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ABSTRACT

We study the creation of wake field in cold electron positron plasma by electron
bunches. In the resulting plasma inhomogeneity we study the propagation of short elec-
tromagnetic pulse. It is found that wake fields can change the frequency of the radiation
substantially.
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I. INTRODUCTION

Recently the problem of wave propagation and related

phenomenon in electron-positron plasma, where both the species are

of the same mass has attracted considerable attention. This plasma

is found to occur in Van Allen belts, in active galactic nuclei

and Jn the early universe. Such a plasma can also exist near the

polar caps of pulsars. According to current polar-cap models, the

pulsar magnetosphere Is composed of secondary electrons and

protons resulting from pair production induced by high energy

curvature radiation emitted by energetic particle emitted from the

surface. The electron-positron pair production and subsequent

plasma formation is also possible when electrons are accelerated

to relativistic velocities either by intense laser beam or by a

large amplitude wake field . The semiconductor plasma where holes

behave like positive charges with a mass equal to that of

electrons is another example of electron-positron like plasma .

Under some condition ultra relativistic electron-proton plasma can

also behave like electron-positron plasma. The interesting

properties of electron-positron plasma, which are different from

the usual electron-proton plasma comes from the fact that when all

the species are of the same mass the usual separation of time and

space scales associated with high and low frequency no longer

exist. Such a separation for electron-positron plasma usually

comes from the nonlinear effects.

Recently Hofiz has studied the problem of large amplitude

wake field generation due to a polarized electromagnetic wave CEH]

in a magnetised electron-positron plasma. The importance of this
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problem lies in the fact that such fields can provide a mechanism

to accelerate plasma bunches to high energies, which could explain

the origin of frequently observed bursts of energetic particles

from the pulsar surface. Now, normally in an unmagnetised

electron-positron plasma, an EM wave will not be able to excite a

wake field, the reason being that as electrons and positrons are

of equal mass, the ponderomotive force associated with the EH wave

is same and does not bring about the necessary charge separation

for the wake field. In Mofiz model the perpendicular Larmour

motion associated with the magnetic field causes the necessary

charge separation for the excitation of the wake field. However

one draw back of this model Is that since the electric vector of

the EH is in a direction perpendicular to the magnetic field the

generation of the wake field in the direction of the magnetic

field, which is effective for particle acceleration may not be

very efficient. It would rather be desirable to have a wake field

excitation mechanism, which operates along the magnetic field. In

this context, we investigate the possibility of exciting wake

fields by energetic electron bunches moving along the magnetic

field. In the case of electron-proton plasma this possibility has

already been investigated by a number of workers4. Energetic

electron bunches are frequently emitted by the pulsar surface

along the field lines. As we show here, these bunches may excite

large amplitude wake field, necessary for particle acceleration.

We further show that these fields can accelerate not only

particles but radiation as well i.e. "photon acceleration"5. This

could be relevant in explaining frequent bursts of intense

radiation from the pulsar.

II. CALCULATION:

For our calculation we consider a case where a bunch of

relatlvlstlc electron Is Injected into a strongly magnetised cold

electron-positron plasma. We consider a slab model where the

magnetic field is along z. Since the magnetic field is strong, the

problem can be treated in one dimension I.e. along z. Before the

Injection of the bunch we have a quasi-neutral situation where

electron density ng is equal to the positron density n i.e. n =

n = nQ. This situation is disturbed by the injection of an

external electron bunch of density nfe, moving with a relativlstic

speed vb a c. The local charge imbalance is created. Once the

bunch leaves, the plasma tries to regain the quasi-neutral

situation, thereby creating oscillations in the wake of the bunch.

The local charge imbalance is governed by Poisson's equation which

in one dimension is given by.

4ne (n - n +• n. )e p b (1)

and n are the localwhere ? is the electrostatic potential,

charge densities of electrons and positrons in the presence of the

bunch. In a stationary frame moving with the bunch, the shape of

the bunch Is given by n. = n. Cz-v.t) . This shape is assumed to be

given; the back influence of the plasma on the bunch is neglected.

The continuity equation for electrons and positrons is given by

while the equation of motion for electrons and positrons moving

along the magnetic field is given by



(3)

where

m yi+p2 /m2c2

a a.Z a

Assuming that all the quantities are a function of t, =

tz-v t) where v s c and eliminating no and v between five

equations, we get one equation for «> which is given by

2* 2d2* C4)

where
n nr " c r e eo

This equation is to be solved for 4 as a function of rj for a given

« . For a simple shape of the bunch, i.e. square bunch, Eq.C4) can

be solved analytically, while for more general shapes it may have

to be solved numerically. For a square bunch « is given by

\eirt) - C5)

where 6 is the Keavl side function. The boundary condition on *

are *(?=0), *'(£=e>> •= 9. Within the bunch i.e. 0 < ? £ L, the

solution for * oscillates between 0 < * < * o where * o is given by

(6)

The solution in the wake region (.n ^ L) is given by

(*,k) - E C* .k)I = ± A rW (7)

where E is the elliptic function of the second kind * « sin

k =

-1

• * * / £
4(L)

In

Eq.(7) *CL) is the solution of * within the bunch at T> = L.

