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ABSTRACT

Normal form methods for solving nonlinear differential equations are reviewed and
the comparative merits of three methods are evaluated. The concept of the minimal
normal form is explained and is shown to be superior to other choices. The method is
then extended to apply to the evaluation of discrete maps of an accelerator or storage
ring. Such an extension, as suggested in this paper, is more suited for accelerator-based
applications than a formulation utilizing continuous differential equations. A computer
code has been generated to systematically implement various normal form formulations
for maps in two-dimensional phase space. Specific examples of quadratic and cubic
nonlinear fields were used and solved by the method developed. The minimal normal
form method shown here gives good results using relatively low order expansions.

INTRODUCTION

It is relatively easy and straightforward to find solutions of accelerator lattice
design for a linear system [1]. Once the nonlinear elements are introduced, no preferred
method has been found. Lately, one-turn maps [2] have been suggested as a useful tool
for embodying all perturbations in an accelerator and hence a testing bed for evaluating
the comparative merits of various approaches. A good one-turn map representation of
an accelerator can provide all necessary information for the lattice description and
hopefully also facilitate t i e evaluation of the long-term stability and dynamic aperture
of the accelerator or storage ring.

A powerful techqniue of analyzing nonlinear one-turn maps is the use of normal
forms. A recent theoretical development in this area is that of so-called minimal nor-
mal forms. Motivated by the successful and apparently superior performance of this
method [3] in solving ordinary nonlinear differential equations, this report is a first
attempt to apply the same method to the evaluation of maps suitable for accelerator
design. A nore detailed exposition' can be found in Ref. [4]. A rapidly convergent
method can provide basic reliable lattice information in a few terms, which is an im-
portant contribution in its own right. The larger payoff is in the trustworthiness of
the prediction of long-term stability and accuracy in the the calculation of dynamic
aperture of a given accelerator. A good general discussion of normal forms is given in
Ref. [5], and an example of the application of normal form techniques, but not minimal
normal forms, for the LHC (Large Hadron Collider) at CERN, is given in Ref. [6].

'Work performed under the auspices of the U.S. Department of Energy.
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REVIEW OF FORMALISM

The minimal normal form method will be explained below. Many of the technical
details can be found in Ref. [4]. First, differential equations will be treated. This will
also serve the purpose of denning some notations and preparing the groundwork for
an extension of the method to treat discrete maps. A description of the formalism,
for differential equations, is also given in Ref. [3], which is not cast in a form directly
useful to the development below.

Consider a dynamical system describable by a canonically conjugate (coordinate,
momentum) pair (x,p), with z = x + ipt which executes a harmonic oscillation with a
nonlinear autonomous perturbation

z = -i/iz+fyz*(z,z*), (1)
fc=l

where the frequency is /i, e is the small parameter of the perturbation expansion, and
the Zk are homogenous polynomials of degree k + 1 in z and z", given by

. (2)

The above equation is solved by the use of a near-identity transformation to a normal
form variable u via

z = u+fVT/t(u,tO, (3)

with homogenous polynomials

Tk = £ TnvPvr*, (4)

which are to be determined. The resulting equation of motion for u is written in the
form

u = - f ) e* %(«,«*), (5)

where the Uk are also to be determined, and axe obviously related to the Tjt. The
above equation is made into a normal form by choosing the functions T* so that the
Ut contain resonant monomials only, i.e. monomials of the form u(uu*)p, p = 1,2, . . n

which means that Ut = Q for odd k, and

u = -iliu + 1£ie*kU2ku
k+1vrk = -tun(uu"), (6)

k

where ft is an amplitude-dependent frequency. The quantity u«* is the nonlinear
invariant of the motion, and the solution for u is u = pe~1^, where p = \u\ is constant,
and ip = tit. The nonlinear motion has been transformed into a phase-space rotation
with an amplitude-dependent frequency.
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However, what is not obvious from the above discussion is that not all of the coef-
ficients Tpg in the normal form transformation, nor the tuneshift coefficients l/^, are
uniquely determined by demanding that the equation of motion for u contain only reso-
nant monomials. It is shown in Ref. [4] that the coefficients TM for which p = q+1, i.e.
T211 T32, etc., are not determined by this requirement. Such coefficients will be called
"free terms" or "free functions". The above statements do not mean that the normal
form is not affected by the free functions, but rather that some additional information
must be supplied to fix their values. The criterion chosen for specifying the free func-
tions is where the various methods of calculating normal forms differ from each other.
A few possible choices will be described below.

