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ABSTRACT

In this note, based on examples, we consider some aspects of integrable systems
with two degrees of freedom: local and global theory, orbit space, integrable surgery,
generalized Delzant spaces, relations with "pure" symplectic geometry, etc.
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February 1993

§1 Introduction
The main purpose of this note is to consider some relations between global
and local theory of integrable Hamiltonian systems with two degrees of free-
dom, and their relation with "pure" symplectic geometry. We do not intend
to give any general theory, but just to emphasize on some interesting facts
and examples. Our starting point is that every integrable system (in the sense
of Liouville) in a (compact) symplectic manifold (A/2l*,u>) has as its orbit
space an n-complex which admits a natural affine structure. Here by an orbit
space we mean a space of leaves of a singular foliation by Lagrangian tori
induced by an integrable system. Later, under "integrable system" we mean
a Poisson i?2-action, or just a singular fibration with Lagrangian torus as a
general fiber. If a system is nondegenerate in some sense (later we will be
more precise) then this affine structure has a "good" behavior near singular-
ities (i.e. strata of smaller dimensions). Examples of such n-complexes are
Delzant polytopes [De] (see also (Al, A2, Gu]). In fact, we will show that, in
many cases, every closed n-stratum of the orbit space (in this paper n = 2)
has some properties similar to the Delzant polytopes, and some other proper-
ties which may distinguish it from Delzant polytopes. Orbit spaces give rise
to a natural definition of "integrable surgery". Using integrable surgery we
can construct many interesting examples of integrable systems. The compact
symplectic manifolds which admit nondegenerate integrable systems are of
particular interest. Using Gompf's construction we show that they can have
any finitety-generated fundamental group. In general, the question (which
was told to BE by A.T.Fomenko): whether every symplectic manifold admits a
non-degenerate integrable system, seems to be difficult.

To understand the orbit space of integrable systems we need to understand
the local and semi-local behavior of these systems (near singuiarities). For-
tunately, it was done by many people. In this paper we will consider in
more detail the focus-focus singularity case (in [El] it was called nonelliptic-
nonhyperbolic case). We will review some semi-local results of [LU, Bo] from
a different point of view.

He will also give some remarks on the set of singular closed one-
dimensional orbits.
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For comfortability, let us recall the following terminology of Fomenko [BFM]:
An atom means the following data {P2, F, S). Here P3 is an orientable surface
with boundary, F is a singular foliation by closed curves on P J such that the
boundary components of P2 belong to F, and F can be de fined by a Morse
function / : P2 —* R? with only one singular level. 5 is a (may be empty) set
of marked points on the singular leaf of F, lying outside the singular points.
Points of 5 are called "stars". If / has no singular level, then all the stars
must lie in the same one of the leaves. "Atom A" means an atom where / has
only one elliptic singular point. "B" means an atom where there is no star
and / has only one hyperbolic singular point.

§2 Local form of the nondegenerate singularity of Poisson R2 actions.

In this section we will follow mainly the work of Lerman and Umanskii. See
also [Bo, El, DM,...].

Let O <E M4 be a fixed point of the Poisson R2 action. Linearizing the action
at a pant A, we obtain an linear Poisson R2 action on symplectic space (R4 =
{{pi,pi,qi,qi)},i*>o)- Take 2 generators of this action. They are given by two
quadratic Hamiltonians, H and K say:

H(x) =< Ax,x> /2,K =< Bx,x> /2,

where A, B are symmetric operators from R* to ( i f )* = R*. The correspond-
ing Hamiltonian vector fields are linear:

= IA(x),XK{x) = JB(x).

Here / denotes the (operator with) matrix

The matrices IA and IB belong to the algebra sp(2). Since H and K commute
these elements are also commuting in sp(2). Note that the Cartan algebra of
sp(2) has rank 2. If IA and IB are non-colinear (i.e. they span a Cartan subal-
gebra), then the Poisson action is called non-degenerate at point 0. Otherwise
it is called degenerate.

We will consider only non-degenerate singular points. Up to symplectic linear
change of coordinates in R* and of generators of the Poisson action, there are
four cases, with the following linearization:

1. center-center, H = p\ + q\, K = p\ + q\

2. center-saddle, H = p\ + <J,, K = p2qi

3. saddle-saddle, H — p\qi,K = p ^

4. focus-focus, H = pxqi + p2?2, K = p1q2 - p2q\

Note that all the 4 cases appear in classical mechanics (see [Fl, Os, ...] for
a lot of examples). The typical bifurcation diagram (of the moment map) of
the Pojsson action in these four cases are shown in fig. 1.

Fig. 1

The local theory of these non-degenerate singularities were studied intensively
by Lerman and Umanskii [LU]. The better results are obtained later by Elias-
son, Molino, Dufour,..., by using fine division techniques. Note that if one
complexifies the system (provided that it is analytic), then the first three
types become the same.

