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ABSTRACT

We introduce the notion of firmly non expansive, sequences in a Banach space and
present several results concerning their asymptotic behaviour extending previous results
and giving an affirmative answer to an open question raised by S. Reich and I. Shafrir [16].
Applications to averaged mappings arc also given.
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1. INTRODUCTION

Let X be a real Banach space and D a non empty subset of .Y; the norms
of both X and X* are denoted by | |; we denote weak convergence in A' by -•• and
strong convergence by —>. A mapping T : D —> X is said to be firmly non expansive
[2,3] if for each x and y in D, the convex function / : [0,1] —> [0, oo[ defined by f(t) =
|(1 — <)(i - y) +t(Tx - Ty)\ is non increasing. Equivalently, T is firmly non expansive if
and only if \Tx - Ty\ < \t(x - y) + (1 - t){Tx - Ty)\ for all x, y G D and t 6 [0,1], or,
if and only if T is the resolvent (/ + A)"1 for some accretive operator .4 C A" x A". Note
also that any linear projection of norm one is firmly non expansive-. Properties of such
mappings, as well as averaged mappings, were studied by Reich [15|, Brack and Reich [4],
Baillon, Bruck and Reich [1], and their results extended by Plant and Reich [14] and Reich
and Shafrir [16]. We refer also to the two textbooks on the subject by Corbel ;ind Reich
[11] and Goebal and Kirk [10] without recalling the basic concepts.

In this paper we introduce the notion of firmly non expansive sequences in a
Banach apace, and by using our previous methods in [5,6] for bounded sequences and in [7,8]
for unbounded sequences, we study the asymptotic behaviour of such sequences, extending
the previous results mentioned above, and in particular giving an ntfiiiniitivc mi.swer to an
open question raised by Reich and Shafrir [1G, p.249]. Applications to averaged mappings
are also given, extending previous results in [1,10].

2. PRELIMINARIES

a) The sequence (in)n>o in X is non expansive if |,t,+ i - .TJ + I| for all i,

u) (in)n>« is a firmly non expansive sequence (abbreviated F.N.E.S.) if for all i, j >
0, the function/: [0,1] -> [0, oo[ defined by /(() = \(l-t)(xi-Tj) + f[:ri+,-xj+i)\
is non increasing.

c) (In)n>0 ' s an °dd firmly non expansive sequence (abbreviated O.F.N.E.S.) if it
is a F.N.E.S. and \xi+l + xJ + ]\ < \xt + x,\ for all i, j > 0.

d) (zn)n>o i s asymptotically regular (resp. weakly asymptotically regular) if xn+l -

xn -» 0 (resp. xn+i-xn — 0).
n—taa n—-cc

e) If D is a non empty subset of A', we denote by clco D the closet! convex hull of
D in X and for x e X, d{x, D) = inf \x - z\. We denote by D the strong closure
of D in X. We say that D has the minimum property if <l{0, D) — d(0,clcoD).

For an operator (possibly multivalued) A C X x X, R(A) will denote the range
of A.



f) For a sequence (Jn),,>o in A", we denote by F((xn )n>o) o r for simplicity by F, the
following subset (possibly empty) of X : F — {q g X/ l im n _ + o c \xn — q\ exists}.
Note that if F ^ % then the sequence (xn)n>a ' s bounded. Similarly we denote
F, = {q 6 Xj the sequence (|j;n - q\)n>o is non increasing} C F.

g) Given a bounded sequence (j:n)fi>o in X and a non empty closed subset K
of A", the asymptotic ratlins of (in)n>o in A' is the number r(K,(£„)„><)) =
inf (liuisupii_ + oo I*,, - j-|).

