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Abstract: A phenomelogical model for nuclear multifragmentation is presented. It is
made up of two complementary parts: molecular dynamics and restructured aggregation.
We apply it to study the multifragmentation of 1 6O + 8 0 Br system at several bombarding
energies. The results turn out to be in good agreement with available emulsion data. We
also focus our attention on the production of charged particles and IMF as a function of the
bombarding energy. The results seem to agree quite well with experimental observations
and with previous results of other model calculations.

1. Introduction
A considerable amount of experimental data about nuclear multifragmentation has

been accumulated in the last few years [1-3]. These experiments are becoming more
and more exclusive in order to obtain a clearer scenario for this phenomenon (see for
example [1,2]). However, up to the present moment, the information collected in these
experiments could not establish a definitive picture of nuclear multifragmentation yet.
Therefore, several concurrent models are still used in the study of multifragmentation
and some of them are based upon rather different scenarios for the nuclear disassembly.
These models can be classified in two main groups: static [4,5] and dynamical [6-8]
models. In the first group, the dynamical evolution of the system towards multifragmen-
tation is all but entirely ignored. It is normally assumed that a certain configuration
is formed in a heavy-ion reaction and then the decay of the excited system is studied.
The dynamical models aspire to describe the multifragmentation process from the very
beginning of the reaction until the break up of the system.

The approach presented here is composed of two parts which complement each
other. The first one is the molecular dynamics, which aims at describing the time
evolution of the system. It is a classical N-body approach in which some ingredients
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are included to simulate, on the average, some quantum effects. Then, it is coupled
with the restructured aggregation model [5] which simulates fragment formation. This
approach has already been applied to study the multifragmentation of gold nuclei under
different kinds of excitation: heat, compression, rotation and geometrical perturbation.
The results have been reported in references [9] and seem to agree with previous model
calculations.

The model is described in some detail in section 2. More information about the
model can be found in reference [10]. In section 3 we present an application of the model
where the 16O + 80Br system at 50, 75, 100, 150 and 200 MeV/u is studied. Some
results are compared to emulsion data [11] and a good agreement is found. Finally, the
conclusions are presented in section 4.

2. The model

2.1) Ingredients of molecular dynamics

Since nucléons are fermions, a few ingredients are introduced in molecular dynamics
as an attempt to take some quantum features into account. However, quantum effects
cannot be properly treated in a classical picture. For this reason, the aim of the approach
described here is just to simulate, on average, the role played by the quantum effects
that we consider important for the study of nuclear multifragmentation.

A) Representation of the nucléons

A reasonably smooth nuclear density can be obtained if the nucléons are represented
by packets with non-zero width in phase space. Usually, these packets are chosen as
[12]:

Here and in the following, T; and pi denote the mean position and momentum of the
i th nucléon, respectively.

Although /i(r ,p) is a minimum packet, its size remains frozen during the time
evolution of the system, in contrast with a quantum treatment. The parameter a is
chosen in such a way that the nuclear density is smooth:

= E (^ (2)
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Since the nuclear interaction used in the model is density dependent (see below), the
choice of a is also related with the binding energy of the nucleus. For the effective
interaction we have adopted in the model, a = 0.5 fm"1 reproduces the binding energy
of nuclei suitably.

B) Paidi principle

Since the Pauli principle has no classical equivalent, there is no direct way to include
it in classical approaches. Therefore, only phenomenological attempts are normally done
[6,7,13].

The approach adopted here is based upon the phase-space occupation. The idea
consists in keeping nucléons out of saturated regions of the phase-space. This can be
accomplished by imposing a reasonable phase-space occupation in the generation of the
initial nucleus. Then, the incompressibility of the phase-space requires that, on the
average, this will be the maximum occupation during the time evolution of the system
[14]. In this sense, we must be cautious again only when a nucleon-nucleon collision
occurs (see section 2.5). In this case, the momenta of the colliding nucléons are changed
randomly. This can cause them to go into forbidden regions of phase-space.

