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ABSTRACT

Free convection (low of a viscous incompressible fluid in the presence of species con-
centration along a surface of arbitrary shape embedded in a saturated porous medium
is investigated with non-uniform surface temperature and surface concentration distri-
butions. The equations governing the flow, derived in the form of local similarity and
nonsimilarity equations, are integrated numerically using the implicit finite difference ap-
proximation together with the Keller box method. Exact solutions of the local similarity
equations are also obtained and compared with the finite difference solutions. All the
solutions are shown graphically in terms of local Nusselt number, Nux, and local Sher-
wood number, Shx, against the physical parameter ( (which characterizes the streamwise
distance along the surface from the leading edge) taking the value of the Lewis number,
Le, equals ' .0, 5, and 10 while N (which defines the ratio between the buoyancy forces
arise due to thermal and mass diffusion) is unity.
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1. Introduction

In industries and in the environment, there are many transport processes, in which
buoyancy forces arise from both thermal and mass diffusion as a result of the coex-
istence of temperature gradients and concentration differences of dissimilar chemical
species. The problems of combined buoyancy models of thermal and mass diffusion
have been studied extensively for laminar flow along vertical plates (Gebhart and Pera
(1971), and referencee cited therein). The analysis has been based on mass diffusion
process for which very low concentration level exists, such that Soret-Dufour (diffu-
sion thermo and thermo-diffusion) effects, along with the interfacial velocities from
mass diffusion at the surface are negligibly small. In their analysis of free convection
flows for vertical and horizontal plates, Pera and Gebhart (1971) used Boussinesq
approximations and presented the results for air and water for Schmidt numbers of
practical interests. A survey of literature reveals that the problems of combined ef-
fects of buoyancy forces from thermal and mass diffusion on forced convection heat
and mass transfer exists also in thermal engineering and environmental process. This
motivated Chen et. at. (1979, 1980) to investigate this problem for a vertical and in-
clined plate with uniform surface temperature and concentration as well as subjected
to uniform wall heat and mass transfer rate. Recentiy, Hossain (1992) has investi-
gated the effect of transpiration on the combined heat and mass transfer in mixed
convection steady two dimensional flow along a vertical plate with uniform surface
temperature and concentration subjected to a vectored transpiration velocity.

Natural convection flows driven by combined thermal and solute buoyancy forces
in porous medium are encountered in many geophysical and engineering applications,
such as, in the migration of moisture through the air contained in fibrous insulations
and grain storage, the dispersion of chemical contaminants through water-saturated
soil. Studies on buoyant flows arising from combined forces has been directed pri-
marily on the convective instability of porous layer with vertical density gradients by
Neild (1968 ), Gershuni et al. (1976), and Yang and Chang (1988). A few studies have
considered the interaction between the thermal and solute buoyancy effects in porous
media subjected to horizontal density gradients. Scale analysis of heat and mass
transfer about a vertical plate in porous media has been made by Bejan and Khair
(1985), considering concentration gradients which aid or oppose thermal gradients,
Trevisan and Bijan (1985) extended the analysis to porous medium enclosed between
two vertical walls maintained at different temperature and concentration. Recently,
Evans and Nunn (1989) have studied combined heat and salt transport in sediments
surrounding a salt column. Later, Yiicel (1990) has investigated the problem based
on combined thermal and solute buoyancy effect along a vertical cylinder. In this
analysis, the range of buoyancy parameters and the Lewis number for which flows
are possible were identified for both favourable and adverse solute density gradients.
Using the matched asymptotic expansions method Riley and Rees (1985) have stud-
ied the steady non-Darcy free convection flow along an infinite wedge embedded in



highly saturated porous media, Later, Rees and Riley (1985) have considered the free
convection boundary layer flow over a near-horizontal heated flat surface bounding
a saturated porous medium, considering only the case of streamwise pressure gra-
dient and the streamwise component of buoyancy force being of the same order of
magnitude, which is valid at small angle of inclination of the surface from the hori-
zontal. Recently, Nakayama and Hossain (1993) studied the same problem as Bejan
and Khair (1985) introducing a simple integral treatment along the line of Nakayama
and Koyama (1987) and have shown that solutions of the multiscale boundary layer
problem reduces to determination of the thermal and concentration boundary layer
thickness from a simple algebraic equation, which resulted to derive a highly efficient
approximate relations for estimating the heat and mass transfer rate in combined
heat and mass transfer from a vertical plate

