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ABSTRACT

We compare two different theoretical models for a CO2 laser, namely the two-

and four-level model, and show that the second one traces with much better accuracy the

experimental behavior in the case of a choatic dynamics due to time modulation of the

cavity losses. Even though the two-level model provides a qualitative explanation of the

chaotic dynamics, only the four-level one assures a quantitative fitting. We also show that,

at the onset of chaos, the chaotic dynamics is low dimensional and can be described in

terms of a noninvertible unidimensional map.

MIRAMARE - TRIESTE

April 1993

1.INTRODUCT1ON

The loss modulated single mode CO laser is the first optical device

where chaotic dynamics has been investigated in a detailed way, not

limiting the chaotic evidence to irregular time patterns or broadened power

spectra, but characterizing quantitatively the chaotic scenario by suitable

indicators III. At the same time, a large effort has been done in providing

the simplest exhaustive theoretical model for the CO laser able to

reproduce adequately the experiments 12,3,4,5], The widely used approach

based on two rate equations for the photon number n and the population

inversion S [l! (two-level model, 2LM) provides only a qualitative

agreement with the experiments. In a recent paper 15] it has been shown

that in a Q-switch experiment the main limitations of 2LM appear when the

amplification regime is no more linear and saturation effects induced by

the coupling between n and S become relevant. More accurate results can be

obtained by using the so-called four-level model (4LH) which takes into

account the collisional coupling of each resonant energy level with a

certain number of rotational levels of the same vibrationa! band.

The aim of this paper is to extend the analysis of Ref. S comparing the

two different models with an experimental situation where nonMnearities

play a fundamental role, that is, the chaotic dynamics obtained by applying

a time modulation to the cavity losses.

In order to make a more complete comparison, we have considered two

cases of 2LM. In the first (two-level model standard, or 2LMS) the value of

the population decay rate 7 to be considered in the rate equations is in

the range of the values measured directly by spectroscopic techniques. As a



consequence, no agreement is reached between the measured and calculated

saturation intensities. To account for this, a second model (two-level

model equivalent, or 2LME) is considered, whereby the value of jr is derived

by the requirement that the predicted value of saturation intensity should

agree with the experimental one, and then f results much higher (an order

of magnitudel than the actual value.

Trying to fit all the experimental features of the chaotic dynamics with

theoretical predictions, we will show that both two-level models give

unrealistic results while the four-level model describes with a good degree

of accuracy the experiment. ZLMS shows chaotic evolution for a range of

modulation frequencies close to the experimental value but for much lower

modulation amplitudes, while 2LME provides chaos for the correct range of

modulation amplitudes but for higher modulation frequencies. 4LM is free of

both drawbacks.

Besides the comparison between the theoretical models and the

experimental results, we have investigated two experimental features that

had received scarce attention beforehand, namely, the period bubbling

behavior [6] and the unidimensional-map contraction of the laser dynamics

at the onset of chaos (71. In fact it was the analysis of 4LM which gave us

indications for searching these experimental properties, which in turn are

related with one another |8,9|. The period bubbling property that we find

in our system refers to a sequence of period doublings followed by the

inverse process as the modulation amplitude is kept constant and the

modulation frequency is varied. Depending on the strength r»f the modulation

amplitude the sequence of period doublings may not end into chaos giving

rise in this way to a big primary bubble within which higher order bubbles

are contained (9). Such a behavior has been found in other systems [8] and

seems characteristic of low dimensional dynamics. This suggests that our

system can be described by means of a noninvertible unidimensional map

within a certain interval of parameter values, when the signal is chaotic.

However these features do not appear for ail parameter values since crises

may take place 110,11]. Let us point out that generalized muitistability

found in lasers ill is related to the existence of crises of attractor

destruction-type, since it suggests the coexistence of different

auractors. In. other words, muitistability may inhibit period bubbling

behavior.

The paper is divided as follows. Section 2 concerns the description of

the experimental setup. In section 3 we describe the theoretical models and

compare them with the experimental results. In the last section we give the

conclusions.

