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Starting from the Bethe-Salpeter equation for two particles in the ladder ap-

l>[w.\imaiii>ii and integrating over the time component of momentum we derive three

iliint'iisioiial scattering integral equations satisfying constraints of unitarity and rel-

.iiivitv, both employing the light-front and instant-form variables. The equations we

arrive al are those first derived by Weinberg and by Blankenbecler and Sugar, and

an- ^liuwn u. be related by a transformation of variables. Hence we show how to

perform ami relate identical dynamical calculation using these two equations. We

I'M'-mi 1 Ins procedure to the case of three particles interacting via two-particle sep-

.11 .tUi.- potentials. Ubing light-front and instant form variables we suggest a couple

..I IIIILT ilniii'ii.Miiiial three-particle scattering equations satisfying constraints of two-

.111J tlifee-|>arlick' unitarity and relativity. The three-particle light-front equation is

.-.liiiwn 10 be approximately related by a transformation of variables to one of the

iiibiani furm three particle equation*.



I. INTRODUCTION

The physical basis for going beyond non-relativistic potential scattering is secure for

atomic processes where most phenomena are accurately described within quantum electro-

dynamics (QED).[ 1] In contrast to quantum chromodynamics (QCD) in the hadrunic and

nuclear cases, QED is a weakly coupled, non-confining field theory. It is relatively well under-

stood how to calculate physical quantities using the QED. For example, two-charged particle

scattering can be described by the covariant relativistic Bet he-Sal peter (BS) equation,! 2]

which has the following generic structure

T = V+VG0T, (1)

where the meaning and structure of the potential, V, and the Green function, Gu, are quite

different than for simple potential scattering except the fact that V has only potential cuts,

and Go contributes to the unitarity cuts of the t matrix, T. The initial, final, and intermediate

states of Eq. (1) are defined in terms of four-momenta, and virtual processes are now depicted

as occurring off the mass-shell rather than off the energy-shell.

It is still unclear on how to progress from QCD to practical collision integral equations

for hadronic and nuclear processes. Therefore, most efforts to this end have employed a

mixture of some type of meson baryon field theory with phenomenology in order to obtain

equations of the form (1), that presumably have a wider range of validity than the non-

relativistic equations of the Líppmann-Schwinger (LS) type.[ 3] In this picture, if Eq. (1)

suffices to define T uniquely, then V is necessarily an approximation. There has been a number

of detailed calculations for hadron-hadron collisions in the so-called ladder approximation

of Eq. (1), where V is approximated by the lowest order Feynman graphs. Also, many

approximation schemes have originated from the BS equation (1).[ 4] The full BS equation

for few-hadron system correctly incorporates the fundamental constraints on the ( matrix,

such as unitarity, particle creation etc. The BS equation, however, does not treat crossing

symmetry exactly. Moreover, in the ladder approximation the BS equation does not satisfy

unitarity at all energies, as they always contain some multi-particle contributions but not

all. In our treatment, however, we shall be limited to a consideration of a truncated Fuck

space with two or three particles and the ladder approximation to the BS equation satisfies

unitarity below three- and four-particle thresholds.

The two-particle BS equation is a formal relation between vacuum expectation values of

time ordered products of covariant fields. None of the covariant amplitudes in this equation

is known, so one needs models for them. One can make various truncations that reduce the

DS equation to a three-dimensional form. This reduction could be done in any choice of



variables.

The most practical set of equations derived from the BS equation for the two- and

tin- three-hadrou systems are the instant-form (cunstant-time) dynamical equations. [ 5,

6, 7j Tlit- use of instant-form variables leads to dynamical equations quite similar to the

usual lion relatmstic equations generated by Schrõdinger dynamics both for the two- and

the three-particle systems and has been used virtually in all numerical calculations of few-

hadron scattering at medium energies. [ 1,5,6,7,8] The essence of the approaches leading to

Midi equations is the replacement of the full four-dimensional Green function Go in the BS

(«liiation by an approximate three-dimensional one, consistent with conditions of two- and

three panicle unitarity. This procedure reduces the full four-dimensional BS equations to

three-dimensional LS-like equations! 3] while preserving essential features like relativ'istic co-

va nance, few-particle unitarity, and correct non-relativistic limit. Such dynamical equations

«•if Hist suggested by Blankenbecler and Sugar [ 5] for the two- particle system and later

studied and extended to the three particle system by Aaron et al. [ 6] However, these ap-

proximate equations develop certain defects, not possessed by the original BS equation, such

i», incorrect treatment of left-hand cuts. The potential in the resulting three-dimensional

eiiiiütiim is provided phenomenologically in order to fit experimental results. Practically

nil recent relativistic few-hadron scattering calculations have employed these approximate

three-diineusional dynamical scattering equations in the instant-form.[ 9,10]

The al>ove three-dimensional reduction of the full four-dimensional BS equation could be

implemented in other variables also, apart from the normal Schrõdinger variables. Another

M-t nf variables is the light-front variables, which we define in Sec. II. Weinberg[ 11] was the

first to write relativistically covariant dynamical inti gral equations for the two-particle system

using light-front variables. The few-particle light-front dynamical equations are usually not

derived from the BS equation as an approximation b,ut obtained in an ad hoc fashion. [ 12,

13.141 The resulting equations, like the instant-form equations, are three-dimensional with a

]>h<'iioiiieuologH'iil potential.