In molecular dynamics the nucléons are represented by gaussians. Therefore, a good
measure of the phase-space occupation in the neighbourhood of a nucléon can be given
by the total overlap of its gaussians with the other ones representing its neighbours.
This is illustrated in figure 1 in the case of 3 nucléons in a 2-dimensional phase-space.
In this figure, ej and e? (j = 1, 2) stand for the overlaps, in position and momentum
space respectively, of the packets representing the nucléon i (full lines) with the other
ones representing its neighbours (dashed Unes). The total overlap e is given by:

e = (3)

One should notice that ej or ej are equal to 1 if the gaussians overlap completely in
position or in momentum space, respectively.

The configuration is discarded with a probability Pb(e) which is taken as:

- {
e , for 0 < e < 1

1 , for 1 < £
(4)

Actually, in the real simulation, the overlap e is calculated in the 6-dimensional phase-
space and for all nucléons which have the same isospin.
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overlap of the gaussians

Figure 1. Illustration of the overlap of the gaussian packets in a
2-iimensional phase space.

r

2.2) Initial conditions

Owing to the schematic character of the model, molecular dynamics cannot describe
the real ground state of nuclei. Consequently, the "ground state" nucleus is unstable
and then some nucléons are spontaneously emitted after a short while. However, by
taking some care in building the initial configuration, it is possible to obtain nuclei
which are sufficiently stable during some hundreds of fm/c.

The first step in building the initial configuration of the "ground state" nucleus
consists in sampling the mean positions Tj in a sphere of radius 1.14 A1/3 fm. A
reasonable paving of the sphere, which leads to a fairly smooth nuclear density, can
be obtained by imposing a minimum separation between the nucléons. This minimum
distance is equal to 1.5 fm for nucléons which have the same isospin and 0.5 fm otherwise.

Once obtained the mean positions of the nucléons {ri}, the nuclear density is given
by equation 2. Thus, the Fermi momentum pp(r), at a point r, is calculated in a local
approximation. Then, the mean momentum p; is taken at random in a sphere of radius
Pf(ri). Two conditions must be observed:

i) The energy of each nucléon has to be at most equal to -6.5 MeV. Since the nuclear
potential is weaker at the surface than in the centre of the nucleus, this condition
is important for nucléons which are located near the nuclear surface,

ii) The Pauli principle must be fulfilled (see section 2.1).

Finally, the initial configuration is accepted if the total energy per nucléon lies
between -9.0 MeV/u and -8.0 MeV/u.
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The nuclei obtained in this way are stable enough to study nuclear multifragmenta-
tion. Typically, only 1% of the nucléons are spontaneously emitted within a time scale
of200fm/c[10].

2.3) Hamiltonian of the system

As experiments provide distinct information about neutrons and protons, the effec-
tive interaction used in the model is isospin dependent. It has been taken from TDHF
calculations [15]. The short range part of the interaction is given by a Skyrme-type
term:

W.*(P, r') = vOi6(r - r ')

(6)

A long range Yukawa-type term is added in order to obtain a reasonable description of
surface effects:

r ) = vuk—i "77 • ( • )

where p(r) is the folded density which is defined as

The set of parameters used in the effective interaction is listed in table 1. In this
case, it gives a compressibility K = 200 MeV [15].

Finally, the repulsion between protons is given by the Coulomb interaction:

(8)

where e is the elementary charge.
By using the one-body phase-space density

. 1

4

1

(9)

the Hamiltonian of the system can be writen as

H = Jd3T d3p / ( r ,p )^ +IJd3T d3p dV dV /(r,p)«(r,r')/(r',p') . (10)
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Parameters of the effective interaction

coefficients

«02

«03

n-p

K

<o(2 + xo)/2

n—n or p—p

V,

*o(l - xo)/2

*s/12

numerical values

Vu = -461.58MeV
V, =-297.76MeV
H = 2.17531m-1

<o = -2352.7 MeV.fm3

X0 = 0.1
t3 = 19029 MeV.fm7/2

a = 1/6

Table 1. Parameters used in the effective interaction. Soft equation
of state of reference [15].