2.EXPERIMENTAL SETUP AND RESULTS

The experimental measurements have been performed with a laser cavity

defined by a grating and a 907. reflectivity mirror with a radius of

curvature of 3m placed 1.35 m apart. The laser is operated with a flowing

gas mixture of CO »92 vol., N «127. vol., and He*797. vol.. at a total

pressure of 20 Torr. The active medium excitation is obtained via a current

stabilized longitudinal DC discharge at a fixed current value of 5.0 mA.

An intracavity electro-optic modulator (EOM) modulates the intracavity



field transmission so that the cavity damping rate can be expressed as

follows

K= | j - [ 2T + (1-2 (1)

where c is the speed of light, L is the cavity length, T=0.10 is the total

transmission coefficient for a single pass, Vx=4240 V and

V(t)=V +V Sin(2itft) is the voltage applied to the EOM (Vo=TOO V).
0 1

Considering that V(t)«V we can approximate the expression for K as

K-k(l + m sin(2nrt) )

k- £j- ( 2T * U-2T)(*VQ/VA>2 j

(2)

< v « v /
k=4.61 10 s" being the cavity damping rate when the modulation amplitude m

is set to zero.

Working with a fixed modulation frequency, we have increased the

modulation amplitude m by changing V . The subharmonic cascade in the laser

signal leading to chaos has been characterized measuring the values of the

control parameter V at which successive bifurcations occur (see Table 1).

We have recorded three bifurcation sequences at f =90 kHz, f =100 kHz and

f =110 kHz. At f=f we have also recorded stroboscDpic Poincare sections of

the laser output intensity each with 64,000 periods.

On the other hand, by changing the modulation frequency f at a fixed

value of m, we have characterized the period-bubbling phenomenon. The

result of the measurement is reported in Table 11.

3.THEORETICAL MODELS AND COMPARISON WITH EXPERIMENTS

If we consider the CO molecule as a simple two-leve! system coupled with

a resonant electric field, we can describe the laser dynamics (in the case

of sinusoidal loss modulation) with two differential equations for the

photon number n and the population inversion S between the two resonant

levels (2LM) (dot denotes the time derivative):

n = kn [ S - (1 + rnsin(2nft+0» j

S = -rS -2kn3 + jGP/k
(3)

n and S have been renormalized tD the steady state inversion when m=O, f is

the inversion decay rate (for the 2LMS 7=1,95 l o V , for 2LME

7-1.95 l o V (51), G=9.9 10~V is the field-matter coupling constant,

p=1.44 IO1* is the pump parameter and ^ is the phase shift. Values of C and

P are rescaled from those given in Ref. 5.

As a matter of fact, the above description can be considerably improved

taking into account the collisiona! coupling of each resonant level with a

certain number Z of rotational levels of the same vibrational band (4LM).

These considerations lead to a set of five differential equations for the



photon number n, the population inversion 5 and the population sum <r of the

resonant levels, and the population inversion A and the population sum £ of

the rotational manifolds.

n = kn S - (1 + msin(2nft+$)l

6 = -n * in * r'& - 2knS • jr^

a- = -Tcr

a = -rt

+ i'X + ? GP/k

ozp/k

z = -r'E + rfi + y o- + i czp/k

All the variables have been rescaled with the steady state inversion of

the resonant levels when m=0. The number of rotational levels considered in

each manifold is Z=10. The decay rates I", V and f are defined as follows

r= (r

r= (r

Tf- ( ?

(5)

where 10V, ^ S - 0 lo's"', and =1.0

according to the considerations given in Ref.151. The other parameters are

the same as in the two-level model.

In what follows we will compare the two- and the four-level models with

the experimental results of the previous section by using bifurcation

diagram analysis. Once we show that the four-level model is the most

suitable one, we further study it in terms of Poincare sections and return

maps.

In Fig. la we report the bifurcation diagram for 4LM at a fixed value of

the modulation frequency f=100 kHz. It can be verified that the numerical

results are in good agreement with the experiment (the same agreement has

been found at f=90 kHz and f=110 kHz). In fig.lb we report the bifurcation

diagram at a fixed value of the modulation amplitude m=0.|l. For this value

of m the subharmonic window is bounded between 50 and 200 kHz. In Fig. lc

we report the primary bubble in 4LM at m=0.05 as the frequency is scanned.