The simplest choice is to put all the free functions to zero. This is perfectly valid,
and reduces the computational effort required. Another possibility is to demand that
the transformation to the normal form be a canonical transformation. In general, the
relation between the Poisson Brackets [z, z"] and [u, «*] has the form

(7)

when the equation of motion for u has been brought into the normal form Eq. (6).
Choosing the free functions to cancel all the P2k makes the near-identity transforma-
tion in Eq. (3) a canonical transformation. This requires nonzero values for the free
functions; it also leads to different values for the amplitude-dependent frequency shift
terms Ê fc in Eq. (6). The choice of canonical transformations is often automatic in the
accelerator-physics literature, since there is a well-developed theory of such transfor-
mations. The present formulation displays the range of some of the other alternatives
available for obtaining normal forms.

In this context, the minimal normal form method provides another prescription for
choosing the values of the free functions. Instead of cancelling the Poisson Bracket
terms i^t, one chooses the free functions to cancel out the tuneshift corrections, the
^2t's. This turns out in be possible for all but the first term U2, i.e. the amplitude-
dependent frequency can be reduced to the form

2> (8)

The reason is as follows. It is shown in Refs. [3] and [4] the free term of order 2k, viz.
Tic+i *, has no effect on the tuneshift term of the same order, (72fc, but it does affect
the value of the next term Uik+2- The first term V% thus cannot be cancelled, but the
others can, which therefore leaves us with Eq. (8).

Hence the minimal normal form method also leads to nonzero values for the free
functions, but reduces the infinite series of higher order corrections to the normal form
to only one term: this explains the name "minimal" normal form. As a result of this
prescription, the exact solution for the normal form can be deduced at O(e2) already;
the subsequent calculation consists only of determining the transformation between the
original and new variables (the Tm coefficients) to higher and higher orders of e. The
resulting transformation is not canonical: [u, u*] does not equal [z, 2*]. However, it
is still symplectic: the value of the Poisson Bracket [u, u*] is constant in time, as is
evident fiom Eq. (7).
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The method of minimal normal forms will now be extended to treat discrete maps, as
opposed to differential equations in the previously published literature [3]. As explained
above, such a reformulation is more suited to accelerator-based applications. Only a
two-dimensional phase-space will be treated here; the extension to higher dimensions
will be given later in this paper. We again define z = x + ip, where (x,p) is the
coordinate-momentum pair, and suppose that the map equation relating one turn to
the next is

oo

Zn+1 = Y
J t = l

where n is the turn number, A = e~'M, and the Zk are again homogenous polynomials
of degree k + 1 in z and z':

p+q=k+l

The near-identity transformation to the normal form variable u is given by

z = u+ fVlUu ,* ' ) , (11)

with homogenous polynomials Tfc cf degree Jfc + 1 in u and u*:

TmW. (12)

The Zpg are known; the TM are to be determined. This form of the near-identity
transformation is essentially the same as that of Scandale et al. [6], who express the
homogenous polynomials as $ f (summing over a), rather than T& (gumming over k),
and is a nonlinear symplectic transformation. Only nonresonant normal forms will be
treated in this paper, i.e. it will be supposed that /*/(2ir) is irrational, or A* ̂  1 for
any Jb > 1. As before, the aim is to terminate the tuneshift corrections at a finite order.
TL^ equation of motion for u assumes the form

(13)
fc=i

and the coefficients Tw are chosen so that the r.h.s contains only resonant monomials
v,k+1u*k:

f oo fr 1

(14)