In the preceding equation u(r, r ') denotes the total nucleon-nucleon effective interaction.
The finite width of the packets /j(r, p) leads to the introduction of a constant term

into the Hamiltonian of the system. Since we are interested in comparing the binding
energy of our nuclei to experimental ones, this spurious contribution should be removed.
In this way, the Halmiltonian Ti of the system without this spurious contribution reads
[10]:

A2 AA ZZ

1 = 1

A A

i=l

. 3 r

where

3 ff

(n)

(12a)

(126)

1
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r
and

h (12c)

Here, erf(x) is the error function, ry =| n - rj | and y± = ^ ( $ ± ry).

2.4) Dynamics of the system

Since molecular dynamics is a classical approach, the time evolution of the mean
positions {r;} and momenta {ps} is given by Hamilton's equations of motion:

an
dt

(13a)

and
dpi
dt

an
~dn

(136)

The above equations describe the evolution of {ri} and {p\} under the influence of
a mean field. This is a suitable approach for low-energy collisions. In this case, the
nucléons do not acquire enough excitation energy to jump far above the Fermi level.
Hence, most of the two-body collisions are forbidden by the Pauli principle. However,
for more violent nucleus-nucleus collisions, a large amount of excitation energy can be
deposited into the system. Then, nucleon-nucleon collisions cannot be neglected in this
situation.

As in references [7,13], these two-body collisions are treated in a phenomenological
way. It is assumed that a nucleon-nucleon collision takes place if the relative distance
between 2 nucléons is smaller than y/a/ir. Here, a is the energy-dependent free nucleon-
nucleon cross-section, which is taken from reference [16]. Moreover, a also depends upon
the isospin of the colliding nucléons. For simplicity, we assume that the nucleon-nucleon
cross-section is isotropic in the centre-of-mass reference frame of the colliding nucléons.
Thus, when a nucleon-nucleon collision takes place, the momenta of the two nucléons
are changed at random. It is done in such a way that the total energy and momentum
of the pair of colliding nucléons are conserved. Then, the collision is authorized or
hindered according to the prescription of the Pauli principle described in section 2.1.

The role played by nucleon-nucleon collisions is illustrated in figure 2. This figure
shows the 16O + 80Br system in a head-on collision at 15 MeV/u. The a; and z axes
are situated in the reaction plane. The left hand part of the figure corresponds to the
situation where the calculations are carried out with the collision term. In this case,

m J



16O(15MeV/u)+80Br
with collision term without collision term

r

Figure 2. Two-dimensional representation of a head-on collision.
The x-z plane corresponds io the reaction plane.

most of the nucléons amalgamate to form a compound system, which is the predominant
process at this energy domain. However, as we can see in the right hand part of the
figure, the nuclei just pass through each other when nucleon-nucleon collisions are
neglected. This non-physical behaviour is also present in TDHF calculations and has
therefore led to the consideration of two-body effects in this approach [17].

The price payed for the introduction of nucleon-nucleon collisions in the model is
the presence of a stochastic term in the equations of motion (13). This means that these
equations should be carefully solved. We have employed the "Leap-frog" method which
gives:

T;(t + At/2) = n(* - At/2) + I ^ |(t) At (Ua)
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and

Pi(t +At ) = P i ( t ) - ^ (146)

where C\(t) represents the changes in the momentum p; caused by the collision term.
When these equations are solved using a time step At = 0.3 fm/c, the energy of the
system is conserved within an accuracy of 1%.

2.4) Formation of fragment»

Although molecular dynamics gives a N-body description of nuclear collisions, it
does not reproduce fragment formation appropriately. Usually, the fragments created
by molecular dynamics show "filamented" shape. Obviously, such fragments are non-
physical and should not survive for a long time. We remedy this situation by coupling
molecular dynamics with a phenomenological aggregation model. This model, "the re-
structured aggregation model", has been successfully employed in the description of
charge distributions observed experimentally [18]. Besides, it has been shown in refer-
ences [19] that this model also reproduces the main features of nuclear multifragmen-
tation fairly well when it is coupled with a dynamical mean field calculation. We shall
briefly delineate the principal aspects of the model. A detailed description can be found
in reference [5].

