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ABSTRACT

The article first appeared in the Internal Reports of the ICTP in 1981. Since
then the topic has attracted a large number of authors and several contributions have
been made thereafter. Thus, the previous work of the author is revised and up-dated here
including the post-1981 contributions in the field.

Infinitesimal transformations denning motions, affine motions, projective mo-
tions, conformal transformations and curvature collineations in various types of Finslerian
spaces are discussed here. The notation and symbolism used in the paper is mainly based
on [60] and author's works [24-42].
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I. PRELIMINARIES

Let Fn(F, g, Q) be an n-dimensional Finsler manifold of class, at least, C8 equipped
with the fundamental function F ' \ a metric tensor g (with local components g,}

 2)and
g'3), the Berwald's connection Q (with local components GJ t). The directional derivatives
of the connection parameters:

8fcGjt = G j H , (dh = d/dx"), (i.i)

constitute the components of a tensor symmetric in all its lower indices. The covariant
derivative of an arbitrary contravariant vector field X1 corresponding to above connection
is defined by

BkX' = a,tA" - (9jA")Gi + X3G)k , (1.2)

where

dk =

Following [42] we denote the curvature tensor of Berwald by H\h, which is skew-
symmetric in its first two lower indices. When contracted and transvected by ih it yields
a curvature vector field

Hk s H\bhi
h = Hkhi

h

and the scalar curvature

Let

H = (n - l)~1Hkx
t' .

(1-3)

(1.4)

(1-5)

be an infinitesimal transformation generated by an arbitrary contravariant vector field v'
depending upon the positional coordinates only. The Lie derivatives of a vector field X'
and the connection parameters G\k are given by

and

£X' = v1

CG)k =

(1-6)

(1.7)

' ' Unless stated otherwise all the geometric objects used in the paper are supposed to be
functions of the line-element (z' ,x') , but for simplicity, are written without assigning the
same.

2) Indices i, j , &,... assume positive integral values 1,2,..., n. Einstein's summation conven-
tion has been followed.
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2. MOTIONS

Infinitesimal transformation preserving the distance between two neighbouring

points on a continuous path defines a motion. Vanishing of the Lie derivative of the metric

tensor:

f-ga = o (2.1)

is a necessary and sufficient condition for a motion. For the study of motions generated by

an infinitesimal transformation defined by equation (1.5) one may refer to relevant litera-

ture in [9,60,71]. Generalized infinitesimal transformation where the vector field v' depends

upon the line-element (z',xl) has been considered by the present author [14,15,21,23] and

motion generated by such (generalized) transformation has been studied in a Finsler space

[15,21]. Matsumoto [9] and Yasuda [72] also consider a generalized infinitesimal trans-

formation taking the vector field v' as a function of line-element (x',y') and apply it to

different kinds of Finslerian structures.

3. AFFINE MOTIONS

3.1. Infinitesimal transformation preserving the parallelism of a pair of vectors

defines an affine motion. Vanishing of Lie derivative of the connection parameters:

'it = 0 (3-1)

is a necessary and sufficient condition for an affine motion . Affine motions generated by

infinitesimal transformation (1.5) have been studied by Matsumoto [7,9] and others [60,71]

in a Finsler space of general type.

3.2. Considering vanishing covariant derivative of Berwald's curvature tensor:

= 0 , (3.2)

the author [24] denned a symmetric Finsler space in the sense of E. Cartan and it is denoted

by S-Fn. Affine motions generated by infinitesimal transformation (1.5) of special type

where the vector field v' satisfies

BJV' = HJV' , (3.3)

for some non-null covariant vector field /J J : in a S-Fn has been studied therein. Such affine

motions have been called recurrent affine motions. The space S-Fn admitting a recurrent

affine motion has been called a "special symmetric Finsler space" and is denoted by SS-Fn.

It is shown there [op. cit., Theorem 4.1] that the relation

= 0 (3.4)

follows as a necessary consequence of the existence of a recurrent affine motion in a S-Fn.

Other types of affine motions such as contra, concurrent and special concircular

ones for which the vector field v' satisfies

By = o,
BJV' = c6), constant),

and

(3.5)

(3.6)

(3.7)

respectively are studied by Mishra et al. [16] in symmetric Finslerian space as well as in

a Finsler space of general type. The following result has been obtained therein [op. cit.,

Theorems 2.1, 2.2, 2.3]:

Theorem 3.2.1. A symmetric Finsler space admitting a contra or concurrent

or special concircular affine motion is necessarily fiat and the funciton p is a covariant

constant.

For thu existence of an affine motion of general type in a S-FH it has also been

concluded [16, Corollary 3.1] that there exists a skew-symmetric tensor field f*k satisfying

Bhv' = f>kH\kh (3.8)

in such a space.

3.3 Finslerian spaces of recurrent curvature have been introduced by Moor [44]

and are studied by him and many others [6, 17, 53, 61, 65, 68] including the present author

[26, 28, 39]. An n-dimensional Finsler space with Berwald's curvature tensor satisfying

the recurrence property:

BtH)kh = XiH\kh , (3.S)

for some non-null covariant vector field Af, has been called a "recurrent Finsler space" and

is denoted by HR — Fn by the present author and Meher [39], Sinha [68] and the present

author with Meher [39| studied the existence of affine motions in recurrent Finslerian

spaces. An HR — Fn admitting an affine motion has been denoted by AHR — Fn [39]. As

a necessary consequence of the existence of affine motions in such a space certain properties

of the curvature tensor and that of a tensor

Atm = 2B[(Xm]
 3) (3.10)

have been derived by the present author and Meher [op. cit.]. To quote some of them the

following results have been concluded [39, Theorems 2.4, 3.1, 3.2, 4.1]:

Square (respectively round) brackets denote skew-symmetric (respectively symmetric)

part of the object with respect to the indices enclosed within them.