This requirement again leaves undetermined the free functions, which are the Tw for
which p = q + 1 . Analogous to the case of differential equations, the map for u has the
general form

= e - ^ " " " - ) ^ , (15)
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where ft consists of a sum of amplitude-dependent tuneshifts, and the minimal normal
form procedure is to choose the free functions to terminate the series for ft at a finite
order. Unlike the case with differential equations, however, the terms in ft are not
simply the U2k, hence one cannot terminate the series for the tuneshifts in ft by setting
the U2k to zero beyond (^(e2). Instead the free function Tfc+ifc is chosen so that
equals (U2/X)k/k\. This then yields the map

[ ] (16)
or

n = li + ie2{U2/\)p
2
1 (17)

i.e., a single higher-order exponent. The nonlinear invariant of the motion is again
p2 = UnU*. This is our generalization of Eq. (8) of the minimal normal form condition
as applied to maps. As in the case of differential equations, setting all the free functions
to zero would require less effort in calculating the T w coefficients, but would yield an
infinite series of amplitude-dependent tuneshift corrections

ft = M + £ V/> 2 + e V V + -", (18)
while a canonical transformation would yield Voth nonzero free functions and an infinite
series of amplitude-dependent tuneshift corrections.

We note the following caveat: if the 0(e2) tuneshift vanishes, so that the lowest
order nonzero tuneshift is c4/i"(«,,u*)2, then the free functions should be chosen so
that the map for «„ has the form

As a final development of the theoretical formalism in this paper, before turning our
attention to numerical examples, the extension of the minimalnormal form algorithm to
higher phase-space dimensions will be given. We treat four dimensions in this section.
Clearly, it is desirable for any such generalization to extend to six dimensions easily, so
part of our effort will be to develop a suitable notation for the task.

At the first step, the linear part of the map is diagonalized. The details do not
involve nonlinear dynamics, and will be omitted. The four eigenmodes will be denoted
by zu «i> *2» and z | . Only z\ and z2 need be treated below. la the absence of transverse
x—y coupling, z\ = x+ipx and z2 = y+ipy, but such an identification is not required in
the general formalism. We define Ai = e~tfil and A2 = e~l/iJ with an obvious notation.
The equations of the map are then written in the form, using superscripts t and / for
initial and final, respectively,
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4 = A2Z- + £;€*ziVi .*r ,4 .*n. (20)

We now introduce a vector index m = (mi ,m2 t m3,m 4 ) , and the norm |m| = |mi | +
• • • + |m4j. The above map equations can then be reexpressed as

A = M + ££»m|-1Z$|m lz'")1 (21)
i n

where j = 1 or 2, and

|m, z) = Zj zx z2
 Z2 (22)

is a shorthand notation to avoid a proliferation of symbols in the equations. The
near-identity transformation to the normal form variables «i and u2 is written as

| m | - l rp{j) I X /no\

m
where again j = 1,2. Here |m, u) is defined analogously to |m, z) with u in place of
z. The above expressions are substituted into the map equations, and terras collected
in powers of u1? u| , etc. The solutions for ui and u2 are of the form u, = pje~1^,
where p\ = u\v.\ and p\ = «2U2 a r e ^ne * w o nonlinear invariants of the motion.

The map equations for the normal form must now be specified. There is only one
tuneshift parameter p! in two phase-space dimensions, but in four dimensions there are
three:

where /ti2 = /121, i.e. the tuneshift parameter /x' generalizes into a symmetric 2 x 2
matrix. Hence we seek equations of the form

u{ = Ai uj exp [ -ie2 ( / t u t i X " + Aii2«2«i* ) ] ,

4 = A2«2exp[-.'£2(/i21uiui*+/i22t4t4'1)]. (25)

Finally, the free terms must be identified. They axe the coefficients of ui (uiui)
and U 2 ( U I « J ) P ( « 2 U 5 ) « , respectively, i.e. T$lp^ and T^+1^ where p,q = 0 , 1 , . . .
w i t h p + g > 1. The free terms are obviously chosen so as to attain the tuneshift formula
Eq. (24).

