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Electronic structure theory of alloy phase stability 
P. E. A. Turcbi and M. Sluiter a * 

"Lawrence Livermore National Laboratory, Condensed Matter Division (L-268), Livermore, CA 94550, 
USA 

We present a brief overview of the advanced methodology which has been developed and applied to the study of 
phase stability properties in substitutional alloys. The approach is based on the real space version of the Gener
alized Perturbation Method within the Korringa-Kohn-Rostoker multiple scattering formulation of the Coherent 
Potential Approximation. Temperature effects are taken into account with a generalized mean field approach, 
namely the Cluster Variation Method, or with Monte-Carlo simulations. We show that this approach is well 
suited for studying ground state properties of substitutional alloys, for calculating energies of idealized interfaces 
and antiphase boundaries, and finally to compute alloy phase diagrams. 

1. I N T R O D U C T I O N 

Besides providing thermodynamic data to al
loy designers solely on the basis of phenomeno-
logical models, considerable efforts have been put 
in recent years on trying to address the prob
lem of alloy phase stability from a first-principles 
electronic structure approach- Starting with an 
assembly of nuclei and electrons which charac
terizes an alloy, the electronic structure proper
ties are well described within the Local Density 
Functional theory [1]. On the other hand, order-
disorder phenomena in alloys are expressed for 
an assembly of site occupancies by an Ising-Uke 
Hamiltcnian: 

H — 2jemn<7f7)0'n + 2-d €lmn^l<rm^a -\ (1) 
m,n l,m,n 

where e m n , Cimn. • • * represent two, three, • • • 
body interaction energies and an is a spin-like 
variable which takes, for a binary alloy, the value 
+1 or -1 depending on whether or not a B species 
occupies site n. By mapping the original assem
bly of nuclei and electrons onto an assembly of 
spin-like variables, with the physics of the former 
system transferred into the interaction energies 
of the latter, the following question: "what kind 
of ordered configuration (if any) and crystalline 
structure an alloy will choose as a function ofcon-
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centration, temperature and pressure ?", may be 
addressed. Among the possible methods which 
provide such mapping, one should mention the 
Generalized Perturbation Method (GPM), first 
introduced by Ducastelle and Gautier [2], the 
Embedded Cluster Method (ECM) of Gonis et 
al. [3, 4], the Concentration Functional The
ory (CFT) of Gyorffy and Stocks [5], the latter 
being a k-space approach contrary to the first 
two methods which are developed in real space. 
These three methods differ in spirit from the 
so-called Connolly-Williams Method (CWM) [6] 
which does not address this difficult mapping is
sue, but instead assumes it. The first three meth
ods rely on the knowledge of the electronic struc
ture properties of the random configuration of 
the alloy, taken as a reference medium, whereas 
the CWM approach essentially deals with ordered 
alloy configurations. In what follows, we will 
mostly focus on the GPM and its applications. 

In the GPM context, starting from a detailed 
description of the reference medium, within for 
example the Coherent Potential Approximation 
(CPA) [7, 8], one describes the energy of a given 
configuration C of an alloy Ai_ c B c based on a 
specific underlying lattice, and defined by a set 
of occupation numbers p n (p„ takes the value 1 
if site n is occupied by a B species, 0 otherwise), 
by the sum of two terms: 

A £ c = A ^ M i x + A£;g M (2) 

where 

A^Mix = ElPA - (1 - c)ET

A - cET

B (3) 
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is the mixing energy of the alloy given by the dif
ference between the total energy of the random 
medium and the concentration weighted average 
of the total energies of the pure species. This con
tribution is obviously concentration-dependent 
but configuration-independent. The second term 
in Eq.(2) is the so-called ordering energy which is 
concentration- and configuration-dependent, and 
takes within the GPM context the following form: 