The semi-local study of the first three types was partially carried out in [LU,
Bo]. Here by "semi-local" we mean the study in a neighborhood of a singular
leaf in the Lagrangian foliation containing the singularity. For the center-
center case, it is the same as local. The center-saddle case is also simple:
topologically it is just a product of atom A with another atom without stars.
Of course, the symplectic form may not be a sum of two area forms.

The saddle-saddle case is much more complicated: they are not a product
of two atoms apriori [LU,Bo]- Also there are many things common for gen-
eral dynamical systems: homoclinic and heterociinic orbits, horseshoe after
small perturbations, etc. We will call a (semi-local) saddle-saddle singular-
ity topologically simple if the Lagrangtan foliation near that singularity is
diffeomorphic to a product of two atoms (i.e. surface singularities), and ge-
ometrically simple if this diifeomorphism can be made symplectic, i.e. the
symplectic form is split.

Example 1. In [Bo] there is a scheme to classify the possible cases. For
example, when there is only one (saddle-saddle) singular point over the saddle-
saddle point in the bifurcation diagram, there are four different cases. When
there are two saddle-saddle points (with heterociinic orbits form one point
to another one) the number of cases is much larger [Bo]. In this example
we consider the four cases where there is only one saddle-saddle point. Of
course, it is easy to show directly that all that four cases can be realized (i.e.
there exist semi-local symplectic manifolds and integrable systems with that
singularities). One of the 4 cases is just a (topologically) simple singularity,
that is it can be realized as a product of two "atoms B"

u> — sum of area forms
fi - function on P, with
one saddle singularity

Fig. 2



Our idea is that many semi-local saddle-saddle cases can be obtained as a
quotient by a finite group action of a simple singularities, i.e. products of two
atoms without stars (in the terminology of Fomenko). Here we illustrate this
idea on the three other subcases of the one-saddle-point case.

Note that the atoms B,Di,C2 have an involution (the rotation by 180°) that
preserves everything. Denote this involution by o. Then a acts as Z2 group
also on the products B x Dj and flxC2. Note that these actions are free.
Divide that two products be the action, we obtain 2 of three other subcases
of one-saddle-point case.

Fig. 3

Note that C2 admits another involution, which also permutes the two saddle
points, and preserves everything, (it is easy to see if one embeds Cj in S2).
Denote it by b. Note also that a and b commute. On C2 x C3 define the
following action of Z2 © Z2:

a(x,y) = (ax,ay),b(x,y) = (bx,a{by)).

Then the quotient by Zi © Z2 will coincide with the fourth subcase.

Fig. 4

These quotients are perhaps not accident, and many singularities met in me-
chanics are quotients of something more simple. For example, I guess that
all the singularities of geodesic flows on multi-dimensional ellipsoids (and
quadrics?) are quotients of simple singularities (see e.g. [Z3] for the list
of singularities for the ellipsoid problem).

Example 2. This is a continuation of example 1. We want to show that if the
saddle-saddle singularities are not simple, then the Delzant's integral property
may be violated. Recall that, for Delzant polytopes, every vertex gives a basis
for an integral lattice Z2 of P? (see more about it in the following sections). In
our cases, it may give a basis not for Z2 but only for a 2-dimensional sublattice
of Z2, and this sublattice can be arbitrary, just 2-dimensional. Let n,k be a
pair of relatively simple natural numbers (n > 2). In the following atom Vn

there is a natural Zn action (fig. 5). Denote this action by < '̂(j 6 Zn).

Fig. 5

Define the following action of Zn oaVn x Vn:

Then one can check easily that the "local poly tope" which contains an orbit
7! x 7) has the following property: its vertex corresponds to the sublattice
of Z2 generated by 2 elements (1,0) and (k,n). In particular, the mark in
Fomenko-Zieschang invariant of the corresponding edge of the molecule around
the saddle-saddle point will be k/n. (in the previous example there are already
some cases where the mark is 1/2, and the sublattice is of index 2).

Let us consider now singular 1-dimensional orbits. Fix a singular I-dimensional
orbit 7. We can assume that dH 4 0, dK = 0, H = K = 0 on 7. If F can be
chosen to be a local Bott function when restricted to {H = 0}, with 7 as a Bott
non-degenerate singularity, the 7 is called a non-degenerate one-dimensional
singularity of the system. Otherwise it is called degenerate. Remark that near
the non-degenerate singular points, all the singular one-dimensional orbits are
non-degenerate [LU].

If 7 is a non-degenerate closed one-dimensional orbit, then as was shown in
[Zl] (see also [Bo, DM,...]), near 7 there is a uniquely determined symptectic
vector field X, tangent to 7 at 7, which preserves H, K, and which flow g'x is
periodic with period 1. (At 7 it may have period 1/2 if 7 is "non-orientable",
i.e. if it corresponds to a "star in some atom" in Fomenko's terminology). We
can assume that X is a Hamiltonian vector field for H (if we consider systems
only up to Lagrangian foliation). Then one can check easily that there is a
symplectic coordinate system (\,6,x,y), (9 — modl),ui = d\ A d8 + dx A dy
near 7, so that H = A, X = d$,7 = {A = x = y = 0}, A' = A(A, 1, y). (If 7
is "non-orientable", one should take a double covering of a neighborhood of 7
to obtain these coordinates).