The first step in the creation of fragments consists in establishing links between
nucléons. A link between two nucléons exists only if they have different isospin and
if they are separated by a distance smaller than 2 fm. Next, the particles linked in
this first stage are restructured into spherical clusters of radius Rc = 1.14 A0 fm.
The parameter Ac denotes the mass number of the cluster. A nucléon and a cluster
overlap if their relative distance is smaller than Rc + 1 fm. Two clusters c and c'
overlap if the separation between their centres is smaller than R0 + R0'- Then, the
overlapping clusters and nucléons are suposed to form bigger fragments, which are
restructured again. This process, aggregation and restructuration, is repeated until we
reach a situation in which the fragments and the nucléons do not overlap anymore.

This schematic simulation contains two convenient features. First, it prevents the
creation of "filamented" clusters, which cannot correspond to real fragments. Moreover,
the isospin dependence of the model avoids, to a certain extent, the formation of light
nuclei with excess of neutrons or protons.
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3. Results
In this section we shall present sorat res' '-..-: of our numerical simulation and com-

pare them to available expérimentai data. The system which will be discissed here
is the 16O + 80Br. This system is particularly interesting because emulsion data are
on hand for bombarding energies ranging from 50 MeV/u to 200 MeV/ i. As we shall
see, the onset of multifragmentation takes place within this energy range. Therefore, it
provides a good test for models proposed to study nuclear multifragmentation.

3.1) The 16O + "0Br system

The charge distributions of the reactions 16O (50, 75, 100, 150 and 200 MeV/u)
+ 80Br, observed in emulsion experiments [11], are displayed in figure 3. These data
correspond to the highest 10% of the multiplicity évente, which means that they might
be associated with central collisiorc [10]. At low energies, ie for bombarding energies
equal to 50 MeV/u and 75 MeV/u, we can notice the presence of heavy fragments in

0 + Br

(highest 1Ox of the multiplie!)/ events)

* 50 MeV/u x 10?
75 MeV/u x 10'

100 UcV/u x 10'
150 MeV/u x 10*
200 HeVAi x 10'
calculation (b=0)

Figure 3. Charge distribution for th? 16O (50, 75, 100, 150 and 200
MeV/u) + 80Br reactions. The symbols correspond to the experi-
mental data at different energies (see legend of the figure). The full
lines represent the results of the model.
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the charge distribution. This means that the exrHation energy deposited into the system
is not enough to compel it to break up completely. Thus, the system decays mainly by
light, particle emision. At the higher energies - 150 MeV/u and 200 MeV/u - the heavy
fragment contribution disappears completely. In this case, the large amount of excitation
energy which is brought into the system leads it to undergo multifragmentation. At
100 MeV/u we see an intermediate situation which should correspond to the onset of
multifragmentation.

We have calculated the charge distribution for this system using the model de-
scribed in the previous sections. The results are represented in figure 3 by the full
lines. One can notice the good overall agreement with the experimental data. Special-
ly if we realize that the comparison is made in absolute scale, te we did not use any
renormalization factor. Moreover, we see that the model reproduces the main trends of
the charge distribution fairly well and that the onset of multifragmentation is correctly
predicted. Nevertheless, one can also notice that, apparently, the model predicts more
heavy intermediate mass fragments than it seems to appear in the experimental data at
the higher energies. There are two reasons which might account for by this discrepancy.
First, the model is not able to create fragments in the ground state. Hence, some of the
fragments are excited and should decay by emitting some light particles or fission. This
would slightly reduce the contribution to heavy intermediate mass fragments. However,
these decay modes take place in a much larger time scale than the model can be applied
because of its schematic character. The other reason for this discrepancy is that the
poor stastistics of emulsion experiments does not make it possible for events of small
probability to be seen in the experimental data. That is the case of the heavy fragments
at the higher energies in figure 3.