The angular momentum decomposition in light-front variables, even for potential scatter-

ing with spherically symmetric potential, is non-trivial and this fact has severely limited the

application» of the light-front dynamics in actual physical problems of scattering. In spite of

having difficulty in the full dynamical calculation, the light-front variables have certain ad-

vantages in approximate perttirbative field theoretic treatment of some high-energy processes]



procedure for reducing four-dimensional relativistic scattering integral equations, satisfying

umtarity, to three-dimensional forms. The present procedure consists of integrating over

the time component of the momentum variable in the intermediate state. In the case of the

instant-form momentum variables this implies an integration over the variable, pn, whereas in

the case of the light-front variables the integration is to be performed over the equivalent vari-

able, p_. While performing this integration one assumes that the integrand - essentially, the

potential and the t matrix - is independent of the time component of momentum. There are

no other approximations involved. Consequently, as the original four-dimensional equations

satisfy unitarity and relativity, so do the reduced ones.

Using the present procedure first we derive the light-front and instant-form dynamical

equations for the two-particle system starting from the BS equation. For the two-particle

system we recover the equations first derived by Weinberg[ 11] and by Blankenbecler and

Sugar[ 5] using the iight-front and instant-form variables, respectively. We show that these

two types of equations are related by a transformation of variables and hence are equivalent

to each other. This also guarantees that the two-particle light-front equations yield unitary

and rotationally invariant result in the physical instant-form variables. This provides us

wi'.h a recipe of performing dynamical two-hadron scattering calculations using the light-

front dynamical equations for a specific angular momentum via the equivalent instant-form

dynamical equations where the angular momentum decomposition is usually under control.

Next we employ the present procedure to the study of the three-particle system employ-

ing two-particle separable potentials. In the presence of two-particle separable potentials the

three-particle equations are very similar to the usual two-particle equations with non-local po-

tentials. Hence the present derivation of the instant-form and light-front dynamical equations

for the two-particle system from the BS equation is readily applicable to the three-particle

system. We suggest one instant-form and one light-front equations. The equations, we derive,

are distinct from the usual instant-form dynamical equation first derived by Blankenbecler

and Sugar, and by Aaron, Amado, and Young. [ 5, 6] The present equation is also distinct

from the dynamical equation derived by Fuda[ 13] and Bakker et al.[ 14] employing light-

front variables. Approximate equivalence is achieved between the light-front equation and

one suggested by Garcilazo.(lO)

The plan of the paper is as follows. In Sec. II we present the essential kinematics for

the two-partirle system, derive the instant-form ard light-front equations for the two-particle



* aeparable two-particle potential Ia Sec III we generalize the treatment of Sec. U
to the cue oi three-particle» with —p»»«M» two-particle potentials, In particular we derive
uew instant-form and light front equations far the three-patticle system, each satisfying two-
and three-particle unitarity. Finally;» Sac IV we present tome rnnchiding remarks.

IL THE TW0-PA1T1CLE PROBLEM

ft ¥ i smiT-

The instant-form dynamics is treated in teems of the usual four wrtws («o,f) and (n»,p)
u» the configuration and momentum snsw, i«p» rhrdy. Bere2s(»i,«3,*9),p*s(pi,81, |i9),
where x sod p denote position and n̂ QflMBtua compoosntsi 9* is tins and 8n reprsssnts
energy. The invariant length sniarn of the four vector * is given by «* » (xj - £*). We
*dopt uniu A s e s 1. Tbe light-frnit dyasinks is treated in tenna of equrvalent motnentum
vannble» lp*,p-,px), with px s (pi.ps), a > » j f c + f t , « d p . = »j- f t> The on the mau
«hell condition for a particle of mass m in the two lysmns are given by

(2)

and

p + p . - ^ + m 3 , (3)

UÍ ihe uutant-fono and light-front fonnabsms, respectively. One also has the following useful
identity

(4)

For a system of two partirlrs the invariant energy square, J, is given by

«•J»«J».-/g (5)

where i, = p.+/i% u the • " " « * ' - fraction of particle t, p, and m* denote the
—.4 ̂ . . . . f̂ ; ^ ; ^ . . . i p.w|>u. th» jp^-T f l iM* t K* p»*"i—, •' •» 1 » The variable Prefer»
to the total four mnrnrntiim of the system of two particles, P = pj + pj and iu cooponenU
*re defined in dose analogy to those of lbs individual particle. It is convenient to define the
relative mnmem «m variable



(8)

where I] = (1 - x t ) . In tenna of this variable the invariant energy square ia given by

This equation has the sune form in all frames and this ia one of the advantages of working
with the light-front variables.

In the case of the instant-form variables it is convenient to work in the cm. system, so
that P -Q and ft « Ji, • » • define the relative four mnmmtiim p by 2p s p i - p i in close
analogy with non-relativiatic kinematics. Tbe individual particle momrnls are hence given
by pi = P/2 + p and p% » P/2 - p. We shall always be working in the cm. system in
both instant-form and light-front formalisms, and this will allow us to pass from one of the
dynamical equations to the other.

For instant-form and light-front variables tbe invariant energy square in tbe cm. frame
is given by

*-l(p*+"ha)l/a+(i>+"4)l/lla. (io)

and

(11)

B. Lutast-form equations

As we base the unified derivation on (be BS equation it is convenient to write the sp-
pracimate form of the BS equation for tbe two-badron system in the form

Tbe usual derivation of the instant-form equations appronmates the two-particle Green func-
tion

GoiP.'lsipJ-mJ + iOr'tpS-mi + iO)-1 (13)

by a three-dimensional one satisfying unitarity, sets all the particle» (even in tbe interme-
diate slate) on the mass «|«*n and assumes further that the p^tntifl f** •>>» ( matrix are
independent of the time component of momentum variables involved.



If we assume in Eq. (12) that the potential and the t matrix are independent of the

time component of momenta variables, the dp,, integration can be readily performed and one

arrives at an instant-form equation which is identical to the three dimensional equation of

Blankenbeder and Sugar and of Aaron, Amado, and Young.[ 5,6) No further approximations

on the Green function is needed for the purpose. As the original equation (12) satisfy unitarity

and relativity, so do the reduced ones.