The present paper proposes to investigate natural convection flow in presence
of species concentration, similar to those posed by Bejan and Khair (1985) and
Nakayama and Hossain (1993), along a surface of arbitrary shape embedded in a
saturated porous medium by employing two distinct methods, namely the shooting
method along with Naclitsheim-Swigart iteration and the implicit finite difference
methods together with Keller box method of Keller (1978). The flow is governed by
both the local similarity and the local nonsimilarity boundary layer equations. The
results obtained by employing the above methods are presented graphically in terms
of local Nusselt number, Nux, and the local Sherwood numbers, Shx, which corre-
spond, respectively to the rate of heat transfer and the rate of mass transfer functions
at the surface.

2. Formulation of the problem

The physical model and its boundary layer coordinate system are shown in Fig.l,
where x-axis is the coordinate to measure distance around the body surface from a
lower stagnation point, and the coordinate y is set everywhere normal to the body
surface. The body under consideration may be plane and axisymmetric, and its
geometric configuration is defined by the function r(x). The body may be non-
isothermal and its temperature Tw(x) and the concentration Cm(x) as functions of
x exceeds the ambient temperature Tc and the concentration Ce, everywhere. Thus,
there is L. convective fluid movement as a result of the buoyancy force due to differences
in temperature and concentration levels.

Under these assumptions, the equations governing the flow, the energy and the
solute transport are

Or'u dr'v

du K
(2)
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dC
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where,

and

1 : plane flow
r(x) : axisymmetric flow

(3)

(4)

(5a)

In the forgoing equations, u and v are volume averaged quantities representing re-
spectively the velocity components in the x and y directions, T the local temperature
and C is the local species concentration; gx is tlie tangential component of the ac-
celeration due to gravity g, which is related to the surface inclination through the
equation (5b). Again, A' is the permeability of the medium, and a and D are the
equivalent thermal and mass diffusivity of the saturated medium. Furthermore, j3t

and & are respectively the coefficients of thermal and the concentration expansions.
The boundary conditions for the present problem are

= 0, T =
C = C'U
C = C\ as y

(6)

where, the subscripts w and c refer to the wall and the boundary layer edge.
The continuity equation (I) can automatically be satisfied by introducing the

stream function \j> such that

r* dy r* dx

We may now introduce the following general transformations

C - Cc =

where,
= TW- Tc,

(7)

(8a)

(86)

(8c)

(9a, b)

g

where Rax is the modified local Rayleigh number in a porous medium and T) is pro-
posed pseudosimilarity variable. The function / as denned by the equation (9d)
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adjusts the scale in the normal direction according to a given body geometry and its
surface temperature as well as concentration distributions.

According to Gebhart and Pera (1971), since ATu(x) tx ACw(x), we have

tx (J'^d)

and hence we may set

l(x) = ^ Jo* (9e)

Obviously the function / reduces to unity for the special case with uniform surface
temperature and concentration when the surface is flat plate.

Substitution of equation (8) into (2)-(7) yields

/ " =
0' + N

(10)

with the boundary conditions

t} — 0 / = 0,
i)-t»; / ' = 0,

and the Darcian velocity components are

= 0 , (fr =

Of

where
(fin AT;, din AC*

(12)

(13)

(14a)

(146)

(15c, 6)

The the preceeding equations primes denote differentiations with respect to r/, and
JY is the buoyancy ratio defined as

., 0JCw-Co)
- R(T Tx (16)

and Le [= Sc/Pr = (v/D)/(v/a) ~ a/D] is the Lewis number (where, 5c and Pr are
respectively the Schmidt and the Prandtl number) which is a measure of the relative
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thickness of the thermal boundary layer compared to the concentration boundary
layer. It can be observed that, A' = 0 produces purely thermally driven flow whereas
an infinity produces for mass-driven flow only.