The ayinptotic centre of (.rTI),,>o in A" is the (possibly empty) set defined by

.4( A", (.!•„)„>„) = ( i e A71imsup|T,,-
+

If A' is weakly conij>;vct. then ,4(7\, (.i\,),,>0) / 0; if A' is convex, then .4(A", (in),,>0)
is convex. In a Hilbert space H, for A" 3 f'/™{(:rn),,>o}, -4(7v', (xn)1(>o) is a singleton and
independent of K (see [10,11]).

h) Wo recall that if A' is reflexive and strictly convex and A' a non empty closed
convex subset of X, the nearest point projection map Pi; of X onto A' is well
defined, i.e. A" is a Chebyshcv set; see [10,11].

i) The norm of A' is Frcchet differentinble if for each x € S = {z £ X/\z\ — 1),
lim ^ Vl-\'\ Oxists uniformly for y £ S. We recall also that the dual space A'*
i—o '
has Frechet differcntiable norm if and only if A" is reflexive, strictly convex and
satisfies the following property: if.r,, —' i and \x,,\ —* |x| then ]ar,, —x| —»n_CK

0 (see [9]).

j) Through the paper we will use the following notation: C = n + i — xn)n>

3. SOME BASIC RESULTS

First we recall the following theorem, which is the scune as Theorem 3,1 in [8],
thus omitting its proof.

Theorem 3.1 Let (j,,),i>n l>e. a non expansive sequence in X. Then

lim = inf

Now we prove some additional results which will be used in the sequel.
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Proposition 3.2 Let (xn}n>o be a non expansive sequence in A". Then:

lim = d(Q, C) = lim lim
k—-oo n—*&o

= inf inf

= inf lim

k>\

Proof We have
In+I - Xn 1

d(Q,C) <

3.1.

k

—
xk -

k

k
x0

C. Hence Vn > 0. VA.- > 1,

. Now all the above equalities follow from Theorem

Our next theorem extends theorem 1 in [16].

Theorem 3.3 If (£„)„><) is a F.N.E.S. in A", then in addition to the conclusions of
Theorem 3.1 and Proposition 3.2 we have: Vt > 1,

'•I'n
lim

k
= lim

Proof Let Jijt = l im n - + c c \xa+i - .r,,| for k > 1. We have VA: > 1

Hence Rk < kRi for all k > 1. To complete the proof, by Proposition 3.2, all we need to
show is the converse inequality Rk > kRj for all A: > 1. The proof is similar to that of
Theorem 1 in [16] and we use induction on Jfc. Since the case A- = 1 is clear, we assume
that Rj = jRi for all 1 < j < k, and prove that fljt+) > (A- + l)Ri.

Given e > 0, we can find an integer N(e) such that i?i < —"——. < Ri + s

for all 1 < j < k and n > N(e). But since (j;n)n>o is a F.N.E.S. we have

\xn+l - xn+k+}\ j

Hence

for all n > N(e).

- {Jfc - s) = (it - (fc -

Therefore R t + l > (A; + l)JSi since e > 0 is arbitrary and the proof of the theorem
is now complete.



4. ASYMPTOTIC BEHAVIOUR OF FIRMLY NON EXPANSIVE SE-
QUENCES

We have the following theorem concerning the convergence of the sequence yn =
.rn+i — xn which extends Theorem 2 in [16] and gives an affirmative answer to an open
question posed in [16, page 249] concerning the sufficiency of the Frechet differentiability
of the norm of X' for the convergence of yn.

Theorem 4.1 Let (x„)„>!> be a F.N.E.S. in A' and yn — xn+i - j n .

(i) If A" is reflexive and strictly convex, then yn - ^ n _ + o c PCQ. Moreover limn_+ 0 0 \yn\

\Pc:0\.

(ii) If A* has Frechet different in hie norm, then yn —>n_+oc P(.-0.

Proof X being reflexive, yn contains a weakly convergent subsequence; let y,,t ~-'^_3O

p € C. X being also strictly convex, we have d(0, C) = |/*c;0|. Therefore
\p\ < limiuft_+00 |t/nJ = lim,, J+oo IJ/,,1 = \P(jO\ by Theorem 3.3. Hence we must have
JI = P(;'O; this shows that yn converges weakly to Pc0 with limK—+oo |y,,| = \Pc0\ and
completes the proof of (i).