The same procedure could be carried through in the light-front variables, too. This proce-

dure allows us to establish an equivalence between the light front and instant-form dynamical

equations not only for the two-particle system but also for the three-paxticle system.

For the two particles in the intermediate state in Eq. (12) we have

Y?. (14)

and

A- ^iPo-^f-ul (15)

where uij = p1 + m\,i = 1,2, are the squares of energy of the two particles. Hence the last

term in the BS equation (12) is written as

VG . _ _j_ rd~ r , V(q,p,*)t(pA*)
° (2ir)* J PJ-~ ^(»o + y^S/2 + w, - iO)(po + y/i/2 - u», + iO)

where we have assumed that the potential, V, and the t matrix are independent of the time

component of the four momentum. The evaluation of the dpo integral in Eq. (16) is a

straightforward exercise in the analysis of complex variables using the Cauchy theorem. If

the contour of pt, integration is taken along the real axis from —oo to oo and closed in the

counterclockwise sense along a semicircle in the upper half of the complex po plane at infinity

this integral is readily evaluated to yield

VGot = - -2-^r I dp\, n v r
 l——T —

(2*)* J l(—2W|)(—yj — wj + w j ) ( - ^ 4 — (É>| — W] — IO)

This last result can easily be simplified and consequently the BS equation (12) reduces to



This equation was first derived explicitly by Aaron, Amado, and Young( 6] for different

mass particles using the procedure of fflt«t—•!«—-W and Sugar. [ 5] Equation (18) is three

dimensional, oovariant and satisfies constraints of unitarity. After a partial-wave projection

the solution of this equation is easily related to scattering phase shifts.

The energy denominator of Eq. (18) has two poles. One of them corresponds to the condi-

tion v/S = (u>! + wj), and represents the propagation of two particles in the intermediate state.

The other corresponds to the condition y/s = — (wi + wj), and represents the propagation of

two antipartides. The first pole is responsible for maintaining unitarity in the two particle

sector. Usually, all three dimensional reductions of rdativistic scattering equations involve

propagation of antipartick(s) in the intermediate state. However, the residue of the quantity

in the square bracket in Eq. (18) at the pole corresponding to the particle propagation has

to be the same in all formulations, which is the condition tat i«i»4M"»*T*g unitarity in the

two-particle sector. Bakker et al.[ 14] have suggested to «J'mirf** the propagation of antipar-

ticles by evaluating the quantity in the square bracket of Eq. (18) at the pole corresponding

to propagation of particles. Consequently, Eq. (18) reduces to

(19)

Equation (19) further simplifies to Eq. (2.36) of Ref.[ 14] for equal mass particles, when

the quantity in the square bracket of this equation is evaluated at the pole corresponding to

particle propagation.

C. Light-front equations

Now we shall carry on the reduction procedure of the last subsection using the light-front

variables. For the two particles in the intermediate state in Eq. (12) we now have

and

- «•

If we use Eqs. (20) and (21), the BS equation (12) becomes



In Eq. (22) the factor of (1/2) before the integral is the Jacobian of the transformation of in-

tegration variables from p = (ft»p) to p = (p_,p+ ,px). Also, a typical momentum four vector

in this equation, e.g., 4, is considered to have components ( j_ ,ç+ , f l ) . These components are

to be contrasted with the usual components (*>,$). Of the light-front momentum variables,

q- plays the role of the time component of the momentum four vector, and following the

procedure of the last subsection we would like to perform the p_ integration in Eq. (22).

In the context of the light-front variables this integration can be performed if we take the t

matrix and the potential to be independent of the time component of momentum. We assume

that this is the case. A similar assumption was made while performing the pg integration in

Eq. (16).

We note that the dp_ integral in Eq. (22) can be transformed into a contour integral of
the form

K
where the contour goes along the real z axis from x = — oo to z = oo and is closed in the

counterclockwise sense along a semicircle in the upper-half complex z plane at infinity, with

i being the real part of z. The integral (23) contributes when the contour includes only one

of the poles of the integrand. Assuming that it includes the pole z = z\, the result of the

integral (23) is 2ffi/(z, - z2).

The condition of including one of the poles of p_ of Eq. (22) inside the contour sets for

positive y/» the following limit on p+: i/ã/2 > p+ > -y/ã/2. Tli-, i-'ryal over p . of Eq. (22)

is now readily evaluated to yield

( 2 4 )

It is convenient to rewrite Eq. (24) in terms of the momentum fraction xf denned by

(25)



with other momentum fractions i , , xk, etc. defined analogously. In terms of these momentum
fractions Eq. (24) is easily simplified and the BS equation (12) is rewritten as

x;*) ,0R.

• ( 2 6 )

Equation (26), first derived by Weinberg,[ 11] is the light-front counterpart of the relativistic
LS-type equation (18) in the instant form. This equation is not rotationally invariant in
light-front variables and hence the physical content and interpretation of this equation and
its relation to Eq. (18) is unclear. Related to this is the treatment of angular momentum in
Eq. (26). We shed light on some of these problems in the next subsection. Specifically, we
show the equivalence between the physical contents of Eqs. (18) and (26). As an illustration
we consider an S wave separable potential in order to clarify some of these issues.

