary with energy requiring the
transformers to be programmed. Fig 5 shows the lattice functions at 3 GeV.

5. Conclusion

The scaling properties of helical snakes make it possible to trade a small increase in length
of the snake for a large relative decrease in orbit excursions. This facilitates the design of
snakes with orbit excursions sufficiently small for use in synchrotrons with moderate injection
energy of a few GeV. As demonstrated in the example of a snake for the proposed TR1UMF
KAON Factory, reasonable snakes using conventional bending magnets can be designed using
the formulae derived in this paper. On the other hand, trading orbit excursion for length and
simplicity, fairly compact snakes with only 5 dipoles can be designed suitable for machines
with high injection energies where orbit excursions are of no concern.
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Figure 1. Orbit in a dipole helix along the axis (a) and projected on to the x - z plane (b),
for thin bending magnets. In Fig. (a) the dot-dashed boxes represent the relative sizes of the
dipoles. In Fig. (b) the dot-dashed line indicates the projection for long magnets; sans-serif
letters indicate the positions of the magnets.

Figure 2. Orbit in one bending magnet and its projection on to the x - z plane

Figure 3. Orbit excursions and magnet array for a 1-twist snake for applications at very high
energies.

Figure 4. Orbit excursions and magnet array for a 2J-twist snake for the TRIUMF KAON
Factory.

Figure 5. Lattice functions of the straight section of the KAON Factory Driver synchrotron
with the snake, at 3 GeV.
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