The formalism for six phase-space dimensions is formally exactly the same as in four
dimensions. The index m is extended to six components, and the tuneshift formula to

4 \ = M l + I /*2 I +C2 I /*21 M22 023 I I P\ I , (26)
/*31 M32 /*33 ,

where the tuneshift matrix is again symmetric: tHj = /*,-,-, and the nonlinear invariants
are />| = UJU1}, j = 1,2,3. More complete mathematical details of the formalism for
four and six phase-space dimensions are given in Ref. [4].
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NUMERICAL RESULTS

The numerical studies below will be restricted to two phase-space dimensions. Re-
sults for higher phase-space dimensions, though important, are beyond the scope of
this paper. We first study some differential equations, then maps. The first model is
that of a Duffing oscillator

ie2

z = -iflz+—(z + z*f, (27)
6

which can be derived from the more familiar equations

i = ftp,

p = -/ix + e2x3. (28)

We may set /x = 1 without loss of generality. Three methods of solution were used:
(1) set all free functions to zero (the "F = 0" choice), (2) a canonical transformation
(denoted "CT" below), and (3) the minimal normal form (denoted "MNF"). For this
perturbation, the O(e2) tuneshift parameter can be read off immediately and is

t = -f. (29)
for all of the above methods. It is only at higher orders that the tuneshift parameters,
etc., differ between the methods.

To examine the convergence of the series expansions of the various methods above,
D'Alembert's test of convergence [7] suggests that we plot the magnitudes of the kth

order terms \Tt\, or log |2fc|, as a function of Jb. The function actually plotted was
l°g( £«>j=fc+i |7ijl )> i-e' the sum of the magnitudes of the coefficients of the individual
terms in each 3*. The results are shown in Fig. 1, where the curves corresponding to
the various choices are labelled F = 0, CT, or MNF, respectively. It is striking that the
coefficients from the first two methods (F = 0 and CT) do not decrease with the order
at all, whereas those calculated using the MNF decrease rapidly. This is equivalent
to saying that the minimal normal form achieves, at low orders of perturbation the-
ory, a better approximation to the exact solution, thus requiring smaller higher order
corrections.

Another important test of the accuracy of the various perturbative solutions is to
compute the value of the energy. Since the equation of motion is autonomous, the
Hamiltonian is a first integral of the motion, and the energy should remain constant as
a function of time. In general, the value of any first integral of the motion should be
computed and checked for constancy as a function of tune. For the Duffing oscillator
of Eq. (27), the energy is

E = £(P2 + * 2 ) - ^ . (30)

In our analysis, /i = e = 1. The amplitude was set at p ~ 0.5, so as to be well within
the separatrix, so that all the methods would converge rapidly. (The unstable fixed
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Figure 1: Graph of the magnitudes of the coefficients in the normal form transformation
as a function of the order of perturbation theory, for various methods of choosing the
free functions for a Duffing oscillator.

points are at (z,p) = (±1,0), i.e. z = ±1.) For each method, the calculations were
performed to O(e4) and O{£), i.e. the near-identity transformation to the normal form
was calculated through T4 or T6, respectively, and the tuneshifts were also calculated
through O(f*) or OCc6), for the F = 0 and CT cases. For the MNF, the tuneshift
terminated at O(e2), of course. The value of the relative error (25 — EQ)/EQ, where Eo

is the initial energy, is plotted against the time in Fig. 2. A total of six curves are
shown and labelled, viz. dashes for the MNF, solid for the CT, and crosses for the
F = 0 choice. The results for the F = 0 and CT methods are very similar, but that
for the MNF is quite clearly better than both. Bven at 0(6*), the MNF yields an error
comparable to that from the others at O(^), while when the MNF is used to O{(?) the
error is almost invisible on the scale of Fig. 2.