In Fig. 2a we report the bifurcation diagram for 2LME at a fixed

modulation frequency f=]00 kHz. Comparing Figs. !a and 2a we observe that

4LM is more easy to destabilize than 2LME. As we may see in 4LM (Fig. !a)

upon change of m, after the first continuous chaotic region a new chaotic

attractor is originated from a period-3 unstable orbit. This crisis also

occurs for 01=0.15 upon change of f and the attractor may be periodic or

chaotic depending on f, A similar situation occurs for 2LME but for

unphysical values of the parameters m and f. Figure 2b shows that, for the

modulation amplitude m=0.11, the subharmonic region is shifted at

frequencies higher than 120 kHz. 2LME also shows period bubbling for small

values of m (*0.05).

As regards 2LMS, the bifurcation diagram at f=100 kHz reported in Fig. 3a

shows a continuous chaotic region which reminds roughly the bifurcation

diagram of 4L.M. The general difference is that successive crises in 2LMS

are separated by small intervals of m in comparison with those of 4LM. In

fig. 3b we see that for m=0.02 ELMS not only predicts chaos but also

several crises as the frequency is scanned. The interval of modulation



frequencies where the subharmonics occur is roughly the same as in 4LM for

small values of m, but period bubbling is not allowed doe to the collision

of the attractor (periodic orbit) with its basin boundary.

Comparing the numerical results of different models we can see that both

the two-level models present relevant discrepancies with respect to 4LM.

The main problem of 2LMS is the onset of chaos at low values of the

modulation amplitude m [1]. One may think to improve this matter by

increasing the decay rate jr thus increasing the value of m required to

reach the chaotic regime. However as we have seen in 2LME, the price that

one pays is that the frequency region where subharmonics appear is shifted

far from that of the experiment. We have found these features also with the

parameter set reported in Ref. 5.

We now compare the experimental Poincare sections at the onset of chaos

with those of the numerical simulations of 4LM The projections of the

numerical Poincare section for period four in the plane (n,n) is shown in

Fig. 4. Here we marked the order of the successive iterations. Figure S

shows similar Poincare sections at the onset of the chaotic regime (m=O.lOS

and f=100 kHz). Figure 4 suggests that the attractor represented in Fig. 5

consists of four pieces, which are visited in sequence. In fact, if we make

a map by sampling the intensity or the inversion every four periods, we

wil l find four different return maps.

As we may see In Fig. 5 a common feature of the return map is that a

Cantor set structure (related to the horseshoe dynamics of the equations)

occurs on a very fine scale and therefore an effective unidimensional map

may represent the dynamics of the equations.

Two of the pieces of the map reported in Fig. 5 show a one to one

correspondence between the points of the vertical and horizontal axes. Thus

we construct the return map whenever the orbit is localized in one of these

pieces, I.e. we form an unidimensional map by sampling the intensity or the

intensity derivative every fourth iterate of the Poincare map. In this way

any two points lying in the same piece and with coordinates differing by a

very small amount, will be mapped after four periods in other two

close-lying points of that piece. The exponential divergence of the

trajectories can be measured in terms of the Lyapunov exponent of the map

!7] defined on that piece. One may observe parabola-like maps (Fig. 6a)

until a crisis in the system appears. This crisis of the attractor is of

the merging type since the four chaotic pieces are not anymore visited

regularly. After the merging, the attractor is composed of two bigger

pieces which in turn are visited regularly [10,121. The corresponding

return maps (shown in Fig. 6b for m=0.U0 and f=100 kHz) may still be

described as effective unidimensional maps which however have two extrema.

This crisis occurs since the attractor touches the stable manifold of a

saddle point generated in the process of saddle-node bifurcation as we

change m |9I.

In Fig. 7a and 7b we report the experimental return maps corresponding to

Figs. 6a and 6b respectively. Here we point out that the attractor shown in

Fig. 7a is sensitive to the noise present in the experiment so that it

induces a merging of the two attractor pieces. After the merging, however,

the attractor is more stable against noise (Fig. 7b).