Fix one value of 0 : 0 = 0. Then K gives us an one-dimensional family of
singular foliations by curves on 2-planes {H = const}. In the non-degenerate
case, locally every foliation in this family has only one non-degenerate singular
point. Weakening this condition, we come to the following :

Definition 1. A degenerate closed one-dimensional orbit 7 is called simply
degenerate if it satisfies the following two conditions:
1. There is a symplectic vector field X with the above properties.
2. In the above symplectic coordinates (may be after a double covering of a
neighborhood of 7), K can be chosen so that it is a Bott function on all the
planes {H = const / 0}, and on {H = 0} either is Bott or has (0,0,0) as a
unique singular point.

The second condition needs sĉ me explanation: If K is still a Bott function
when restricted to the [evef^H = 0}, then the point (0,0,0) belongs to a
smooth curve of singular points, and K is quadratic in the transversal direction
to this curve.

Let us mention that the conditions in our definition are weaker than that ones
of [LU]. In other words, simply degenerate closed one-dimensional singular
orbits in the sense of [LU] are also simply degenerate in our sense. Moreover
there are examples, in rigid body motion equations say, where there are orbits



that are simply degenerate in our sense, but not in the sense of [LU]. (These
orbits correspond to some of "beaks" in bifurcation diagrams. Only simplest
beaks correspond to simply-degenerate orbits in the sense of [LU]).

Definition?. An integrabte Hamiltonian system on a compact symplectic
4-manifold (may be with boundary) is called non-degenerate if it has only
non-degenerate singular points, and all the singular one-dimensional orbits are
either non-degenerate or closed simply degenerate.

To our knowledge, all the well-known examples of algebraically integrable
systems are non-degenerate by this definition. Later we will consider with
non-degenerate systems.

§3 Symplectic form near the point of focus-focus type.

Focus-focus type singularity appears, for example, in Lagrangian, Klebsch
tops, four-dimensional rigid body motion (see e.g. [El, Fl, Os]). The follow-
ing simple and important fact was first observed by A. Bolsinov: the singu-
lar fiber corresponding to a singularity of this type consists of a chain of n
Lagrangian spheres (n being the number of singular points), each of which
intersects transversally with two other (fig 7). When n = 1 it is just one
sphere with one point of self-intersection. The reason is that this singular
fiber can not contain singular points of other types. This fact follows from
the fact that near a focus-focus singular point in M* we have two Lagrangian
invariant submanifolds intersecting transversally at this point, an the Poisson
R2 action has an orbit type of annulus on that Lagrangian submanifolds [LU].
Let us now construct an algebraic model for this singularity.

Near the origin O in the local standard symplectic space ft4, UJ = dpi A dq^ -f
dpi A dq-2 we have two generating functions for a Poisson R1 -action with the
singularity of the type focus-focus:

h — Pi 93 — Pi?i

Set ^i = pj - ipj, zj = qi + iq-} . Here we define a complex structure:

J • (pi,Pi,91,92) -» (ft,— Pii-92,91)

Then /1 and f2 are the real and imaginary part of function ztz2- In particular,
the level sets of (fitfj) are the (complex) level set of z\z^ in C2.

Remark. More generally, for any (germ of) analytic function g : C1 —f C,
Reg and Img are in involution with respect to the symplectic form w defined
above. Thus we have a local model of a integrable system. The interesting
case is that g has a singularity at O. Suppose the Milnor number of that
(isolated) singularity is ft. For the function z\Zi one has fi = 1. If ft > 3 then

the level surfaces near the singularity have at least 2 handles, so it can not
be a local model for an integrabte system with general torus orbit. It is an
interesting question to consider the cases when fi = 2 and ft = 3.
Consider first the simplest case, when the preimage of a focus-focus point in
the image of a moment map is a single point. We can construct the model as
follows:

Take the conformal map $ : (21,22) —• ( z ^ 1 , ^ ^ ) . We will see in the next
lemma that this map (when it is well-defined) is symplectic. Consider a small
neighborhood D x CPl of the sphere 0 x CPl (23 lies in CPl). Gluing the
points near (0,0) to the points near (00,0) by the map $ we obtain a complex
space M which has a natural symplectic form UJ (because $ preserves the
symplectic form). Furthermore, it is clear that the analytic map zxzi : M —» C
is well-defined on M is the moment map for a desired R2 Poisson action.

is a complexification of a real

Fig. 6

Lemma 1. * is a sympiectic mapping.

Proof. Note that w = Redzt A dz2, and
area-preserving map.

Remark. From the "pure" symplectic point of view, the symplectic structure
of M is uniquely determined (near the singular sphere /] = /2 = 0) by a
Moser's argument (see e.g. [Mo, Br]), and there is a symplectic submersion
from a small neighborhood of zero section in T'S3 to M, which sends zero-
section to that singular sphere. But it seems quite hard to define a Poisson
action in this way?