*&*«*«.)) = jt\ £ KJM.^C, 
t=2 n i , n i . - , f l * 

X 6cn, • -6cnk (4) 
where Scn — pn — c represents the fluctuation of 
local concentration around the average concen
tration of the random medium, and the sum runs 
over different consecutive site indices n;. The set 
of V s refers to the effective cluster interactions 
(ECI's). To lowest order in perturbation, the ex
pansion in Eq.(4) can be rewritten as: 

A£grf = .E«f^ (5) 
i 

where q, specifies the configuration. Indeed, by 
definition: 

?f = |(n? B -«n.) (6) 
where n B B and na refer to the number of BB pairs 
and total number of pairs, per site, between an 
atom at the origin and the other in the s t h neigh
bor shell. V, is an effective pair interaction (EPI) 
given by the combination: 

V, = V,AA + K S

B B - 2K, A B (7) 

Table 1 lists q, values for some typical superstruc
tures. Note that according to its definition, a 
positive (negati%e) V, indicates that AB (AA or 
BB) pairs between an atom at the origin and the 
others in the s,h neighbor shell are favored. The 
expansion given in Eq.(5) is simply rewritten in 
an Ising-like form by replacing p„ by the spin-like 
variable <rn, a„ = 2p„ — 1: 

+ 2N 1 . — < r m < r " ( 8 ) 

Contrary to what is done within the CWM ap
proach, the Ising-like expression which will carry 
all the information on order-disorder phenomena 
is associated with one of the contributions to the 
total energy of a configuration C, namely A i ? ^ 
in the GPM context, see Eq.(2), and not A £ c as 
assumed in the CWM. Note that no formal proof 
exists of the validity of an Ising-like expansion for 
the total energy of an alloy, and the basic asump-
tion made in the CWM has to be checked out for 
every alloy case by a careful numerical analysis. 
In addition, the CWM being essentially a grand 
canonical approach to the problem of stability 
in alloys, this method brings into question the 
meaning of convergence x)f an expansion similar 
to Eq.(l), as this equation presumably converges 
at different rates, it at all, for alloy configurations 
at different compositions. 

Besides providing a formal proof of the va
lidity of an Ising-like Hamiltonian to describe 
ordering processes in alloys, the GPM guaran
tees a rapid convergence of the expansion given 
by Eqs.(4), (5) or (8) in terms of effective pair 
and cluster interactions, a property which shows 
that the "CPA medium" defines an appropriate 
reference. By performing such a perturbation 
from a medium which is inherently concentration-
dependent, the interactions are concentration-
dependent, thus leading to a 3-dir.v2nsionaI gen
eralized Ising Hamiltonian, that is able to de
scribe a much broader spectrum of physical phe
nomena than the one originally studied by Ising. 
In the following, the electronic structure proper
ties of the disordered medium are based upon the 
charge self-consistent Korringa-Kohn-Rostoker -
Coherent Potential Approximation (KKR-CPA) 
muffin-tin potentials with an angular momentum 
extending up to /=3, and the EPI's are calcu
lated with the GPM approach from the KKR-
CPA medium [9]. 

With those interactions, one can predict the 
most probable ordered configuration of an alloy 
at each composition, by referring to the ground 
state analysis of the Ising model established for 
the appropriate lattice (see Ref. [7] for a review). 
Such results are usually summarized in so-called 
ground state ordering maps which indicate, in 
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Table 1 
j,-values entering Eq.(5) for some typical ordered structures (Struktur Bericht's notation). 

Ordered Phase 91 92 93 94 95 96 97 
bcc - B2 -1 3/4 3/2 -3 1 3/4 -3 

bcc - B32 0 -3/4 3/2 0 -1 3/4 0 
b c c - B l l 0 1/4 -1/2 0 -1 3/4 0 
bcc - D 0 3 -1/4 -3/16 9/8 -3/4 -1/4 9/16 -3/4 
fee — LIo -1/2 3/4 -1 3/2 -1 1 -2 
fee - LI, 0 -3/4 0 3/2 0 -1 0 

fee - MoPt 2 -1/3 0 2/3 -1/3 0 2/9 -4/3 
fee - LI 2 -3/8 9/16 -3/4 9/8 -3/4 3/4 -3/2 

fee - D 0 2 2 -3/8 5/16 1/4 1/8 -3/4 -1/4 1/2 

the space spanned by the EPI's, the domains of 
stability of each ordered superstructure. These 
most probable ordered superstructures may also 
be confirmed by Monte-Carlo simulations, pro
vided some care is taken on the size of the simu
lation box and on the application of the boundary 
conditions. 