We can now evaluate the Lyapunov exponent of the return maps reported in

10



Figs. 6b and 7b by fitting the theoretical and the experimental data with

two polynomial curves G(x) and G(x) respectively. The Lyapunov
th ex

exponents of the maps are defined as follows [71

N
A = lim i V In |G'(x )

Here N is the number of data points (N=2,5001. The evolution of the

Lyapunov exponents X and A vs the number of data are shown in Figs. 8a

and 8b respectively. The final values A =0,762 and X =0662 are in fair
tK ex

agreement. The correlation dimension calculations performed on the

theoretical and experimental Poincare sections confirm the low

dimensionality of the attractor, giving values a few percent above one.

CONCLUSIONS

In the present paper we have shown that the four-level model is the only

acceptable model to describe the chaotic behavior induced by losses

modulation in a single mode CO laser.

We have also established that for 4LM the period bubbling behavior

persists beyond the values of the modulation parameters For the onset of

chaos until crises arise. In ZLMS. even for values of m lower than those of

4LM, crises arise already in the periodic regime In this way crises, which

in turn are related to multistability, destroy period bubbling. In

contrast, period bubbling is allowed in 2LME.

The treatment of the dynamics in terms of unidimensional maps has been

possible, since just at the onset of chaos (reached by period doublings)

any multidimensional system may be described as a noninvertible

unidimensional map, and since period bubbling is an indication of low

dimensionality. The theoretical analysis of the Poincare maps shows the

transition from maps with one extremum to maps with two extrema, as a

consequence of a merging-type crisis.

In the experiment, due to the presence of noise which induces jumps

between close lying orbits, we only observe maps with two extrema. However

after the crisis, we find a fair agreement between the Lyapunov exponents

calculated from the experimental and the numerical data.
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TABLE CAPTIONS

Table I - Experimental bifurcation values of the parameters V and m for

three different modulation frequencies.

Table II - Experimental bifurcation values of the parameter f for V =73.5 V

corresponding to m=0.108.
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TABLE 1

f (kHz)

90

(V)

33.6

79.8

88.5

92.6

94.5

114.1

m

O.OSO

0.1)8

0.131

0.137

0.140

0.169

onset of

f/2

f/4

chaotic f/8

chaotic f/2

chaos

f/3

100 31.3

71.7

77.7

83.6

87.5

103.6

0.046

0.106

0.115

0.124

0.130

0.153

f/2

f/4

f/8

chaotic f/2

chaos

chaotic f/3

110 34.3

69.1

78.0

84.9

92.4

105.0

0.051

0.102

0.115

0.126

0.137

0.155

f/2

f/4

f/8

chaotic f/2

chaos

f/3

15

TABLE II

f / 2 f / 4 f / 2

46 96 US 151 f(kHz)
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FIGURE CAPTIONS

Fig. 1 - Numerical results for 4LM. a) Bifurcation diagram for the

inversion 6 vs the modulation amplitude m at f=100 kHz. b) Bifurcation

diagram of <5 vs the modulation frequency f at m=0.11. c) The same as b) but

for m=0.05.

Fig. 2 - Numerical results for 2LME. a) Bifurcation diagram of J vs m at

f=100 kHz. b) Bifurcation diagram for the inversion 5 vs the modulation

frequency at m=0.11.

Tig. 3 - Numerical results for 2LMS. a) Bifurcation diagram of 5 vs m at

f=100 kHz, a) Bifurcation diagram for the inversion S vs the modulation

frequency at m=OOZ.

Fig. 4 - Foincare map projection on the plane (n,n) at f=100 kHz and m=0.09

(period four).

Fig. 5 - The same as Fig. 4 but for m=0.105 {onset of chaos). The attractor

merging of the "linear" pieces is shown (it is also observed in the other

two pieces).

Fig. 6 - Return maps obtained with the fourth iterates of the photon

number at f*100 kHz, a) m=0.105, b) m=0.H0.

Fig. 7 - Experimental return maps for the laser intensity obtained with

the fourth iterates at f=100 kHz. a) m=0,l!8, b) m=0.124.

Fig. 8 - Lyapunov exponents calculations for a) the return map of Fig. 6b

U ) and b) the return map of Fig. 7b U ).
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