D. Equivalence between light-front and instant-form equations

We begin this subsection by demonstrating the equivalence between the above two sets
of equations (18) and (26). In order to achieve our goal we would like to find a possible
transformation of variable, xp to fa, which relates these two equations without any other
approximation whatsoever. We used Eq. (25) to derive (26). In Eq. (26), however, xr is
just a variable of integration. We recall that we have two on the mass shell particles in the
intermediate state of four momentum given by (u\,p) and (u2, -p) in the c. m. frame with
"• = (P2 + m?)l/3> >=1>2. Physically, xr represents the momentum fraction of the first particle
and should be given by

S1±Ê (27)

We shall see that transformation (27) will take us from the light-front equation (26) to the
instant form equation (18) with some plausible conditions on the potentials and the t matrices.

The Jacobian of the transformation (27) is given by

(28)

We also note that for xp given by Eq. (27) one has the following identity

10



If we use Eqs. (28) and (29) in the light-front equation (26), we arrive at the instant-form

equation (18), provided that the potential and the i matrix transform according to:

*) . (30)

This establishes the desired equivalence. The instant-form equation (18) is manifestly ro-

tationally invariant. The present equivalence guarantees that the light-front equation (26),

though not rotationally invariant in light-front variables, becomes so once transformed to

instant form. In other words, the light-front equation (26) should yield rotationally invari-

ant result in normal instant-form variables. We «F»»M explicitly demonstrate this in the next

subsection lor a separable potential.

We emphasize that the physical contents of the two equations (18) and (26) are distinct.

However, the potentials in these two equations are not derived from any oonsintrnt theory,

They are phenomenological inputs, considered at ad hoc approximations to the potential of

the BS equation, designed to generate experimental observables via the two types of equations.

By construction, both yield relativisiically eovariant result with correct non-relativistic limit.

This result is rotationally invariant and unitary, as we shall see below, when expressed in

physical instant-form variables.

The light-front equation is not manifestly spherically symmetric, and this leads to com-

plications in angular momentum projection and in the interpretation of solutions of this

equation. The present equivalence leadt to a resolution of both these problems. One possi-

bility is to first transform the light-front potential to the instant form via (30) and then solve

the equivalent instant-form equation. The other possibility is to solve the three «Km—»••«" »i

Ught-front equation without attempting a partial wave projection for each normal physical

partial wave concerned. We shall see in the following that the two possibilities lead to the

same remit.

The main non-trivial question is bow to effect the transformation (30). This is achieved

through the use of Eq. (27), which leads to the Mowing easily verified identity

= Ü . (32)
\ l — zr)

Equation (32) gives the unique transformation (x, —» pa) that relates the potentials in the

two frames. However, for different mast particles this transformation is quite involved. This

is why in the following we «p—í»»— to the case of equal mass particles, m = mj = ma, where

Eq. (32) reduces to
V

11



Equation (33) provides the unique transformation required to construct the light-front poten-

tial from the instant-form potential in each physical partial wave. The partial wave projection

in Eq. (18) for the equal mass case can be readily carried through and one has the foUowing

partial wave form

P b t ' < ) l ( 3 4 )

where / denotes the partial wave. In the partial wave equations, such as Eq. (34) aod in

the following, the momentum labels p, q etc. denote the modulus of the corresponding three

vectors. In arriving at Eq.(34) we have set the variable k on the energy shell too, so that

s = 4(m 3 +k 7 ) . Though there are many ways of making the partial wave projection, we have

written the partial wave equation in such a way that the full phase space, 4xp3<fp, appears

in this equation. This has no relevance on our conclusions. However, it makes our case more

transparent, as Eq.(34) is the full equation fiar a potential with just a / wave component, and

the full equation has been demonstrated to be equivalent to the light-front equation.

It is interesting to note that in the non-relativistic limit the factor (p3 + m') l / 3 in Eq.

(34) reduces to m and this equation reduces to the usual partial wave LS equation.

For the sake of completeness, we observe that in the case of equal mass particles the

light-front equation (26) reduces to

*(*i.it;**,íx;») - V(x,,«1; **, Zi\•) + ^ ^ j£ t l _r ^

v
 y(*t»fx;*».ft.;*)t{r,,ft.;**,Í.j.;<) . . . .

Given a spherically symmetric potential with component Vt(q,p\a) in partial wave i, a

numerical calculation with the partial wave form (34) can be performed in a routine fashion.

The transformation (33) provides the unique prescription of constructing the light-front (LF)

potential, to be employed in Eq. (35), from the instant-form (IF) potential for the physical

partial wave / via

>,&;*) . Vy%,F, s)

Vim(\ fl + m» 1'/a f fl+m' V'\

12



where we have used an equation of the type (33) for each of the momentum variables. Also

we have used the indices LP and IF on potentials in order to be more specific. The present

demonstration of equivalence of the two sets of equations together with prescription (36)

suggest two equivalent calculational schemes in the two approaches which would lead to

identical results. The first possibility is to solve the one dimensional instant-form equation

(34) with potential V/'^iij.p; a), and the second possibility is to solve the three dimensional

light-front equation (3Ú) with the potential ViLF>(xt,qx,xr,px,*) given explicitly by the right

hand side of Eq. (36). Once the functional form of the instant-form potential VJ (ç,p; s) is

known the equivalent light-front potential could be readily found out via (36).

Needless to say that we have resolved the difficulties with the angular momentum projec-

tion of the light-front equations. The light-front equation still continues to be three dimen-

sional. What we really achieved is to have some idea of whatever could be calculated using

the light front equations and how these calculations should be performed, interpreted, and

related to the instant-form calculations. Our conclusions are quite general. But as they are

quite subtle, a simple and specific example would help make our issue. And we do this in the

next subsection considering the analytic separable 5 wave potential model.