The case when the preimage of focus-focus point of the bifurcation diagram
consists of (finitely) many points is similar. Take n samples U,(i = l,...,n)
of D x CPl and define n local maps <j>, : U< —> f/,+i((/,,+i = f i ) , which in
local coordinates have the same form $ as above. Glue Vi by these maps.
Again we obtain a symplectic manifold, and the function z\Zi provides us a
moment map for a Poisson R2 action on that manifold, now with n focus-focus
points over a (single-point) singularity in a (local) bifurcation diagram. More
geometrically, what we do is just to take an n-covering of the one-point case.
Under this covering every Lagrangian torus also goes to an n-covering of itself.

Fig. 7

Topologically, this construction is unique. From the construction it is easy
to see the topological type of a "isoenergy" 3-manifoid around the singularity
(more precisely, the manifold {|JI*J| = t > 0}. It is a locally flat fibration
with torus fiber over a circle. We will compute the holonomy mapping of this
fiber bundle. Our computations in fact do not depend on the above specific
model, but only on the properties of all the focus-focus points.



First note that, from the results of [LU, El] and the above observation of
Bolsinov, one sees that semi-!oca!ly there is a Hamiltonian vector field X —
Xs, which is tangent to the singular leaf, and which flow is stationary at
focus-focus points and periodic of period 1 elsewhere. In our model g =
j 2 . Fix a small circle {\z\Zj\ = t} = {ff + f\ = t2} in the bifurcation
diagram. Every point in this circle corresponds to one Lagrangian torus. Fix
one point {/i = e, /j — 0}. On the torus corresponding to this point fix a
basis of generators of the fundamental group, so that the second generator is
induced from the symplectic vector field Xf2, an the orientation on T2 given by
these two generators coincides with that one given by X^, A/,. Denote these
generators by 7, <5 resp. When the point {/1 = t,f2 = 0} moves along the circle
in the positive direction (anti-clockwise), 7 and S also move homotopically, and
in the end come back to some new cycles -fatM, 6neU} on the old torus.

Proposition 1. With the above notations we have:
1) The curves g = const are straight lines in the affine structured orbit space.

( «Z ) = ( 0 1 j ( ]
Proof, 1) follows from the fact that the flow of Xg is periodic with constant
period. We prove 2) for n = 1. Then one can use n-covering to see it for any
n. Since the assertion is topological, then it is enough to prove it in our model.
On the submanifold {|*i2j| = e} in M* denote by 6 the cycle where z: = const
and arg z2 decreases, A the circle where 23 = const and arg x\ increases. Then
6 = 0+ A. Recall that when we go around by 7, the coordinate system changes
by the rule: (z""", z™w) = (Z^JZIZJ). Fix a point A in one representative of 7.
Moving A along A some angle e means increasing arg z\ by this angle. Making
things go homotopically around 7, what we get is that argz"""" increases by e,
z™v remains const. By the above rule, in the old coordinates arg Z\ increases
by 2e, and arg z? decreases by e. That yields that after going around 7, A
becomes to move on A + S with the same angle. Shortly, we have the following
picture:

Fig. 8

It follows that 7nt!i, — 7 + 6. O

Since the late seventies many authors have been studied additional structures
of integrable systems: bi-foliation, bi-hamiltonian, compatible Poisson struc-
tures,... It is natural to ask if there exist bi-structures near focus-focus points.
In some sense, in our construction the answer is yes. More generally, we have
the following fact. This fact is not new, but I don't remember the references:

Proposition 2. Let C = {(,?], *j)} = {(pi,— £2,91,92)} w ' t n the symplectic
form w = dp, A dqt + dp? A dq? . Then for any (local) holomorphic function
9 - h + ifi • C2 -> C1 we have:

2)Complex structure J is a recursion operator. That means that uii = w(,/.,.)
is symplectic.

3) The hamiltonian vector field Xh is bi-harailtonian:

Lxhu = LXhui =0

i)-JXh = XhJXh=Xh.

Proof. Direct verification.

§4 Orbit space of an integrable system

By the Liouville-Arnold theorem, locally near a nonsingular torus orbit of an
integrable system there is an action-angle coordinate system. As a conse-
quence, the orbit space has a natural affine structure. This affine structure is
integral in the sense that the mappings between the charts are affine with the
integral linear part. We will call a curve in an orbit space geodesic if locally
it is a straight line in every affine chart (terminology in a paper of Caudevaux-
Dazord- Molino ?).

We are now interested in how this affine structure behaves near singularities.
From the results of Eliasson, Dufour-Molino,... one sees that near the elliptic
singularities the behavior is very simple. More precisely: near singular points
of center-center type the orbit space is equivalent (by an integral affine map)
to the right angle in the Euclidean space R2. Near one-dimensional closed
elliptic orbits, the orbit space is equivalent to the half-plane in R2.