Under the local similarity assumptions equations (10) - (12) then reduce to

\ + N

(1 -nl)jO' -«/ / '* = :

(17)

C8)

(19)

The boundary conditions for the above equations remain the same as in (13).
To find possible similarity equations, we write n / and ml as

m / =
din

vhere

= 1*
Jo

(20c)

Equations (17a,b) along with (17c) suggests that the variable f for the plane flow
case corresponds to the the distance measured vertically from a lower stagnation
point, while that for the axisymmetric flow case corresponds to the volume segment
cut by a horizontal plane. Equations (17a,b) also suggests that the similarity solutions
exists when the wall temperature and the species concentration varies according to

A7^ oc ix and AC^, oc £A (21a, 6)

Equations (20a,b) then reduce to

nl •= ml =
1 + 3A'

To the following similarity equations

2(1 +3A)
fff-

Lc

1+3A J

1+3.V

(22)

(23a)

(236)

In equations (20a,b) the right hand members have been neglected for small (,.
The resulting equations together with (17) and the boundary conditions (13) with

A = 0 is identical with one derived by Bejan and Khair (1985) for a vertical plate with
uniform surface temperature and species concentration. Recently, an approximate



integral treatment has been adopted by Nakayama and Hossain (1993) on the problem
posed by Bejan and Khair. In their analysis it has been shown that the solutions of
the multiple scale boundary layer problem reduces to determinations of the thermal
and concentration boundary layer thicknesses from a simple algebraic equation of
degree three, which prompted to get two distinct regim maps for heat transfer and
mass transfer, respectively. In absence of the species concentration in the flow field,
the present problem reduces to that studied by Nakayama and Koyama (1987) for
the flow about a non-isothermal body of arbitrary shape.

In the following section, we propose to investigate the effect of presence of species
concentration in the flow field about a vertical surface with non-uniform surface tem-
perature and species concentration distributions employing to noval methods, namely
the shooting method together with Nutschime-Swigert iteration and the implicit finite
difference method together with the Keller box scheme.

Finally, the following formulae can be used for the available local Nusselt number
and the local Sherwood number:

s and

(25)

where, / is to be evaluated locally from its definitions given by the equation (9e).

2. Solution procedures

(a) Integral and exact solutions

Using Karman-Polhausen approximate integral technique, one may find straight
away the expressions for the local rate of heat transfer and mass transfer functions in
terms of local Nusselt number and the local Sherwood number:

1/2

and

(26}

(27)

where, £ is the ratio between the thermal and concentration boundary layer thick-
nesses, ST and SQ, respectively. This satisfies the cubic equation

+ {1 + 2/V)C3 - [£e(2 + N}} - LeN = 0 (28)

All the above results are valid only for the case of uniform surface temperature
and surface concentration distributions.

To find the exact solutions of the local similarity equation (17) to (19) together
with the boundary conditions (13), the Runge-Kutta-Gill integration scheme together
with Nachtsheim-Swigart iteration technique has been adopted. The integrations
were carried out in the range 0 < f < 10.02 for all the parameters controlling the
fow of the fluid having the Lewis number, Le valued at 1,5, and 10. In all the above
integrations, the grid size is allowed to be varried as At} = sink(i/a)-sinh((i — l ) /a)) ,
where i = 1,2, •••,JV with a = 50, which resulted smooth convergent solutions, of
the boundary value problem for all the cases treated here, with small numbers of
iterations. Table 1 compares the results from the above approximate solution with
the exact solutions and the finite difference solutions, discussed below for the flow
about a vertical plate with uniform surface temperature and species concentration.

(b) Finite difference solutions

A complete numerical solution is obtained by using the Keller box scheme to
integrate the set of equations (10) - (12) for £ ranging in 0 < £ < 10. In doing this we
recast the above set of equations to a set of simultaneous equations by introducing
the variables u,g and h, they become

/' = „

<*>' ^ h

, g + Nh

= p.

h' = Pl(t)fg' -

(29)

(30)

(31)

(32)

(33)

(33)

where,

The corresponding boundary conditions are

7 = 0 / = 0, 0 = 1 , <fr=\
T]-KX>; / ' = 0, 5 = 0, <f> = 0

We now replace a net on (£, ?j)-plane defined by

(34)

1o = 0; r)j = ?/j_, + hj, j = 1 ,2 , • • •, J.