E. 5 wave potential model: an illustration

Separable potentials have been successfully used in diverse situations. We consider the

following S wave energy independent separable two-hadron potential in the momentum space

to be used in the partial wave instant-form equation (34)

VO( |A/, | , |AU«) = V(\Ü,\,\MP\) = XgQMtfMM,?) (37)

where Mr is a special vector and is a function of momenta pj and pi of the two particles. This

is in fact the relative momenta of the two particles *in the c. m. frame. In order to maintain

Lorentz covariance of the equations, the best thing is to introduce a Lorentz invariant in place

of \Mf\. The Lorentz invariant, which reduces to the relative momentum square in the c. m.

frame is [(pi - P J ) / 2 ] 2 . For equal mass particles in the c. m. frame \Mf\
2 = jp. Then Eq.

(37) can be rewritten in the c. m. frame as

(38)

We assume the following simple form factors for the potential

( 3 9 )

With this potential the í matrix of equation (04) is readily given by

13



(40)

where

1 1 /
-
A

(41)

In Eqs. (40) and (41) k is on the energy shell relative momentum in the c. m. frame:

s = 4(*J + m2).

Such a í matrix is very plausible when the two-particle interaction proceeds through

coupling to a definite isobar in a particular partial wave only. To make the algebra simple

we will assume that all the particles considered are spin and iBospinless and the isobar occurs

in relative S wave only. If desired, these restrictions could be removed in principle without

too much trouble. The function r~*(JfcJ) should have the form (s — nij) where nt/ is the

dressed mass of the isobar. We note that the function r~ ' (P) has a zero at the isobar mass,

carries the scattering phase, and has the unitarity cut, whereas the function g should yield

the left-hand cut.

With the form factor of Eq. (39) the integral in Eq. (41) could be evaluated to yield

r-»(P)=i
1 ' A

1 ^ v

ikit t Je (mJ + P)ll\l- k

2(m* + Jfc»)»/J 2(m3 + k*y/* (mJ

Equations (40) - (42) provide the usual solution to the problem via the partial wave instant-

form equation (34). In Eq. (42) the symbol k denotes the modulus of the on shell relative

three momentum it in the c. m. frame.

The same problem could also be solved and the same solution obtained via the full three

dimensional light-front equation (26). The potential to be used in this equation, given by

prescription (36), is written explicitly as:

where

r ^ X m 1 1-1/2
(44)

This potential is separable and the solution of Eq (26) could be found by analytic means.

The solution is given by

14



í(if.41;*P,Ã.;») = '•(P)s(x,,px)j(i,,íi.), (45)

where

With the form factor given by Eq. (44) the integral in Eq. (46) could be analytically

evaluated. We note that the integrand is independent of the angles of the vector pj.. If a

transformation of variables l o i s ( ^ + m3) /[z,( l - xp)] is made aad xr is assumed to be

constant, the integral over p±. could be evaluated to yield

-m')x( l -x )

Using integrals [2.733] and [2.736] of Ref. [ 18] the remaining integral could be evaluated

and after some lengthy but straightforward algebra one arrives at the final rotationally in-

variant result (42). This also provides an explicit demonstration of rotational invariance of

the light-front equation (35) in instant-form variables. Though the light-front equation is

not rotationally invariant in light-front variables, it yields rotationally invariant result when

expressed in instant-form variables.

With condition (33) the form factors (39) and (44) are identical. Hence, the two t matrices

given by Eqs. (40) and (45) are also identical. This demonstrates the equivalence between the

instant-form and the light-front equations for the present separable potential. Of course, the

equivalence is valid for any spherically symmetric partial wave potential - local or non-local.

In the instant form one has to solve the partial wave one dimensional integral equation (26),

whereas in the light-front formalism one has to solve the three dimensional equation (35).

Both procedures lead to the same result subject to condition (33).

III. THE THREE-PARTICLE PROBLEM

We now use the procedure of the last section to obtain a set of relativistic three-particle

equations both in the instant-form and light-front formulisms. Again for simplicity we shall

consider the case of three identical spin and isospinless bosons. In stead of considering the

general problem of three particle scattering we shall consider the problem of elastic scattering

of one particle from the bound state of the other two. We also assume 5 wave separable two-

particle potential. This simulates an isobar in the two-particle system.
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A. Instant-form equations

Just as in the two-particle case we assume a farm for the four-dimensional relativis-
tic Bethe-Salpeter-Faddeev three-particle equations for three-identical spin and isospinless
bosons, which we take as

T(q, Jfc, s) = 2B(q, M ) + ̂ J / *pB(q,P, s)r(<Tp)T(p, k, s), (48)

with ap = (P—p)2, where P is the total four momentum of the system of three particles in the
c. m. frame and is given by (y/s, 0,0,0). The factor 2 in the Born and the homogeneous terms
of Eq. (48) is due to symmetrization for identical bosons. Equation (48) is a straightforward
generalization of the non-relativistic Amado model, which has been shown to be equivalent
to the Faddeev equation for separable two-particle potential. In Eq. (48) r has the same
meaning as in Eq. (40). Equation (48) is represented diagramatically in Fig. 1.

In the model three-particle equation (48) the Green function r{ar) is designed to maintain
two-particle unitarity. The three dimensional reduction of the Born term of Eq. (48) will be
responsible for maintaining three-particle unitarity. Aaron, Amado, and Young[ 6] provided
one unitary reduction of the Born term, here we provide other distinct unitary reductions.
Once such a reduction is obtained the integral over the time component of momentum in
Eq. (48) is performed exactly in the same fashion as in the two-particle situation. First, we
perform this integral and then the problem of the three-dimensional reduction is taken up.