This solution represents a periodic wake field with amplitude

- & < $ < i and with a wavelength X
*max *max

E cn/2,
(8)

% V 1+-S *CL)

From Eq.(7) and (8) we see that the value of the amplitude of the

wake field depends on the value of S(L). If the pulse is truncated

at the point where *CL) = *(0), the wake field will acquire the

maximum possible amplitude. On the other hand if i<L) = c, there

is no wake field.

Numerical analysis of Eq. C4) makes it possible to consider

bunch with more realistic shapes. Clearly in a general case, in

order to get the maximum effect, there should be a resonance

between the bunch length and the natural wavelength of the plasma

oscillations. For a gausslan bunch e is given by

E 2 = exp C (-T) - A)2/2D (9)

where A = constant. The numerical solution for A a 30 is presented

in fig. 1.

The analysis so far shows that it is possible to create a

longitudinal wake field by a energetic particle bunch in a

unmagnetised plasma or along the magnetic field B in a strongly

magnetised plasma. As mentioned earlier in an unmagnetised plasma
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it is not possible to create wake field by radiation alone as the

ponderomotive force associated with radiation can not create the

necessary charge separation for the longitudinal wake field. These

wake fields can accelerate the secondary trailing bunches to high

energies [see Mofiz].

This wake field can be considered as a source of plasma

inhomogeneity which can substantially influence the propagation of

radiation through it. For example the inhomogeneity can change the

frequency and shape of the electromagnetic pulse, propagating

through it. This has been suggested by Dawson as possible

mechanism to upshift the frequency of a laser pulse. This process

is sometime called "photon acceleration". In the present case of

electron-positron plasma al30, the inhomogeneity due to wake field

may upshift the frequency of radiation. This process could very

well operate in the pulsar magnetosphere where it could change the

properties of radiation propagating through it. We now study this

phenomenon in the present case. Let us consider a given wake field

excited for instance by a particle bunch as mentioned earlier. In

this wake field we consider propagation of an electromagnetic

pulse of length smaller than the wave length of the wake field.

Let us also assume that frequencies of this radiation u » a
o

(where fi is the cyclotron frequency of electrons). The 1-d wave
eA

equation for the normalised vector potential a = — i of the
roc2

radiation field is given by

U
(10)

where K = (n + ng) is the total density of the electron-positron

plasma. The density N is influenced only by the wake-field: (the

effect of ponderomotive force due to electro-magnetic radiation

are neglected). From the system of equations given earlier i.e.

Eq.(l)-O) we can easily show that

*2(3-*2)

(I-*2)

(11)

where 4 •= *|kp(z-vbt>| Is the potential due to the given wake

field. Similar problem for the case of electron-ion plasma has

been treated earlier by Sprangle and co-workers6. We will follow

their method for solving Eq.(ie). As in the case of Sprangle, the

maximum possible change of frequency is possible when the group

k c 2

velocity of radiation v is equal to _ a c, where u,
b o

2 2 2
•> + KQc . This holds for a transparent plasma (LJQ V2"<o ) .

Following ref. (6) we introduce the phase e of the amplitude a as

id
a = a e

o
where a constant and T and v. = v

b z
c. Then for the case where

with

= z-ct) , t

and <ii = ck 6 is given by

1/2

!-?!>

= L (k - kQ) + i in k/kQ

where k

d*2

k(o), ft = ft(.oi . Using Eq.(ie), L turns out to be L

(12)

(13)

(14)

-1

3 3-B—. For upshift of the frequency L should be < C, tfor

downshift L > 01. Thus in the case when pulse is situated in the



region of the wake field where ^y— > « the frequency will be

increased giving rise to an effective "photon acceleration". It

can also be seen that If the EH pulse is situated within one

quarter wavelength of the wake-field the frequency is upshlfted.

This is different from the case of electron-ion plasma where this

distance is one-half wavelength.

In summary we have studied the possibility of exciting the

wake-field in an electron-positron plasma by the Injection of

relativistic electron bunches. In the resulting lnhomogeneity we

have studied the change of the frequency of electro-magnetic

radiation propagating through it. Our main conclusion is that it

is not necessary to invoke magnetic field in order to excite

wake-field in an electron-positron plasma. As is shown here the

necessary charge separation could come from the Injection of

energetic particle bunches. This mechanism of wake-field creation

and subsequent particle/photon acceleration could very well

operate in the pulsar magnetosphere where particle bunches are

extracted energetically from the pulsar surface. The present

results should also be useful for understanding of non-linear

photon motion in cosmic plasma, such as those found in early

universe and active galactic nuclei .
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. 1 i Wake field for a Qausslan bunch with K - 30.
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