Now (ii) is nn immediate conseqnecne of (i) and the characterization of A" given
in section 2, i).

Remark 4.2 The example of [13] can be used to show that the assumptions made on A"
in (i) or (ii) are also necessary for the respective conclusion to hold.

Corollary 4.3 Let (xn),,yn be a F.N.E.S. in A'. Then the following are equivalent:

(i) (J'tJtiX) is asymptotically regular,

(ii) (•!•„}„><) is weakly asymptotically regular,

{iii) Vn = ^n+i - J'n has a weakly convergent subsequence to zero.

Proof Assume y,it = x,,4 + i — xnk -^ 0. Then 0 g C, hence d(0, C) = 0 = lim | i n + 1 —

xn | by Theorem 3.3. Therefore (.rn),i>0 is asymptotically regular and the proof is complete.

Corollary 4.4 Let (a:n)r1>0 be a F.N.E.S. in X . Then (.Tn)n>0 is asymptotically regular
if liminf | in] < +oo.

Proof This follows directly from Theorem 3,3 since in this case limn^+ o o ^ = 0.
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Example 4.5 The following example shows that the converse docs not hold in Corollary
4.4 even in one dimension. Let x0 — 0 and x,, = 5Zj=1 j for n > 1.

Then it is easily verified that ( i n ) n> 0 is a F.N.E.S. of real numbers satisfying
and xn+i -xn = •— -*,,^+oc 0.

n -*n_ —

Now we study the convergence of rr,, in a Hilbert space. Our next theorem extends
(for the case of a Hilben space) Corollary 4 in [16].

Theorem 4.6 Let <£„)„><, be a F.N.E.S. in a real Hilbert space H. Then the following
are equivalent:

(i) | i n | is bounded.

{ii) Iiminfn_+oo \xn\ < +oo.

(Hi) Ft ^ 0

(iv) F ^ 0

(v) xn converges weakly in H.

Moreover the weak limit in (v) can be identified as litu,, f̂ _ /'/.- ,<•„ and also as
the asymptotic centre of the sequence (i,, ),,>u.

Proof We note that by Corollary 4.4 (z,,)n>0 is asymptotically regular. Hence the proof
is completed by applying proposition 2.10 and Theorem 2.11 in [5], ;md Theorem 3.4 and
Corollary 3.10 in [6],

Remark 4.7 Example 3.5 in [6] shows that the sequence Pyx,, may not be convergent
in if.

Remark 4.8 The conclusions of Theorem 4.6 seem to be still open problems in a Banach
space setting.

Now we give some conditions for the strong convergence of a F.N.E.S. in a Banach
space. Our next theorem is simple.

Theorem 4.9 Let (in)n>o be a F.N.E.S. in X satisfying \xi+m - .r,| —> am uniformly

in m > 0. Then xn converges strongly to some p € F, if and only if lsmmf,,J+cc, \xn\ <

Proof By Corollary 4.4 we have O] = 0; hence by Theorem 3.3, am — ma\ = 0 for all
m > 1. This shows that (xn)n>0 is a Caucby sequence in A', hence strongly convergent to



some p €: X. We have [:r,+m + 1 - x! + 1 | < |.r,+rl! - x,| for all i,m > 0; letting m —> +00 we
get | i i + 1 - p| < |.Tj - p\ for all t > 0. Tims p G Fi and the proof is complete.

Remark 4.10 Obviously the strong limit of any sequence is its asymptotic centre with

respect to any set containing the limit.

Our next theorem is similar to Theorem 1.1 in [1].

Theorem 4.11 Let (.T,,)U>O be :ui O.F.N.E.S. in a uniformly convex Banach space X.