Next with the three-dimensional Born term as in the two-particle case we would like to
reduce Eq. (48) to a three dimensional form by performing the integration over the variable
Pa. During the process of integration we assume that the t matrix, T, and the Born term are
independent of this variable as in the last section. With this assumption the last term in Eq.
(48) is written as

U,+ Í0)'

The argument of the function r(ap) is explicitly given by

a, = (P-pf=(yTs-",?-?• (51)

The dpo integral in Eq. (50) is quite similar to that in Eq. (16) and it is evaluated by
closing the contour of po integration in the counterclockwise sense along a semicircle in the
upper half of the complex po plane at infinity. The result is given by
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(52)

The result (52) is consistent with the three-dimensional reduction of Eq. (48) usually written
in the fonn[ 6]

T(q, k, s) = 2B(q, k,a) + j ^ j ^B(q,p, s)r(ap)T(p, k, s). (53)

Aaron, Amado, and Young[ 6] derived Eq. (S3) with the Born term

, n r ( 5 4 )

Equations (53) and (54) constitute a linear, three-dimensional, Lorentz-covariant integral
equation for the elastic scattering of one particle from the bound state of the other two. It
satisfies, by construction, two- and three-particle unitarity. After a partial-wave projection
the solution of Eqs. (54) and (53) can be easily related to scattering phase-shifts in usual
fashion.

Next, we consider a couple of different three-dimensional reduction of the Born term
based on plausible arguments. The first of these is derived by a procedure quite similar to
that used in deriving the one boson exchange nucleon-nucleon potential: (a) consider the
full relativistic propagator of the exchanged particle and (b) set the four momentum of the
external particles of the Born term on the mass-shell. (In addition, in deriving the one boson
exchange Yukawa potential in the non-relativistic approximation, one has to make the static
approximation or set the time component of the momentum of the exchanged particle equal
to zero.)

The full four dimensional Bom term of Eq. (48) is given by

We set the external particle four momentum q and it on the mass shell; qo = u>f and h0 = wj.
We have introduced notation w} = (q* + m1) etc. Then one obtains the following three-
dimensional reduction of the Born term

This Born term is now independent of the time component of the four momenta involved.
This Bora term was suggested before by Garcilazo[10] using a different reasoning. We shall see
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later that the three-particle dynamics of Eqs. (53) and (56) can be related by a transformation

of variables to a set of three-particle light-front dynamical equations.

The factors y's in Eqs. (54) and (56) and in the following are the two-particle potential

form factors as in Eq. (37). The arguments of these form factors have been suppressed to

save space. We have noted in Sec. II E that the argument should be invariant and be the

square of the relative momentum in the c. m. frame. These arguments can be easily read off

from Fig. 1 as being the square of the difference between the four momentum of the particles

involved and are given by [(P - k-2q),'2\2 and [[P-q-2k)/2)2. In the instant form these

arguments are explicitly evaluated to yield

[(P-k-2,)/2]2 = [ ( v 6 - u e - 2 w f ) 2 - ( * + 2$)2]/4, (57)

and

[(P-q- 2*)/2]2 = [(y/i - »i - 2wi)J - ( f + 2Í)3]/4. (58)

where both the particles of momenta k and q are set on the mass shell.

The denominator in Eq. (54) has two poles for y/ã = i ^ j ^ + w j + u , - ) . The plus sign refers

to propagation of three particles and is alone responsible for maintaining the desired unitarity

in the three-particle sector. The minus sign refers to propagation of three antiparticles. Note

that the pole corresponding to the propagation of antiparticles do not materialize ia the

physical region: a > 0.

The present Born term (56) has two poles, too. One of them given by y/i = (wj+i+u>£+w,-)

refers to the propagation of three particles and should be responsible for maintaining three-

particle unitarity. The other pole is given by s/i = (wf - w j + i + »>;) and represents the

propagation of two particles and an antipartide. The residue of the two Born terms (54)

and (56) at the pole corresponding to the propagation of three particles are easily shown

to be the same. However, unlike in the case of the Born term (54), the propagation of the

antiparticle materialize ia the physical region in the case cf the Born term (56). This will

imply a spurious contribution to the three-particlr unitarity. Garcilazo[10] has suggested

to take a principal value prescription corresponding to the antiparticle propagation. This

eliminates the spurious contribution to unitarity in a ad hoc fashion.

There is another three-dimensional reduction which has all the desired features and does

not allow aotiparticle propagation in the physical scattering region. This reduction is given

by

t. ,v
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where the role of w-+j and (uif + wj) in Eq. (56) has been changed. This Born term has
two poles, too. One of them given by ^/s = (w;+ i + Wf + wf) refers to the propagation of
three particles and is be responsible for maintaining three-particle unitarity. The other pole
is given by y/s = ( u ^ . - wt - uf) and represents the propagation of two antipartides and a
particle. The residue of the two Bora terms (54) and (59) at the pole corresponding to the
propagation of three partides are easily shown to be the same. However, unlike in the case of
the Born term (56), the propagation of the antipartide does not materialize in the physical
scattering region in the case of the Born term (59).

Born terms (54) and (59) are the two unique ones possessing the simplest structure
of double pole in a which are time-reversal invariant, produce relativistically covariant and
unitary results, and do not allow propagation of antipartides in the physical scattering region.

Following a suggestion by Bakker et al.[ 14] we could suppress the antipartide propagation
in the intermediate state. This is achieved by evaluating the denominator corresponding to
antiparticle propagation at the pole corresponding to partide propagation. Then the Born
terms (54), (56) and (59) reduce to the following minimal form

, Í, s) = r r T ^ — - . . (60)

This is the simplest Born term which when used in Eq. (53) will yield unitary result and
which does not allow propagation of antipartides in the intermediate state.