It is important to point out that a general an
swer to the problem of phase stability, even at 
zero temperature, requires the knowledge of the 
ordering part of the total energy of an alloy in the 
entire range of composition, and also, because of 
the way the configuration energy A£7 , in Eq.(2) 
was expressed, of the mixing energy at every com
position. In addition, by examining all possi
ble configurations on a fixed crystalline structure, 
we exclude the possibility that an ordered state 
based on a different lattice may be more stable. 
Meanwhile, the above treatment provides a useful 
answer to the determination of the most probable 
(i.e. metastable, if not stable) ground states on 
a fixed lattice, at each stoichiometry. A general 
understanding of the origin of chemical order in 
alloys may be gained by studying in more details 
the critical role played by the number of valence 
electrons of the alloy constituents as well as the 
nature of the electronic states which contribute to 
bond order and strength in substitutional alloys. 
For transition metal alloys, these first-principles 
studies confirm as far as trends are concerned, 
previous results established on the basis of semi-
phenomenotogical tight-binding calculations [7]. 

Another application of this approach is the cal
culation of antiphase boundary (APB) and inter-

facial energies. APB's resultjrom the motion of 
dislocations in ordered structures, and their en
ergy is a measure of how easy the defect can move 
through the crystal. APB's are characterized by 
two parameters: the crystallographic plane which 
defines the boundary, and the displacement vec
tor associated with the burgers vector of the dislo
cation [10]. Although relaxations near the bound
ary may play an important role (APB energies 
may be reduced in some cases by more than 40%, 
see e.g. Ref. [llj), the calculation for unrelaxed 
boundaries is a good indicator of mechanical be
havior. The APB energy takes the following form: 

£APB(P,<0 = 7 J - I > , ( P , < ' ) V . (9) 

where p and d denote the plane and the dis
placement vector of the APB, 5 P is the surface 
area per atom on the p plane, the sum runs over 
neighbor shells, and a,(pt d) is a geometric coeffi
cient which can be determined from the number 
of neighbor pairs which have been changed from 
AA or BB type to AB type, per unit area (see 
Table 2). The treatment of idealized interfaces 
(i.e. without roughness) can be performed simi
larly to that of APB's. By definition, the interfa-
cial plane separates a halfcrystal of pure A from 
a halfcrystal of pure B. Once again, if topological 
disorder near the interface is ignored, the inter-
facial energy is given by an expression similar to 
Eq.(9) in which the a, only depend on the inter
face orientation p (see Table IV in Ref. [12] for 
an explicit evaluation of these parameters). 
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Table 2 
a 3-values and surface areas S (in units of a 2 , where a is the lattice parameter), which enter Eq.(9) for 
describing APB energies in B2 and LI2- The * denotes the average of two non-conservative APB's. 

p d Ol <*2 <*3 a4 "5 "6 <*7 S 
110 111 1 -1 -3 7 -2 -2 9 72/2 
211 111 2 -2 -5 12 -4 -4 16 V6/2 
310 131 3 -2 -7 15 -6 -4 21 yiO/2 
100* 111* 2 -1/2 -2 6 -2 -1/2 6 1 
111* 111* 3 -3 -6 18 -6 -6 21 v« 
100 011 0 -1/2 2 -2 0 -2 1/2 
110 110 1/2 -1 1 -3 3 -2 V2/2 
311 011 1/4 -5/4 3 -7/2 3/2 -3 N/IT/4 
111 110 1/4 -3/4 1 -3/2 3/2 - 3/2 v/3/4 
102 211 1 -3/2 2 -5 4 -4 N/5/2 
112 110 1/2 -2 4 -5 3 -4 * 76/2 
310 130 3/2 -2 3 -7 6 -6 vTo/2 
510 150 5/2 -3 5 -11 10 - 10 N/26/2 