On the above evidence, the minimal normal form appears to be a good choice when
utilizing the freedom in setting up the near-identity transformation to the normal form,
but more evidence is required, using other equations of motion. Use of a quadratic
perturbation, viz.

z = — (31)
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Figure 2: Graph of the relative error (E - EQ)/EQ in the energy as a function of time,
for calculations through fourth and sixth order, for various methods of performing the
normal form transformation. The equation of motion contained a cubic nonlinear term.

yields results even more impressive than those from the Duffing oscillator. Thus, for
two well-known models, the minimal normal form method yields better results than
the more traditional techniques. However, there are cases where the use of the minimal
normal form as described above is not so effective. Suppose one uses a combination of
quadratic and cubic perturbations, e.g. a potential

with ft = e = 1, for which the ()(€*) tuneshift parameter is n' ~ -0.009, i.e. almost
zero. The minimal normal form method works badly in this case. The corresponding
graph to Fig. 1 is shown in Fig. 3. The MNF coefficients, this time, are larger
than those from the F = 0 and CT methods. This behavior is explained in Ref. [4],
where it is shown that, to achieve the MNF criterion, the free functions are inversely
proportional to /t', and hence become large if ft' is small. The coefficients in the F = 0
and CT methods are not directly dependent on the value of ft', hence their behavior is
not much different between Figs. 1 and 3.

However, it was shown in Ref. [4] how to cure this problem. As pointed out above,
if ft' = 0, then the MNF prescription should be modified to retain the 0(4*) tuneshift
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Figure 3: Graph of the magnitudes of the coefficients in the normal form transformation
as a function of the order of perturbation theory, with quadratic and cubic nonlinear
terms chosen so as to yield a small second order tuneshift parameter.

parameter fi", and to use the free functions to achieve an tuneshift of c4 p" p2 in the
normal form. The free functions will then be inversely proportional to p". Using the
free functions in this way, the magnitudes of the coefficients 3n the series expansion
are shown in Fig. 4, together with the and CT methods, which are unchanged from
Fig. 3. Strictly speaking, the MNF prescription was only applied approximately, i.e.
the tuneshift coefficients beyond fi" were made small but not exactly zero, because the
equations to be solved were more complicated and beyond the scope of the present
formalism. The MNF coefficients are now an order of magnitude mailer than those
from the F = 0 and CT methods, instead of eight orders of magnitude larger as in Fig.
3. The improvement in the MNF results is dramatic.

Hence we may conclude that the minimal normal form has the potential to be
a good method of exploiting the freedom available in the transformation from the
original phase-space coordinates to the normal form. It holds out the promise of offering
a good approximation to the exact solution using only low orders of perturbation
theory, thereby requiring smaller higher order corrections than other methods such
as a canonical transformation, but there are some caveats to the implementation of the
method, as noted above, if the magnitude of the lowest order tuneshift parameter p!
was small, or zero. The merit of the minimal normal form method for discrete maps
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Figure 4: Graph of the magnitudes of the coefficients in the normal form transformation
as a function of the order of perturbation theory. Both the second and fourth order
tuneshift parameters were retained in the minimal normal form method.

will now be investigated.
The calculations of the expressions for the normal form for discrete maps are similar

to those for differential equations. The three choices for the normal form will again
be denoted F = 0, CT and MNF. The maps treated below used a single thin-lens
sextupole or octupole, i.e. a quadratic or cubic nonlinearity. A plot of the phase-
space trajectories for these maps is shown in Fig. 5. The tunes were set to v = 0.255
and v = 0.34 respectively, where n = 2TV, and the value of e was chosen so that the
separatrices would be at z2 + p2 ~ 1 in both cases. This leads tc the choices c = 0.2
and 0.1, respectively. For the octupole, the map equation is

^ < ) 3 . (33)