The results presented above show that the shape of the charge distribution depends
strongly on the violence of the collision. This indicates that the way in which nuclei
break up is strongly related with the energy deposited into the system. We have chosen
two variables to illustrate this point. The first one is (Z1710x) which denotes the mean
value of the largest fragment atomic number in each event. As has been discussed in
reference [2], this quantity can lead to some ambiguity for it is not very well defined
since it also depends on the decay channel of the excited nucleus. This means that, if the
fission probability is appreciable in these reactions, (Zmax) is badly denned. However,
as we shall see later (see figure 5) for the system discussed here, the multiplicity of
charged particles is about equal to the multiplicity of protons. Since the sum of this
latter quantity and {Zmaz) corresponds approximately to the total charge of the system,
we can neglect the fission contribution to the charge distribution. The other variable
(Zbound), which has been introduced in reference [2], is the mean value of the sum of Z

11
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values for ail fragments which have atomic number greater than 1. Figure 4 shows the
evolution of these two quantities defined above as a function of the bombarding energy.
As we can see in this figure, {Zmax) and (Zbound) diminish smoothly as the bombarding
energy ejo* increases. We notice that {Zmaz) has relatively high values at the lower
energies and that (Zbound) differs from it by a small quantity. This is in agreement
with the conclusion drawn above that, in this energy range, the system just emits some
light particles and do not undergo multifragmentation. Thus, as the bombarding energy
increases the system disassembles into more and more fragments and {Zmax) falls to
approximately 1/5 of the total charge at £/„6 = 200 MeV/u. The low value of {Zbound)
at 200 MeV/u seems to indicate that the excitation energy deposited into the system is
large enough to cause it to break up into very small pieces and nucléons.

100 150 200
£ l a b (MeV/u)

250 50 100 150 200
Clab (MeV/u)

250

Figure 4. Energy dependence of {Zmax) and {Zhound) for the 16O +
80Br system.

The behaviour mentioned above can be easily seen in figure 5 which displays the
multiplicity of charged particles and IMF (3 < Z < (Zp + ZT)/2) as a function of the
bombarding energy e/nft. This figure shows that the multiplicity of charged particles
increases monotonously with the bombarding energy whereas the multiplicity of IMF
reaches a maximum at £/„6 « 150 MeV/u and then decreases. Since the multiplicity of
IMF is already small at this energy, the total charge multiplicity is practically equal to
the multiplicity of protons. This seems to indicate that at this energy domain we are on
the verge of vaporization, ie the complete break up of the system into single nucléons.
Actually, there are some experimental indications that this phenomenon should occur
at high energy reactions [2].
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•o
U

"a SO

§.10
1S

"0 + "0Br
head-on collisions

SO 100 ISO 200
tu , (MeV/u)

250 SO 100 ISO 200
£,.„ (MeV/u)

2SO

Figure 5. Multiplicity of charged particles and IMF as a function of
the bombarding energy.
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4. Summary and conclusion
We have presented a phenomenological model for multifragmentation of nuclei.

The dynamical part of the model is based on a molecular dynamical approach. The
main ingredients used in this approach have been discussed. It has been shown that,
in spite of the schematic character of the model, it is possible to build nuclei which are
enough stable during the time scale in which we are interested in. We tried to rectify the
deficiency in the description of fragment formation by coupling the dynamical part of the
model with the restructured aggregation model. This approach turned out to be suitable
for studying multifragmentation at non-relativistic bombarding energies. Particularly,
we have checked that the charge distribution for 16O (50, 75,100,150 and 200 MeV/u)
+ 80Br reactions, observed in emulsion experiments, is quite well reproduced by the
model. Moreover, it has been shown that the onset of multifragmentation for this system
is sucessfully predicted. Finally, we have checked that this approach describes the main
features of multifragmentation quite well. More specifically, the production of charged
particles and IMF as a function of the bombarding energy have been discussed. As it
turned out, the results obtained here are in qualitative agreement with experimental
observations.

S. R. Souza and L. De Paula would like to acknowledge finantial support from
CNPq - Conselho Nacional de Desinvolvimento Cientffico e Tecnologico (Brazil).
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