If G" denotes the values of any variable at fn,i?j, then the variables and their
derivatives at (fn-1/21^-1/2) replaced by

(35)

Denoting the mesh points in (£,17) plane by if,- (i — 0,1, '-- ,A/) and TJ: (j =
1,2,- •• ,J), the central difference approximations an made, such that the equations
involving f explicitly are centred at (^r/j-i/i), where '/_,--3/2 = j (^+ i + ij/)» etc.
These result a set of nonlinear algebraic equations for the unknown at £ in terms of
their values at £_i- The resulting equations are then linearized by Newtons quasi-
linearization technique which are then solved by using Keller box method of Keller
(1978), later which has been used most efficiently by Cebeci and Bradshaw (1984)
and very recently by Ilossain and Nakayama (1993) taking the initial interaction with
a given set of convergent solution at f = £,_]. To initiate the process with f = 0,
we first prescribe a set of guess profiles for the functions f,u,0,g,<& and h, which
automatically satisfy the given boundary conditions. These profiles are then entered
in the Keller box scheme with the second order accuracy to march step by step along
the boundary layer. For a given £, the iterative procedure is stopped to get the final
temperature and the concentration distributions when differences in computing the
functions in the next procedures become less than 10"*, i.e., \5g'\ < JO"", where
the super-script i denotes the number of iterations. Throughout the computations, a
non-uniform grid in rj direction has been employed to get quick convergent solutions
of the equations.

In the above numerical solutions with p3£ — 0, yield the solutions of the local
similarity equations (17) through (19), for all the cases considered in the following
section.

3. Results and discussi' s

Both the exact solution and the finite difference method hold for local similar-
ity equations (17) - (19) fo. all plane and axisymmetric bodies of arbitrary shape.
For these kind of flow the local nonsimilarity equations can be solved only by em-
ploying the present finite difference technique. For illustrations, the similarity and
non-similarity problems associated to the plane Row driven by the buoyancy effects
due to temperature and concentration differences between a vertical surface and the
ambient fluid is considered here assuming various surface temperature and contentra-
tion distributions.

Exponential wall temperature and concentration

In this non-similar example the wall temperature and the wall concentration are
given by

AT oc AC oc exp(Af) (36)

where, £ = x/L,L being the characteristic length. Hence, we have

and,

(37)

(38)

Equations (37) and (38) are then substituted into the local similarity equations
(17) - (19) as well as to the set of local non-similarity equations (10) - (12). The
numerical values for the rate of heat transfer and the rate of mass transfer in terms
of Local Nusselt number and local Sherwood numbers obtained from local similarity
equations (17) - (19) are shown graphically against f in figures 2a and 2b, respectively
for different values of the Lewis number, Le, equals 1, 5, and 10 while A = 0.5, 1.0,
and 2.0. From these figures, it can easily be seen that both the curves due to the
exact solution and the finite difference solutions are in excellent agreement. It is also
observed that the differences between these solutions at every £ station are less than
0.01%.

Power law wall temperature and concentration distributions

In this example the wall temperature and the wall species concentration distribu-
tions are assumed as follows:

AT ex ACocl+S>

Hence, we have

and,

/ =
1+3A

(39)

(40)

(41)

As before relations (39) - (41) are substituted in the set of equations (17) and (19)
and (10) - (12). The resulting solutions of the equations in terms of Nuz/Ra]J2 and
Shj-IRa]/2 are shown in figures 3a and 3b, respectively, for A — 0.5, 1.0 and 2.0
while Le equals 1, 5, and 10 against the streamwise distance parameters £ ranging in
0 < ( < 10. In this case a good agreement between the solutions are also obtained due
to aforementioned methods. From the above figures, it may further be observed that
due to the How acceleration caused by the streamwise increase of the wall temperature
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and the species concentration, both the heat transfer rate and the mass transfer rate
increase near the leading edge and then all approaching towards the asymptotic values
with increasing streamwise distance. The asymptotic values also increase owing to
increase in the value of A at every Lewis number.

Sinusoidal wall temperature and concentration distribution

In this last example, the wall temperature and the wall concentration distributions
are taken as

AToc ACocsin(£) (42)

Hence, we have

(43)
tanf'

and,

(44)

Figure 4a and 4b represent the exact and the infinite solutions of the local similarity
equations with the above sinusoidal wall temperature and concentration distributions
in terms of Nux/Ra*J2 and Shxj'Ra\/2, respectively. From these figures one can
observe that the rate of heat transfer function Nu^jRa}J2 and the locaS mass transfer
function ShxjRalJ2 increase owing to increase in the streamwise distance parameter
f from the leading edge. One may further conclude that owing to increase in the
value of the Lewis number the rate of heat transfer function decreases and the rate
of mass transfer function increases to their respective asymptotic values.

