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Traditionally, the most widely used signal analysis tool is the Fourier transform which,

by producing power spectral densities (PSDs), allows time dependent signals to be studied

in the frequency domain. However, the Fourier transform is global — it extends over the

entire time domain — which makes it ill-suited to study nonstationary signals which exhibit

local temporal changes in the signal's frequency content. To analyze nonstationary signals,

the family of transforms commonly designated as short-time Fourier transforms (STFTs),

capable of identifying temporally localized changes in the signal's frequency content, were

developed by employing window functions to isolate temporal regions of the signal. For

example, the Gabor<1; STFT uses a Gaussian window. However, the applicability of STFTs

is limited by various inadequacies121. The Wavelet transform (WT), recently developed by

Grossman and Morlet(3) and explored in depth by Daubechies(2) and Mallat'41, remedies the

inadequacies of STFTs. Like the Fourier transform, the WT can be implemented as a

discrete transform (DWT) or as a continuous (integral) transform (CWT).

Both the DWT and the CWT operate on square integrable functions S(t) e L2(R).

The DWT expands the signal S(t) in orthonormal eigenfunctions (wavelets) of compact

support and zero mean
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where #k(t) and Ykjn(t) are obtained from discrete time translations and dilations'2' (scalings)

of the scaling function 0(t) and the fundamental wavelet Y(t), respectively, with
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Here, A is the wavelet compact support. The modal amplitudes in Eq. (1) are given by the

inner products

Because each wavelet operates on the signal as a variable-width window function, the

wavelet expansion given in Eq. (1) acts as a bank of constant-Q filters. The DWT

decomposes the signal S(t) into k rau+l subbands so that Fourier transformation of the

wavelet expansion given in Eq. (1) leads to a decomposition of the signal PSD into a time

and frequency domain representation of the signal.

The CWT W(a,b) is given by

W(a,b) = 1-f dtJ'-^-Ut) (4)

for a wavelet T(t) of compact support but not necessarily belonging to an orthonormal set.

The CWT W(a,b) can be interpreted as a microscope : the translation parameter, b, locates

a particular temporal region of the signal S(t), and the scale parameter, a, defines the

magnification at which the signal is viewed.

Both the DWT and the CWT are bases for the multiresolution analysis of

nonstationary signals'4'. The resolution at which the signal is examined is determined by the

discrete dilation parameter, j , for the DWT, and by the continuous scale parameter, a, for



the CWT. Figures 1 and 2 respectively illustrate applications of the DWT and the CWT

algorithms. The top of Fig. 1 shows a nonstationary signal consisting of a single sinusoid (f

= 0.03 Hz) for the first 384 seconds of the time record, a mixture of two sinusoids (f, = 0.03

Hz, f; = 0.25 Hz) between 384 and 768 seconds, followed by a single sinusoid (f = 0.25 Hz)

up to 1024 seconds. This signal was first decomposed into 32 subbands, Sk(t), with kni«= 31

and jmil=4 (See Eq. (1)). The Fourier transform of each subband, Sk(o>), was obtained from

the relation

,iuJU (5)

which has been plotted at the bottom of Fig. 1 as a function of frequency (f = u/2ir) and

time (t = kA). Shown at the top of Fig. 2 is a signal consisting of two sinusoids plus noise

and a contour map of the signal's CWT. Since noise appears at small values of the scale

parameter, a, it can be removed by an appropriate choice of this parameter. Shown at the

bottom of Figure 2 is a comparison of the CWT for the noisy and the noiseless signal for

a = 10. These examples serve to illustrate some of the potential applications of the wavelet

transform algorithms to signal analysis.
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Figure Legends

Figure 1. The time dependent PSD of a multicomponent signal. Top : a nonstationary

signal consisting of a single sinusoid (f = 0.03 Hz) for the first 384 seconds, a mixture of two

sinusoids (f, = 0.03 Hz, f2 = 0.25 Hz) between 384 and 768 seconds, followed by a single

sinusoid (f = 0.25 Hz) up to 1024 seconds. Bottom : the time dependent PSD of the above

signal.

Figure 2. Example of signal multiresolution analysis with the CWT algorithm. Top left :

the function S(t) = sin(0.05t) + 0.5sin(0.098t) + noise. Top right : contour map of the

CWT; note noise visible at small scales. Bottom left: the CWT of the noisy signal at the

scale a = 10. Bottom right : the CWT of the noiseless signal at the same scale.
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