Finally, the thermodynamics of substitutional 
alloys can be studied by solving the Ising Hamil-
tonian at finite temperature. The most popu
lar methods are the Cluster Variation Method 
(CVM) [13], based on a generalized meanfield 
theory, and Monte-Carlo simulations. A broad 
selection of properties can thereby be calcu
lated, in particular: short- and long-range or
der parameters, short-range order induced diffuse 
scattering, order-disorder temperatures, and ulti
mately composition-temperature-pressure phase 
diagrams. 

Several applications of the advanced scheme 
(see Ref. [14] for a general flow chart) are briefly 
presented in the next section. 

2. APPLICATIONS 

We summarize some of the results obtained 
for Ni-Al. Among the important features of the 
phase diagram [15], it is worth mentioning: the 
large domain of stability around equicomposi-
tion of a bcc-based B2 phase of CsCl-type which 
melts before disordering; at Ni3AI, a fcc-based 
LI2 phase of CuaAu-type is found stable; at low 
Ni content (below 50 at.% Ni) the system exhibits 
line compounds with complex phases and almost 
no solubility of Ni in Al (it is acknowledged that 

stability is accommodated by vacancy formation), 
whereas at high Ni content, a fee solid solution is 
stabilized. Among the phenomena of metallurgi
cal interest, one should mention the martensitic 
transformation taking place around 62 at.% Ni 
in a narrow range of composition, at the proxim
ity of the existence of an ordered phase NisAfe of 
PtsGaa-type based on a bet structure. We now 
discuss to what extent these experimental obser-
vauons can be understood and even predicted 
with the first-principles approach outlined above. 

A first understanding of the phase stability 
properties of this alloy derives from inspection of 
the energy of mixing curves (see Fig. l i ) . The 
endpoints of the curves indicate that the pure el
ements are more stable on the fee than on the 
bcc lattice, in accordance with experimental fact. 
The energies of mixing on both the fee and bcc 
lattices are strongly negative, indicating that al
loy formation, even in the random state, is much 
favored over phase separation. By inspecting the 
curvature of the mixing energy curves for both 
fee- and bec-based disordered alloys, note that the 
downward curvature at the Ni-rich side strongly 
suggests a fair solubility of Al in Ni, whereas the 
upward curvature at the Al-rich side indicates 
that the solubility of Ni in Al is very limited. In 



0.0 0.5 1.0 
Concentration Ni 

Figure 1. a) Mixing energies (fcc-based Nri and 
Al are taken as references), and b) EPI's, in 
mRy/atom, as a function of Ni concentration, for 
fee- (solid curve) and bcc- (dashed curve) based 
Ni-Al alloys (see also Refs. [20,21]). 

fact, it appears that at the Al-rich side the lowest 
energies can be attained by a phase separation 
between pure AJ and a phase with approximate 
composition NiAl. Therefore, the occurrence of 
fee or bcc based structures in that composition 
range is unlikely. 

The EPI's obtained from the KKR-CPA-GPM 
approach for Ni-Al converge rapidly with dis
tance, and the multi-site interactions are negli
gible. The nearest neighbor EPI's on both the 
fee and bcc lattice (see Fig. lb) show similar fea
tures: they are negative at the Al-terminal point, 
increase with Ni-content until the equiatomic 
composition is reached, and then remain nearly 
constant and positive with further increases in 
Ni-content. The negative interactions in Al-rich 
alloys indicate that no stable ordered phase can 
occur. Oftentimes, when ordering tendencies are 

weak, phases with complex crystalline structures 
occur. 