The Born terms (59) and (60) are worth investigating analytically and numerically.
Next, let us consider the non-relativistic limit of these Bom terms. In this limit the

denominator, {y/s — w í + f ~u>g — uty), corresponding to three-particle propagation reduces to
E-[{k + q)2 + k2 + fl*]/2m, where E is the kinetic energy of the three-particle system in
the c. m. frame. In the remaining factors of the Born term w, reduces to mass m and y/s
reduces to 3m. The arguments of the form factors j's, given by Eqs. (57) and (58), reduce
to (Í/2 + q)1 and (q/2 + k)7, respectively. Consequently, all these Born terms reduce to the
usual non-relativistic Amado model[ 19] Born term given by

The phase space of Eq(53) reduces to the usual non-relativistic phase space dp/[2m(2ir)3} in
this limit, and the present set of equations reduces to the usual Amado model.

Aaron, Amado, and Youngj 6] have shown how to calculate breakup amplitudes from ft
solution of similar equations. They also have demonstrated how to indude spin and fermions
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in the formalism. Similar equations have frequently been used in pion-nudeon and pion-

deuteron scattering problems.! 9] Following their procedure we could extend these equations

to more realistic situations.

B. Light-front equation*

Next we would like to perform the reduction procedure of the last subsection in the light-

front variables. Specifically, as in Sec. IIC we would like to perform the p_ integration in

Eq. (48) and write a three dimensional integral equation in terms of variables (p+,p±) or

(x f ,p x ) . As usual, during the integration we assume that the t matrix, T, is independent of

the variable p_.

In this case we could either write a three-dimensional reduction of the Born term and

derive the dynamical equations by integrating over the time component of momentum p_ as

in the instant-form equations of the last subsection or we could perform the integral over

the time component of momentum p_ first and then set the external four momentum on the

mass shell. Both the procedures lead to the same result. In the case of the instant form

equations the second procedure leads to an unacceptable nonsymmetric Bore term. This is

why we followed the first procedure in the case of the instant-form equations. As a variation,

we consider the second procedure in this case.

For the two particles in the intermediate state in the last term in Fig. 1, we have

) (62)
P+

and

(63)

If we use equations (62) and (63), the last term in Eq.(48) is written explicitly as

* '

In Eq. (64), as in Eq. (22), the factor of (1/2) before the integral is the Jacobian of the

transformation of integral variables.
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The arguments of the form factors g in Eq. (64) are given explicitly in terms of the
light-front variables by

; % (65)
4 I ^s -p + - 2c + j

and

[{P -2p- í)/2]' = Í(VS - 2p+ - «+)[>/S - 2p_ - ,_ - J g ^ ^ J - (66)

Next, as usual, we set the particles of four momentum p and q on the mass shell. Consequently,
the arguments of the form factors become

(67)

and

[(P-2p-?)/2]-I(^-2p+-9+)U-2^-^--p^>l-].
4 I p + ç+ V i - 2 p + - í + J

(68)

Similarly, the argument of the function r(a9) is given by

í í A 1 (69)

The integral in Eq. (64) has the same structure as that in Eq. (22), and the integral
over p . is performed by the technique of contour integration in a similar fashion in the
complex p - plane, considering a contour along the real axis from —<x> to oo and doeing it
in the counterclockwiae sense along a semicircle at infinity. After performing this contour
integration Eq. (64) reduces to

wJdpxJo W+ ws-*-*)
(70)

The limits on the integral over p+ in Eq.(70) sppean, as in Eq. (24), as a consequence of
including a single pole in the contour. (See, discussion related to Eq. (23) in Sec. IIC.)
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If we set the external particle with momentum q on the mass shell, an in Eq. (3), Eq.

(70) can be rewritten as

£L;fcf,íx;j). (71)

If we identify dpidp+/[(2x)32p+] as the relevant phase space in light front variables the

quantity in the large square bracket of Eq. (71) is necessarily the Bom term. Note that

this Bora term could have been arrived at by making on the mass shell approximation for

particles with four momenta p and q in Eq. (63).

Equation (71) can also be written in terms of the momentum fractions, as in the two-

particle case, conveniently defined by

(72)

and

*,=Í+/V5. (73)

Using these momentum fractions Eq. (71) can be rewritten as

~ (*)> Jo 2x, J "^ 1 ( 1 . Xp _ >tfr _ ggg _ gga _ < M J w + an J
xr(ap)T(xpip i;iè,í1.;*). (74)

The phase space in terms of the new variable is given by <£r,dpx/((2ir)32x,] [ 12| It is then

straightforward to define the quantity in the large square bracket of Eq. (74) as the Bom

term of the following scattering integral equation

(75)

as in the last subsection.

Explicitly, three-particle scattering equation can be written as

-^ J dp

XT(<T,)T(z,,px;xè,íj.;j), (76)

with the Born term given by
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fl(*,,ÍL;*,,Ã.;*)=[——-— <»>,» %,+,» fctfiM—-], (77)

Fuda,[ 13] in his study of & model spinless meson-baryon scattering using light-front

variables has essentially identified the quantity in the square bracket of Eq. (74) as the Born

term of a scattering integral equation, which he writes in the form (75). However, FudaJ

13] has suggested including two 6-functions in his Born terms, which makes his dynamical

equations distinct from ours.

We shall show by a transformation of variable that this Bom term and the dynamics

represented by Eqs. (76) and (77) are essentially the same as those of the instant-form

equations (53) and (56).

C. Equivalence between light-front aad instant-form equations

In the two-particle problem starting from the BS equation (12) we derived the instant-

form and the light-front equations, (18) and (26) by integrating over the variables po and p_,

respectively. It was demonstrated that these two forms of equations were equivalent. We now

carry on the same procedure in the case of the three-particle system.

We shall employ the following transformations for our purpose

and

These transformations follow basically from the definitions (72) and (73), where the four

momenta p and q are assumed to be on the mass shell. We shall see that this transformation,

as in the two-particle case, will relate the three-particle instant-form and light-front equations.