From the above computation for the focus-focus case (Proposition 1), we see
that the orbit space has a singularity at the focus-focus point as an affine
space (though topologically it has no singularity), and the affine structure is
locally defined as follows:

Fig. 9

Take the angle between two vectors OA,O~B, where O is the origin in R2, A =
(0,1), B = ( -n , l ) . Here n is a number of focus-focus points with the same
image in the orbit space. Cut out from the plane this angle to obtain a big
angle. Now glue the two edges OA, OB of this big angle by the following
integral linear map (element of SL(2,Z)): (x,y) -> (x - ny,y). We obtain a
cone with smooth integral affine structure outside the vertex 0. This cone will
be the local model for orbit space near focus-focus points.

Let us now look at the saddle cases. First we want to see how the affine
structure behaves near the saddle (i.e. hyperbolic) one-dimensional closed
orbits. Recall from §2 that locally we have the following data:

10



* Coordinates (X,0, x, y),8 — modi
* H = A, K =K(\,x,y)
* ui = dX A (16 + dx A dy.

Since XH generates a periodic flow of constant period, {H = const} are
geodesies on the orbit space, transversal to the curve of saddle points, and
have the form of a graph.

Thus we have the following:

Proposition 3. Let C2 be an orbit space of a non-degenerate integrabte sys-
tem. Then every saddle boundary component of a 2-domain in C2 is transver-
sal to some geodesic direction. We will call it a preferred direction.

Unlike elliptic case, a saddle boundary itself may be very non-geodesic. Aside
the fact that it must be transversal to some direction, it can behave rather
arbitrarily. Of course, there are some homological conditions imposed on the
relative behavior of neighboring 2-domains in C1, as the following example
shows:

Example 3 In the above data, let x, y be local coordinates for a sphere, and
K(*,y, A) - a function from S2 x / to R such that K restricted to every sphere
S2 x {A} is a Morse function with 3 elliptic singular points and one hyperbolic
singular point. The singular level set of K divides a sphere S2 x {X} into 3
parts. Note that the area of S1 x {A} (with respect to the symplectic form)
does not depend on A, because they are homologous. Thus by choosing K ap-
propriately, we can see that areas of the 3 parts divided by K can be changed
arbitrarily when A changes, the only condition is that their sum remains con-
stant. Fix one of the parts of a sphere divided by K. It corresponds to a
segment in the orbit space, and which length (in an appropriate Euclidean
structure) is the area of this part. One of the ends of this segment (which
corresponds to an elliptic singularity) makes a geodesic when A changes. The
other end makes a curve of saddle points. Since the length can be changed
arbitrarily, this curve may be far from being geodesic (fig. 10)

Fig. 10

When the saddle orbits approach the (non-degenerate center-saddle and saddle-
saddle) singular points, their image in C2 has some asymptotic directions. In
general, this direction doesn't have to make a right angle (up to integral affine
maps) with, the geodesic of elliptic orbits in the center-saddle case say, unlike
the center-center case. Note that near the center-saddle point,fAe preferred
direction is parallel to the geodesic of elliptic points. I guess that the arbitrary
behavior of saddle curves in affine structured orbit spaces is an obstruction for
integrable Hamiltonian systems to be bi-hamiltonian in any sense (see e.g. the
papers of Turiel, Brouzet in [La] for bi-Hamiltonian systems with two degrees
of freedom)

11

The case where there is a simply degenerate closed orbit is similar to the above
saddle case, because of the assumption about good systems of coordinates. In
particular, there still exists a transversal geodesic direction. We give here a.
special example to be used in §6.

Example 4. In example 3, let x, y be local coordinates on a torus, instead of
a sphere. Let K(X,x,y) be a function from [0,1] x T2 to R such that for A
near 1 K is a Bott function on a torus, with two singular closed curves, and
for A near 0 K is a Morse function on a torus, with 2 elliptic singular points
and two hyperbolic singular points. We can do so that there is only one level
of X where K restricted to {A} x T1 is not a Bott function. Thus the system
is non-degenerate. The corresponding orbit space is shown in fig. 11.

Fig. 11

In [Z3] we have shown that, under some conditions (simplicity of saddle sin-
gularities and non-existence of focus-focus points), the 2-domains of a orbit
space must have a very simple topological type. Here we want to prove it for
any non-degenerate system without any additional condition.

Proposition 4. Let C% be an orbit space of a non-degenerate integrable
Hamiltonian system on a compact (may be with boundary) symplectic mani-
fold M4. Fix a point x € C2 and denote by Cj the connected 2-domain which
contains x. Assume that C2 is relatively compact in C2, and points in the
boundary of Ci correspond to singular leaves of the Lagrangian foliation (if
M* is closed then this condition is satisfied automatically). Then C? is home-
omorphic to either an annulus, a Mobius band, a Klein bottle, a torus, or a
disk.

Proof. We use essentially the same ideas as in [Z3], We will prove only for the
case Ci is orientable. For non-orientable case, one just take a double covering.
The proof consists of the following steps:
1) Define angle functions as in [Z3, 6.1]
2) Recall the lemma 6.1.3 of [Z3].
3) See how the angle function changes when the curve goes around every
component of boundary
4) Prove the assertion for the case where there is no focus-focus point.
5) See how the focus-focus points can affect the situation.