Together with the results of the ground state 
properties of the Ising model for the fee lattice up 
to 4th neighbor shell [16] and for the bcc one up to 
the 5th neighbor shell but with H excluded [17], 
the >nost probable ordered superstructures can be 
predicted. On the fee lattice the most probable 
compounds are: NiAl with an LI 0 crystal struc
ture, and Ni3Al -,vith the LI 2 structure. On the 
bcc lattice three phases are possible: NiAl with 
the B2 structure; NisAlj with a phase "9" type of 
structure according to the notations of Ref. [17] 
which closely approximates the ordered structure 
of Pt 5Gaa seen experimentally on a bet structure; 
and Nij.AI with a D 0 3 structure. When the struc
tural energy difference between bcc and fee is con
sidered [18j for the pure elements it is evident 
that for NiAl B2 is much more stable than LIo, 
whereas for NiaAl LI? is more stable than DO3. 
For intermediate compositions between NiAl and 
N13AI, we find that the fee and bec-based struc
tures are almost equally stable. Based on entropy 
arguments [14], it is anticipated that in a nar
row range of composition, the high temperature 
bcc phase will transform in a low temperature 
fee phase, and such a phenomenon gives rise to 
martensitic transformations which occur in ac
tual Ni-Al alloys with compositions of about 62.5 
at.% Ni [19]. In that alloy we have predicted a 
bec-based superstructure, phase "9", which has 
been shown to be almost identical with the actu
ally occurring structure of Pt 5Ga3 type [20]. The 
latter is based on a bet lattice, which is an inter
polation between the fee and bcc lattices, as one 
would expect on the basis of the first-principles 
results. 

At finite temperature, the energetic quantities 
displayed in Fig. 1 can be used with a statistical 
thermodynamic description of the Ising model, 
namely the CVM [13] (see also [21] for further . 
details) to evaluate the configurational free en
ergy as a function of concentration. The calcu
lated Ni-rich portion of the Ni-Al phase diagram 
is displayed in Fig. 2. The agreement with the 
experimental phase diagram in terms of phase 
occurences and phase boundaries is quite satis
factory. The only shortcomings of our approach 
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are that we do not have a theoretical framework 
that allows us to consider the liquid phase, nor 
can we at present properly include the NisAt3 
phase on the bet lattice. Note that the bec-
approximar.t of this latter phase (referred to as 
"9" in Fig. 2} is found stable at very low temper
ature and slightly off-stoichiometry, and taking 
into account the tetragonal distortion of the lat
tice should correct for the discrepancy. Since fea-
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Figure 2. Ni-rich portion of the computed Ni-AI 
phase diagram. 

tures in the phase diagram are extremely sensitive 
to minor inaccuracies in the free energy, ive con
clude that our approach produces a fairly accu
rate description of the energetics of Ni-AI alloys. 
In particular, our study reveals a possible rela
tion between the martensitic transformation and 
the stability of an ordered phase around N15AI3, 
and also the existence of metastable phases (such 
as NisAl with the DO3 structure) that are noi 
readily available from experiment. 

To further validate the approach, the EPI's can 
be compared with the ones deduced from short 
range order scattering intensity measurements, 
especially in a region of the phase diagram where 
a solid solution exists. In Ni-AI, the measure
ments are limited to high Ni-content, above 90 
at.% Ni. Our EPI's compare well with the re
sults of Ref. [22], and are within the error bars of 

other experimental values [23]. Consequently, our 
diffuse scattering intensities computed with the 
CVM approach are in remarkable agreement with 
experiments [20]. Note that the same methodol
ogy was recently applied with an equal success to 
a similar system, Cu- Zn [24], and also to a phase 
separating case, Pd-Rh [25]. 