(34)= Azn

The sextupole map would normally be very similar

ieX . M 2
— (zn + zn) ,

i.e. the Henon map [8]. For aesthetic reasons, however, to create phase-space trajec-
tories symmetric around the x axis, the sextupole was located diametrically opposite
the observation point, leading to the map equation
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Figure 5: Phase-space trajectories for maps with a thin-lens octupole (left) and sex-
tupole (right). The times are labelled in each figure. The nonlinear multipole strength
was chosen to place Lhe separatrix at x2 + p2 ~ 1 in each case.
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Figure 6: Graph of the magnitudes of the coefficients in the normal form transformation
as a function of the order of perturbation theory, for various methods of choosing the
free functions, for a map with a single thin-lens octupole, using a tune of v = 0.255.
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Figure 7: Same as the previous figure, but with a tune of v — 0.01.

= Azn + (35)

which was esed to generate Fig. 5. It has been verified that the location of the seztupole
made no difference to the convergence of the series expansion for the normal form. The
values of the O(e2) tuneshift parameter are

for the thin-lens octupole kick in Eq. (33), and

A 3 - 1

(36)

(37)

for the thin-lens seztupole kick in Eq. (35).
As explained above, in accordance with D'Alembert's test of convergence [7], the

various methods for calculating the normal form were compared by plotting the function
l°s( Hi+j=k+i l^«i!) against the order jfe. The results for the thin-lens octupob map
Eq. (33), with a tune of v = 0.255, are shown in Fig. 6. The results from all three
methods are almost the same, and although the MNF result is smaller than the others,
the difference is slight. It is not immediately clear why this is so; perhaps it may be
due to the presence of a small denominator in the coefficients, caused by the location
of large low-order resonance islands close to the origin.
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Figure 8: Graph of the magnitudes of the coefficients in the normal form transformation
as a function of the order of perturbation theory, for various methods of choosing the
free functions, for a map with a single thin-lens sextupole. The small-amplitude tune
was v = 0.34.

In an attempt to approximate the conditions of the diiFerential equation, the calculation
was repeated using a tune of v - 0.01, i.e. a small phase advance per turn. The results
are shown in Pig. 7. The MNF result, this time, is distinctly better than the others,
the coefficients being smaller by two orders of magnitude at the tenth order.

To examine the behavior for a different map, the thin-lens sextupole map of Eq.
(35) was studied next. The results are shown in Fig. 8, for a tune of v = 0.34. This
time, the MNF coefficients for the normal form are clearly smaller than those from the
F — 0 and CT methods. Use of a combined sextupole and ostupole perturbation did
not make any significant difference to the above conclusions.

Hence the minimal normal form method, when applied to discrete maps, sometimes
yields better results than other methods, but the difference is not as pronounced as
when solving differential equations. In all of the maps studied above, the free functions
were chosen to cancel the higher order tuneshift coefficients beyond Q{£\ However,
in those cases where the minimal normal form results were not better than those from
other methods, it may be a good idea to retain both the Ofc2) and 0(**) tuneshift
terms, or to extend the method to treat resonant normal forms (motivated by the
presence of large resonance islands in the phase-space of the octupole map). This
requires a more sophisticated formalism and computer program, because the equations
to be solved are not as straightforward. Future reports will address the issue.



CONCLUSION

The method of normal forms has been reviewed and the superiority of the mini-
mal normal form method has been demonstrated for ordinary nonlinear autonomous
differential equations. The minimal normal form method has also been extended, to
treat discrete maps. The application to the evaluation of one-turn maps for accelera-
tors yields mixed results, hence the superiority of the minimal normal form is not as
clearly visible. Further studies in investigating the effect of small denominators in the
vicinity of low order resonances will be attempted, to improve the convergence of the
perturbation expansion, and numerical model evaluations will be carried out for higher
dimensional phase space.

A major application of the method presented here in the calculation of the one-turn
map is to use the map to evaluate the effect of nonlinear perturbations on the lattice
functions, such as betatron functions, the dispersion function, chromaticity, and tunes
of the accelerator. If such improvements are possible, the minimal normal form method
can serve as a standard way of calculating lattice functions of an accelerator or storage
ring with small nonlinear imperfections.
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