For the moment assume that there are no focus-focus points.

Suppose that Ci contains exactly k handles (k > 0). Take a smooth loop 7 to
be a collar of all of these handles (fig. ?)

Fig. 12

Provide 7 with a natural orientation (such that the boundary E = dC2

is "outside" of 7, if it is not empty). Then homotopically we have 7 =

12



a iM/f t , '...Ofc'&fc1, Fix a positive basis (eo,/»o) at x0 = 7(0) = 7(1). Transfer
it by the curve 7 with respect to affine structure of Cj , we get a family of
bases (c(t},h(t)). Transfer it by 7 with respect to some metric where 7 is a
geodesic, we get another family of bases (e,,Ai). Consider the angle function
A^(t) = i(e(i),et) with respect to orthonormal basis (e,,A(). Of course, the
angle function A{t) can be chosen to be a continuous function. The following
Lemma is proved in [Z3].

Lemma 2. If k > 0 then A,(l) - A,(0) < 0.

Note that this value does not depend on the choice of a metric. Note also that
the initial direction of e0 can be chosen arbitrarily.

Now assume that the curve 7 is going around some topological component of
boundary (but is not necessary a collar). Then we have the following:

Lemma 3. The initial direction of eo can be chosen so that Ay(l) — A,(0) > 0.

Proof oi Lemma 3. There are two cases: the topological component of bound-
ary is smooth closed, or it has singular points.

Case 1. Smooth closed curve. If this curve corresponds to elliptic singular-
ities, then an action function (i.e. a local function on an orbit space which
Hamiltonian Mow is periodic with period 1), which is 0 on this boundary, is
well-defined near it. Then just take 7 to be a near to zero level set of this
action function. If this curve is of hyperbolic point, then as was shown before,
there is a well-defined (every where near this curve) geodesic direction, which
is transversal to this curve. Then take e0 to be parallel to this transversal
direction (fig. 13).

Fig. 13

Case 2. There are singular points (of saddle-saddle, center-saddle or center-
center types). For simplicity, we will assume that all singular points are of
saddle-saddle type. The other cases can be treated analogously. Then near ev-
ery saddle-saddle point there are two preferred directions, which are transver-
sal to 2 edges of this vertex. Note that every transversal direction is a preferred
direction for two vertices. Let e0 be one of the two preferred directions near
one vertex. Then simple comparisons show that Ay(l} — A,(0) > 0 (Fig 14).•

Now Proposition 4 follows from the fact that when A goes from one boundary
component to another one and back, the angle increases for more the x. (Fig
14)

Fig. 14

Let us consider the focus-focus points. From §3 we see that when 7 goes to
a focus-focus point, makes a turn to the right and come back, in total the
angle remains the same or increases. Thus focus-focus points can affect only
positively on our computations. (Fig. 15) D
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Fig. 15

Remark. 1) Orbit space explains Fomenko's idea [F3] that an integrable
system on a symplectic 4-manifold can be characterized by a two-dimensional
object. Of course, sometimes orbit spaces don't tell you much about the struc-
ture of singularities. But orbit space + structure of singularities may serve as
a topological classification of integrable systems (with two degrees of freedom
in our case). 2) In [BZ] (see [Zlj) we defined a notion of index of an integrable
system restricted to an isoenergy 3-submanifold. In [Z3] we have shown some
properties of this index: how it is related to contact geometry and to cobor-
dism theory of integrable systems. From the above properties of orbit spaces
one can derive further properties of the index. I conjecture that if a system
lies in some closed symplectic manifold, then all the indices must belong to
the set {-2,-1,0,1,2}

§5 Integrable surgery

Surgery is one of the most useful technics in topology and geometry. Here we
want to use integrable surgery to construct symplectic manifolds with inte-
grable systems on them. By an integrable surgery we mean a gluing of two
symplectic manifolds with Lagrangian foliation (with non-degenerate singu-
larities in the sense of §2) on them along some common boundary so that the
symplectic form and the Lagrangian foliation can be naturally extended from
the two manifolds to their union.

Let us look at the following example of integrable surgery, which will be used
in §(i:Integrable torus handle.

Set U - T2 x D2 = {(xi,yi,X2,t/2)},Xi,yi — modi with the symplectic form
u> = dx\ A dyi + dx2 A dyi The "central" symplectic torus is x? = y2 = 0.
The Lagrangian foliation is given by X\ — const, f{x2tyi) = const where f
is a Morse function. (Clearly, all that foliations are Lagrangian and non-
degenerate). By changing / inside a small disc (so that / remains the same
outside it) we can assume that near point i j = j 3 = 0 f has the form / =
x\ + y\. Then this foliation has a nondegenerate singularity at x2 = j/2 = 0
For the operation below we will assume / is sum of squares of coordinates.