Then .TU converges strongly as n —> +oc to some p £ F],

Proof Theoddness implies that lim,,.-,^,^ |:rr!| = (/exists, hence by Corollary 4.4 (xn)n>Q
is asymptotically regular. Now we have 1A < 2|.r,,| < \xn + J n + m | + \xtl - ^>i+m| for all
n,w > 0. But for fixed 111 > 0, we liave l.rn — rli+7N [ —> 0 hence 2d < lim,,_ + 00 \xn +

n—hoc

x,, + Tn[ for all m > 0, and therefore- 2<£ < |.rrl + .r,,+m| < |.r,,| + |xn+,n| for all n,m > 0.
This implies that lim,,_+,x, x,, + "̂n+tnI — 2f/ uniformly in m > 0- By uniform convexity,
we deduce that lhn,,..^^ |:i:n — .c, i+m | = 0 uniformly in m > 0; hence (^n)n>(i is a Cauchy
setmence in X, thus strongly convergent. The same argument as in Theorem 4.9 shows
that the limit, belongs to F\ and completes the proof.

5. ASYMPTOTIC BEHAVIOUR OF AVERAGED MAPPINGS

Let h be ;i non empty closed convex subset of A" and T : K —* A' a non expansive
mapping (i.e. |T.r - Ty\ < \.c — y\ for all .r. IJ € 7s."). By an averaged mapping U : K —» K
we mean a mapping of the form V = (1 — \)I + AT where 0 < A < 1 and f is the identity.
It is clear that U is non expansive and has the same fixed point set as T and that U is
odd if and only if T is odd. Ishikawa [12] hns shown that U is asymptotically regular if K
is bounded. Combining Theorem 3.1 with Theorem 2.1 in [1] and Corollary 2 in [16] and
denoting C r = c/co{(f<*"+lj- - U".r)n>a) for .r £ A", we get the following theorem.

Tlieorem 5.1 For all k > 1 and x € A" we have

lim \
ti—'+OC

= \ lim
K n—'+c

- Vnx\ - lim
Unx

= rf(0,Cx) = inf \y - Uy\ = A inf \y - Ty\ ,

Now the same argument as in Sec. 4 gives the following theorem for averaged mappings
which extends Corollary 2.3 in [1] and its extensions made in [16, page 249],

• £ * • • . - • • • • •

Theorem 5.2 Let U ; K —• K be an averaged mapping and .r £ K.

(i) If X is reflexive and strictly convex, then Un+lx —U"x —"•„ J + w JPC',0. Moreover
limn^+OQ \Un+lx-U"x\ - \Pc,0\ and PCT0 isindepenent of .v e A". Kin addition
R(I — T) has the minimum property then -jPc^O is the element, of minimum
norm in R(I - T).

{ii) If X* has Frechet differeutisible norm, then Un+lx - U".r •*,,_+rx. P r<u snd
— •jPcO ' s the element of minimum norm in Ii{I — T).

Proof It is similar to that of Theorem 4.1 by using Theorem 5.1. Concerning the state-
ments about R(I — T}, it is clear in (i), and in (ii) the argument is similar to Theorem 2
in [16] using the fact, that (I - T) is accretive, We therefore omit the del nils.

Corollary 5.3 Let U : A' —* A" be an averaged mapping and x £ K. Then the following
are equivalent:

(i) U is asymptotically regular at .T £ A',

(ii) U is weakly asymptotically regular at :r € A*,

(iii) The sequence (If+'x — U"x)n>K has a weakly convergent, subsequence to zero.

Proof It is similar to that of Corollary 4.3 by using Theorem 5.1.
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List of symbols for the manuscr ipt "Asymptot ic behaviour of firmly non ex-

pansive sequences"

1. *

2. j

3. - -

4. -»

5. [

C. ]

7- {

8. )

9. {

10. }

11. /

12. +

13. -

14. x

15. =

17. >

18. <

19. >

20. <

21. oo

22. £

23. 0

24. 6

25. V

20. C

27. D

28. e

29. n

30. A
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