The Jacobian of this transformation is given by

dp3 uif

Recalling that z , is given by Eq. (79) the Born term (77) is rewritten as

B(x,, q±; x'r px;s) = &
- uif - uy - pa-

99
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which is identical to the Born term (56). We note that there is not only a one-to-one cor-
respondence between the Born terms of Eqs. (76) and (53) under transformation (78), but
because of Eq. (80) the 'phase-space'B of these two equations are also identical; explicitly

1 dx _ 1 dp
( 2 ^ 2 ^ ~ (2^2^' ( 8 2 )

under transformations (78) and (79).
However, this demonstration of equivalence between the light-front and instant-form equa-

tions is only approximate because the transformation (78) does not yield the desired limit on
the pj integration, e.g. from — oo to oo. A part of the p$ phase space is seen to be eliminated
once the transformation (78) and (79) is performed.

The three-particle light-front equations (76) and (77), though are approximately equiva-
lent to the instant form equations (53) and (56), are, however, distinct from the instant-form
equations, (53) and (54), obtained by Aaron, Amado, and Young,[ 6] and also (59) and (53),
suggested here. They are also distinct from the three-particle light-front equations of Bakker
et al. [ 14]

IV. SUMMARY

We have provided general prescriptions for reducing four-dimensional BS like scatter-
ing integral equations to three-dimensional scattering integral equations of the LS[ 3] form.
The resultant equations, by construction, are linear, relativistically covariant, possess correct
nonrelativistic limit and yield unitary result. We have applied the present procedure to the
two- and the three-particle systems. In the three-particle system we have used separable
two-particle potentials and treated the particles to be spinless bosons.

We have carried on the present procedure in two different sets of variables - the instant-
form and light-front variables. Our procedure is to carry on the integration over the time
component of momentum in the intermediate state phase space while assuming, as usual,
that the integrand is independent of the time component of momentum. In the instant form
this implies an integration over po, and in the light-front formalism this implies an integration
over p_. As the starting four-dimensional integral equations satisfy constraints of unitarity
and relativity, the reduced equations also do so as there are no approximations which could
destroy these virtues.

In the case of the two-particle system the present procedure yields the well-ltnown light-
fron: equation first derived by Weinberg( 11] and instant-form equation first derived by
Blankenbecler and Sugar[ 5,6]. These two types of equations represent the same dynamics
and are demonstrated to be related by a transformation of variables and hence are equivalent
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to each other. Consequently, the light-front two-particle equation, though not rotationally

invariant in the light-front variables, will yield rotationally invariant result when expressed

in instant-form variables.

The equivalence between the two types of two-particle equations allow one to perform

practical partial-wave calculations using the light-front equation (26). We have shown in Sec.

IID how to construct a light-front potential V(xvq;xf,p\a) from a spherically symmetric

partial-wave potential Vi(q,p,a) using Eq. (36). Once this potential is constructed the three-

dimensional light-front equation (26) could be numerically solved to yield the same result

as obtained by a direct solution of the one-dimensional partial wave instant-form equation.

As the light-front equation continues to be three-dimensional, its solution may imply added

numerical complications. But the final result, when expressed in terms of the physical instant-

form variables, is identical to that obtained by the direct solution of the partial-wave instant-

form equation. This is demonstrated explicitly in an analytic separable potential model.

Following this procedure one can circumvent the difficulties with the angular momentum

projection of the light-front dynamical equations in carrying out a numerical calculation.

In the case of the three-particle system the present procedure yields scattering equations

for the instant-form and light-front variables. We suggest a new set of instant-form equations

(53) and (59). This set and also a simplified version given by (53) and (60) deserves more

attention in the future. Aaron, Amado, and Young[ 6] derived three-particle instant-form

dynamical equations, using two-particle separable potentials. Bakker et al.[ 14] derived three-

particle light-front dynamical equations for a general local two-particle potential. In the case

of the instant-form dynamical equations of Ref.[ 6] the intermediate state propagation is

limited to three particles or three antipartides given by the three-particle Born term. Bakker

et al. have frozen antiparticle propagation in the intermediate state by evaluating such a

propagation at the pole of particle propagation. Generically, they write the few-particle

energy denominator [« - (Ew)2J as 2y/s(^ã - £ w ) . Consequently, they have only particle

propagation in the intermediate state. The present set of instant-form equations (53) and (59)

allow propagation of three particles or two antiparticles and a particle in the intermediate

state. Hence the present equations describe a three-particle dynamics which is distinct from

those of Refs. [ 6], and [ 14]. We have demonstrated an approximate equivalence between

the light-front equations (76) and (77) and instant-form equations (53) and (56).

Fuda[ 13] also derived three-particle light-front equations for spinless meson-baryon scat-

terind using separable two-particle potentials. The homogeneous three-particle equation de-

rived by him is identical to the homogeneous version of present Eqs. (76) and (77), though

his Born-term is different from the present work in containing 6-functions. However, the
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homogeneous term, which involves a combination of Born term and phase-space, continues

to be the same. Apart from this difference in the interpretation of the Born term, Fuda's

equation represents identical dynamics as the present equations.

The present set of instant-form three-particle equations can easily be used for studying

relativistic effects on both bound state and scattering of the tbree-nucleon system, or studying

intermediate energy pion-deuteron or pion-nucleon scattering.

The work is supported in part by the Conselho Nacional de Desenvolvimento - Científico

e Tecnológico (CNPq) of Brasil.
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Figure Caption

1. The diagramatic form of the three-particle scattering equation (48). Each single-line

represents propagation of a particle, each double-line represents propagation of the bound

state or isobar of two particles.
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