If two symplectic 4-manifolds with Lagrangian foliation have an embedded
standard integrable torus handle (where the Lagrangian foliation on that han-
dle is an induced foliation). Then one can cut out these torus handles and
glue the two manifolds by a common boundary T3. In symplectic terms, the
construction is clear: take a connected sum of two local surfaces with coordi-
nates (z2l,yjj and (x2i, y%). This connected sum has some natural area form
induced from the two surfaces. Now take a product that picture with X2, as a
direct product of symplectic manifolds. Obviously, the Lagrangian foliations
one the two manifolds are glued together in a nice way to give a Lagrangian
foliation on the sum.
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An easy way to do integrable surgery is to look at orbit spaces. In the above
example locally we have to orbit spaces of the type of an annulus, How to
glue them is an obvious matter.

In general, assume that we have 2 pieces of orbit spaces of the corresponding
2 pieces of Lagrangian foliations. Suppose they have some common boundary
(general points on this common boundary should correspond to regular tori,
and no point should be singular (I mean of the types center-center, center-
saddle, ...), and the affine structure of them coincide along this common
boundary, and preferred directions (in the case of saddle singularities) also
coincide, then we can glue them to obtain a new piece of orbit space. Every
orbit space can be obtained by gluing together some "elementary" pieces in
this way (Fig. 16). Note that there is some rigidity. There is at most a unique
way to glue the corresponding lagrangian foliation. So whatever we obtain
there is at most a unique Lagrangian foliation corresponding to it. There is
also a homological condition for the existence, like in Example 1. If all the
singularities are topologically simple, the one can show easily the existence
under the above conditions.

Fig. 16

To illustrate integrable surgery, we define the following notion of a generalized
Delzant space (this definition may be not very good):

Definition 3. A generalized Delzant space is a finite CW-coraplex with an
affine structure on it, with the following properties: 1) Singularities of the
affine structure inside every 2-domain is of the focus-focus type (see §§3,4)
2) Every O-dimensional stratum (singular point) is of the geometrically sim-
ple singular (center-center or center-saddle or saddle-saddle) type (see §4). In
particular, there is no point of the "simply-degenerate type.
3) Every 1-dimensional stratum is a geodesic in aj»y domain neighboring to it.
4) Every saddle 1-dimensional stratum (i.e. which is neighboring to at least 3
local 2-domains) there is a preferred direction (common for all domains neigh-
boring to it).
5) Near "center-saddle" points the preferred direction must be parallel to the
geodesic consisting of "elliptic" points (i.e. 1-dimensional strata which are
neighboring to only one local 2-domain).
6) Every angle (at singular points) is integral in the affine structure (i.e. they
are straight angles after appropriate integral affine mappings).

Then the above arguments show that:

Proposition 5. For every generalized Delzant space there is a unique corre-
sponding compact symplectic 4-manifold. If the structure of singularities (i.e.
atoms) are also given, then there is a unique integrable system corresponding
to it.
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Note that the above definitions gives restrictions also to the 2-domains in a
ggeneralized Delzant space. For example, one can show that if some 2 domain
is homeomorphic to a disk, and all the smooth components of its boundary
are of the saddle type, then its boundary consists of no more than 4 smooth
components.

Example 5. Delzant polytopes are welt-known examples of orbit space of in-
tegrable systems. Of course, they satisfy the conditions of generalized Delzant
polytopes. Here we restrict ourself to the case n = 2. Then Delzant polytopes
[De] are convex polygons P in the Euclidean space R2 with the following prop-
erty: at every vertex A € P there are 2 points B, C on two edges of A, resp.,
so that the vectors AB, AC form a basis of the integral lattice Z2 C R2- As
we see from §4, the integral condition above is natural for the singularities
of the type center-center. The fact that every such polygon corresponds to
a unique integrable system having that polygon as a orbit space is a trivial
consequence of integrable surgery.

Particular cases of Delzant spaces are Hirzebruch surfaces [Al, A2]. In [Al,
A2, Gu, ...] one can see how these things are related to blowing up, birational
equivalence in symplectic geometry, etc.

Example 6. The following picture (fig. 18) is an example of a two-domain
in a generalized Delzant space. In this example, we have a triangle with 3
focus-focus points in it.

Fig. 17

Remark. 1) Integrable surgery has an obvious relation with cobordism theory
of integrable systems [F3, BZ]. One may even say that it belongs to cobor-
dism theory. For example, cutting and gluing in [BZ, or Z3, §2] are examples
of integrable surgery. 2) On may generalize integrable surgery and to higher
dimensions. The point is the well-known fact that also in higher dimensions
there are no other singularities besides center, saddle and focus. (It comes
from the linear theory). 3) Integrable surgery is a special kind of symplectic
surgery. But purhaps it is not much more restricted than symplectic surgery,
because locally you can always have a Lagrangian foliation. Yet it is easier to
work with integrable surgery.

§6 Gompf's construction

In this section, using a construction of Gompf [Go] and integrable surgery, we
want to prove the following:

Proposition 6. Any finitely-generated group is a fundamental group of some
compact symplectic 4-manifold with a non-degenerate integrable system on it.