Other applications of our first-principles de
scription of Ni-AI alloys include the computation 
of APB and interfacial energies. For comparison, 
we also present the results for Cu-Zn alloys. Ta
ble 3 lists APB energies for NiAi and N13AI on a 
number of low-index planes. The APB energies in 

Table 3 
Computed APB energies 7 (in mj /m 2 ) in B2 and 
Llo Ni-AI and Cu-Zn alloys. In the case of non-
conservative APB's, designated by *, the average 
was taken over a conservative pair of APB's. 

phase A P B - t y p e 7^ -41 7Cu-Zn 
B2 - phase (1101 748 69 

(211) 879 86 
(310) 1093 118 
(100)* 1238 163 
(HI)* 936 97 

Llo — phase (100) 196 25 
(110) 296 52 
(111) 283 48 
(210) 354 60 
(310) 369 62 
(510) 375 62 
(211) 279 44 
(311) 265 40 

B2-NiAl and CuZn are anisotropic and the (110) 
planes are much favored over the other low-index 
planes. Since the APB energies scale with the 
ordering energy of this alloy configuration, they 
are larger for NiAl than CuZn. The discrepancy 
which is usually observed between theoretical es
timates and experimentally deduced APB ener
gies can be attributed to essentially three fac
tors: relaxation effects already mentioned, less 
than perfect long range order, and partial dis
order along the APB. Meanwhile, in the case of 



/3-CUZQ, the magnitude of the APB energies com
pare reasonably well with other evaluations [26]. 
In the case of L^-NisAl, for which case experi
mental data are available, the ratio of the (111) 
APB energy over the (100) one, equal to 1.44 
(see Table 3), is found very close to the value of 
1.2 estimated from experiments [27]. Other the
oretical investigations [28] which do ignore the 
effects mentioned above find values of APB ener
gies quite comparable to the ones presented here. 
These calculations are useful to predict the most 
probable APB's at each composition, and their 
behavior at finite temperature [29, 30]. 

The pair interactions can be used to compute 
the interfacial energy according to Eq.(9). The 
cesalts for som«r siioys and low-index interface 
orientations are listed in Table 4. As expected, 

Table 4 
Ihterfacial energies, in mRy/a 2 , where a is the 
lattice parameter, for some equiatomic bcc-based 
alloys, and for some low-index planes. 
_AUoy CuZn NiTi NiAI AlLi 
100 -9.1 -15.5 -57.0 -7.4 
110 -7.4 -17.4 -44.4 -13.7 
111 -8.6 -18.0 -52.4 -17.4 
311 -8.9 -15.8 -57.1 -13.1 
331 -8.2 -18.1 -49.6 -15.4 
210 -8.8 -16.7 -53.2 -11.0 

systems that exhibit ordering tend to have nega
tive interfacial energies, indicating that such in
terfaces are energetically favorable. As illustrated 
in Table 4, it is generally observed that the in
terfacial energy is rather insensitive to a partic
ular interface orientation. This property origi
nates from the weak orientation-dependence of 
the ct,(p)/Sp ratio in Eq.(9), and holds even in 
cases where the interactions are very short ranged 
[12]. This means that in those systems where 
chemical effects at the interface are dominant, 
precipitates will tend naturally to exhibit a spher
ical shape regardless of whether the EPI's are 
short or long ranged. Therefore, the occurrence of 
nearly spherical precipitates in alloys where mis

fit strains are small, as in the case of Al-rich Al-Li 
alloys with AULi precipitates, is not an indication 
of the presence of long range interactions. 

3. CONCLUSION 

The methodology we briefly reviewed in this 
paper provides a theoretical framework for the 
study of chemical order effects in alloys. Applica
tions to a wide variety of subject areas not only 
confirm known experimental results, but also ex
plain in terms of basic parameters the origin of 
alloy stability. The multiple scattering formalism 
on which the GPM is based is well suited to ad
dress stability issues in multi-component systems 
orstrperiaccrces [12] and afeo itt materials with re
duced symmetry, such as at surfaces, and to study 
the coupling between magnetic and chemical or
der in alloys. There is now a need to incorporate 
this approach in a more general framework to ac
count for dynamical pffects, and thus to address 
in its generality structural and chemical effects on 
the stability of metals and alloys. 
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