Comparison between the local similarity and nonsimilarty solutions

Finally, the solutions of the local nonsimiiarity equations (10)-(12) and the local
similarity equations (17) - (19) obtained by the implicit finite difference method, only,
are shown in figures 5a and 5b respectively for the local rate of heat transfer and the
local mass transfer functions in terms of Nuj-fRa]/2 and Skx/RalJ2, with the case of
power law variations in surface temperature and surface concentration distributions.
From the above figures, comparing the graphs, it may be concluded that no significant
difference i; accountable from the solutions of these two similarity and nonsimiiarity
models,

4. Conclusions

In this study, general transformation procedure has been stablished to deal the
problem of natural convection flow of viscous incompressible fluid in presence of
species concentration over a body of arbitrary surface with non-uniform surface tem-
perature and concentration distributions embedded in saturated porous medium. By
virtue of these transformations the governing equations for a body of arbitrary shape

have been reduced to those appropriate for vertical plate. Two distinct solution meth-
ods, such as, the shooting with Nachtsheim-Swigart iteration technique and the finite
difference methods on the local nonsimiiarity and local similarity equations have been
employed. An integral method has also been applied on the similarity equations gov-
erning the free convection boundary layer flow together with species concentration
over a body of arbitrary shape with uniform surface temperature and concentration
distributions embedded in a non-Newtonian fluid-saturated porous medium. For il-
lustration, numerical results with local similarity and non-similarity assumptions are
presented for the case of vertical plate with exponential, power-law and sinusoidal
surface temperature distributions. From the present analysis it has been confirmed
that both finite difference and the exact solutions perform well to each other. In
fact, difference between the results from these two methods are found to be negligi-
ble. An attempt has also been made to derive useful approximate formulae for the
local Nusselt number and the Sherwood number, for the flow along a vertical surface
with uniform surface temperature and concentration distributions. Comparison of
this approximate solutions against the exact and finite difference solutions reveal a
high accuracy acquired in the approximate solution.
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Nomenclature

C concentration
Ce ambient constant concentration
Cw wall concentration
A<7 temperature difference = Cw - Ct

f dimensionless stream function
g acceleration due to gravity
gx component of acceleration due to gravity in the x-dircrtion
/ function defined in Eq. (9c)
K intrinsic permeability of the porous media
Le Lewis number
Nux local Nusselt number
r function representing wall geometry
r" 1 for plane flow and r for axisymmetric flow
Rax local Rayleigli number, defined in Eq. (9c)
Skx local Sherwood number
T temperature
Te ambient constant temperature
Tm wail temperature
A71 temperature difference = Tw — Tt

u,v Darcian or superficiai velocity components
x,y boundary layer conditions
Greek letters

a equivalent thermal diffusivity of the fluid saturated porous media
0 expansion coefficient of fluid
V similarity variable defined in Eq. (12)
6 dimensioniess temperature difference
" fluid kinematic viscosity
A exponent introduced in Eq. (21)
H fluid viscosity
p fluid density
C variable defined in Eq. n9)
4> stream function
9 dimensionless temperature
<j> dimensionless concentration
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Table 1: Values of Local Nusselt and Sherwood numbers

JV U
1 1

2
4
6
8

10
100

4 1
2
4
6
8

10
100

Exact1

0.626
0.592
0.559
0.541
0.529
0.521
0.470

0-992
0,899
0.798
0.742
0.707
0.681
0.521

RaV*
N&li2

0.628
0.591
0.557
0.539
0.528
0.520
0.4G9

0.993
0.896
0.797
0.743
0.707
0.681
0.519

Present
0.6278
0.5932
0.5595
0.5419
0.5307
0.5227
0.4717

0.9926
0.9007
0.8025
0.7491
0.7146
0,6900
0-5353

Exact1

0.628
0-930
1.358
1.C85
1.960
2.202
7.139

0.992
1.431
2.055
2.533
2.936
3.290

10.521

Nfcll-'
0.628
0.937
1.383
1,728
2.019
2,276
7.539

0.993
1.436
2.072
2.562
2.976
3.341

10.792

Present
0.6278
0.9294
1.3573
1.6845
1.9597
2.2018
7.1370

0.9920
1-4310
2.0545
2.5324
2,9348
3.2890

10.5173

15 16



w J

Fig. 1: Physical model and coordinate sys
ystem
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Fig, 2ar Local NusseH number for different values of Le and A,
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Fig. 2b: Local Sherwood number for different values of Le and A.



Fig, 3a: Local Nusselt number for different values of Le and A.
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Fig. 3b: Local Sherwooil number for different values of Le and A.
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