Let G be an arbitrary given finitely-generated group. Then as in [Goj

there is a surface F,& finite number of cycles (71,..,7t) in F and a closed
one-form p on F, such that
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! .* , ( / ' ) /< 71,-.,7* > = G

1. p restricted on every curve 7; is a volume form (i.e. positive nondegenerate).

Furthermore we can assume that:

3. p is an integral form (i.e. [p] <E Hl{F,Z)).

4. p is a Morse one-form.

Then we have a map pi : F —* S1 defined as follows:

Here z0 is & fixed point in F.

Take M[ = f x T3, where T2 is a torus with coordinates 6, X(modl). Construct
the following symplectic form on Mo'-

LJ = iti\ + u)2 + dp A d6

Here u>\ is some area form on F,

Define the following Lagrangian foliation on Mo :

A = {pi = const, A = const}

Then A is a non-degenerate system (in the sense of §2).
Following Gompf, We define some special symplectic tori in Mo-
Take Ti = A, x a<(i = l,...,fc), where a C T2 is defined by A = const;.
On Ti the restriction of w is p A d0. Thus T; are symplectic. Note that
T, are not embedded, but only immersed. So we have to perturb them to
obtain embedded symplectic tori. To do this, let r be a coordinate of A;,
and substitute % by T, = UT M7") X ar< where aY = {A = g(r)}. Here g{r)
is a function of r, which is close to const; in C°°, such that g(t) ^ g(v) if
\i(t) = Xi(v). Then Tt will be symplectic embedded disjoint subtori of Mo-
Take also To — XQXT1 C Mo- Here we assume that x0 does not belong to the
curves A;.

The next step in the Gompf's construction is to glue, along Ti, k+1 samples of
CP2#§CP2 (equipped with a natural symplectic form) to Mo, to kill rt(T2)
and the generators A, of iti(F), thus to obtain a compact symplectic 4-manifold
with the given fundamental group G. Here we will make this process by an
integrable surgery. Also we will replace CP ! #9CP 3 by another manifold
which is easier for us to deal with.
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Our goal now is to find a neighborhood of tori Ti which are integrable torus
handles.

Fix a number i =l,..,k, and for simplicity below we wilt drop the index i.
Define a small immersed cylinder in F around the curve A,. On this cylinder
the (induced) area form can be written as

Ui — dp A dx,

where x is a coordinate on the cylinder, z(A,-) = 0.

Near T we can rewrite the symplectic form ut as follows:

ui = dpi A dx + dS A d\ + dpA A dB

- d(px - A) A d(x +

Since g{pi) is close to the constant (which we set = 0), the equation A = g(pi)
is equivalent to the equation A = h(pi -f A) for some smooth function h which
is also close to 0.

Define new coordinates:

Pi = p - A

One sees that these are really a system of coordinates for a neighborhood of
T. In these new coordinates, T is given by i i = Ai = 0, and the Lagrangian
foliation is given by A| = const, pi = const. Furthermore, the symplectic form
now has the form:

= dpx A d(0i + rf(Ai - h(pi)) A dx

— dpt A d$i

Thus we obtain integrable torus handles near the tori T,, i=l ,...,k.

The case of torus To is similar, and more simple

Let us now indicate what we will use in place of CP2#9C'P2

Look at the following picture (fig. 18):

Fig. 18
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In this picture the multiplicities of bifurcation diagram is also indicated. There
are 4 triangles which are taken from Example 6. The lower part of the or-
bit space is a double covering of that in Example 4. Thia lower part has a
torus integrable handle. It is plain to check that the orbit space itself is con-
tractible, and the corresponding symplectic manifold, even after cutting out a
torus handle, is simply-connected. Thus we can take it as our model. D

§7 Intersection of singular surfaces

Today every body knows that holomorphic curves are a very powerful tool
in symplectic geometry [Gr]. Using holomorphic curves allows McDuff [McD]
to give a partial classification of the so-called rational and ruled symplectic
4-manifolds. There intersection and self-intersection numbers of holomorphic
curves play a very important role, like in algebraic geometry [GR]. Here we
want to emphasize that it is relatively easy to compute invariants of some
natural pseudo-holomorphic curves arising in integrable systems.

For simplicity assmue that there are no simply-degenerate orbits. Then it is
well-known that the singular space, i.e. the space of singular points and points
in singular 1-demensional orbits, consists of symplectic surfaces which inter-
sect transversally. Since the fiber bunder of point-wise compatible complex
structures over a symplectic manifold is with contratible fiber, we can choose
a compatible almost complex structure in M* such that the singular space be-
comes a holomorphic curve with only node singularities. The structure of an
orbit space allows one to compute easily intersection numbers of irreducible
parts of this singular space- curve. For example, in Delzant polytopes the
singular space consists of rational curves (spheres), and to compute their self-
intersections one just look at the angles. Another example: if an irreducible
part consists of saddle curves and 2 elliptic points, then it is a sphere with
self- intersection 0. This example was told me by Oshemkov. But one can
check it easily from the existence of a preferred direction.
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