Theorem 3.3.1. There exists a eontravariant vector rj satisfying

in an HR — Fn admitting an affine motion.

(3.11)

Theorem 3.3.2. The tensor field defined by equation (3.10) is Lie-invariant in
an AHR - Fn:

CAtja = 0 . (3.12)

Theorem 3.3.3. The tensor field A(m is recurrent in an HR — Fn admitting
an affine motion:

BkAtm = XhAlm . (3.13)

Theorem 3.3.4. An HR - Fn admitting

£A, = 0 ,

and

(3.14)

(3.15)

is an AHR - Fn

Also, the present author and Meher [36] studied recurrent affine motions (i.e.
equipped with the restriction (3.3) on their generating vector field v') in recurrent Finsler
space HR - Fn. An HR - Fn admitting an infinitesimal transformation (1.5) of the type
(3.3) has been called a "special HR- F n " and is denoted by SHR-Fn [36]. Certain nec-
essary consequences of the existence of such recurrent affine motions and their integrability
conditions have been derived therein, notably [36, Theorem 2.1]:

Theorem 3.3.5. There hold either of the following conditions in an SHR - Fn

admitting an affine motion:
Pm = -Am , (3.16)

H],v> = 0 . (3.17)

Kumar [6] made an analogous study of affine motions in recurrent Finslerian
spaces employing Cartan's curvature tensors. Imposing an additional restriciton of vanish-
ing Lie derivative of the recurrence vector, i.e. (3.14), Pandey [53] studied recurrent affine
motions in an HR — Fn.

It was noticed by Meher [13] that the recurrence vector field A' in HR - Fn of
non-zero sectional curvature H is necessarily independent of the directional arguments.
A direct and shorter proof of this observation was also given by the present author [28].

Independence of A1 upon the directional coordinates marks a serious deviation in the
existing theory of recurrent Finsier spaces. In the light of this observation, study of affine
motions has been revised by the present author [28] and Pandey [55]. Following results
have been concluded [28, Eqn. (4.9)]:

Theorem 3.3.6. The tensor field Atm too becomes independent of the direc-
tional arguments in an HR — Fn.

Also, it has been observed in [28, Theorem 5.1] that the condition (3.16) need
not hold in an SHR — Fn admitting an affine motion. Consequently, the Theorem 2.1 of
[36] has been amended as:

Theorem 3.3.7. The condition (3.17) is a necessary consequence of the exis-
tence of an affine motion in an SHR — Fn.

3.4. Birecurrent Finsler spaces, i.e. the spaces whose curvature tensor possesses
second order recurrence property:

BiBmH)kh = atmH'ikk , (3.18)

for some non-null covariant vector field a,m, were defined and studied by Moor [45], Sinha
and Singh [66, 67] and the present author with Meher [40]. An n-dimensional Finsler
space with (3.18) has been denoted by HR2 - Fn [40]. Affine motions in such spaces have
been studied by the present author [27] and the corresponding space (admitting an affine
motion) is denoted by AHR2 — Fn [27]. Special cases when the vector field v' generating
an affine motion satisfies (3.6) and (3.7) have also been considered. Following are some of
the results established therein [27], Theorems 3.2, 4.1.

Theorem 3.4.1. A birecurrent Finsler space admitting a special concircular
afine motion 4'reduces to an HR — Fn.

Theorem 3.4.2. There exist neither contra nor concurrent affine motions in an

3.5. Analogous to Soos [70] concept of projectively symmetric Riemannian space
the present author [25] defined projectiveiy symmetric Finslerian space by considering
vanishing covariant derivatives of pro jecti ve curvature tensor. An n-dimensional Finsler
space whose projective curvature tensor satisfies

(3.19)

is denoted by PS - Fn [25].

4 ' Called there as affine motion with contra field and denoted by CA-motion.
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Special concircular affine motions, i.e, affine motions characterized by Eq. (3.1)
and satisfying Eq. (3.7) as well in a PS - Fn were studied by the present author with
Meher [41]. Following results have been derived therein [41, Theoems 2.1, 3.1, 3.2]:

Theorem 3.5.1. A projectively symmetric Finsler space admitting a special
concircular affine motion is projectively flat.

Theorem 3.5.2. If a projectively symmetric Finsler space admits a special con-
circular affine motion, the function p becomes a Lie-invariant and its covariant derivative
becomes orthogonal to the vector field u1:

(B,p)v' = 0 . (3.20)

Pandey [56] considers an infinitesimal transformation (1.5) of a special form whose
generating vector v' satisfies a condition (that expresses the recurrence property of the
covariant derivative of v'):

3j(Bkv') = itj(Bkv') , (3.21)

and studies affine motions so generated in S — Fn and HR — Fn.

4. PROJECTIVE MOTIONS

4.1. Infinitesimal transformations of a Finsler space Fn over another Finsler
space Fn mapping geodesies of Fn over geodesies of Fn define projective motion. A nec-
essary and sufficient condition for a projective motion has been derived by the present
author with Meher [37]:

CG)k = 26i
upk,+ii

Pjk, (4.1)

where
Pk = 9kp, pjk = (4.2)

p(x,i) being a scalar function of line-element and positively homogeneous of degree one
in T"S. Following results have been established by us [37, Theorems 5.4, 5.6]:

Theorem 4.1.1. Processes of projective covariant differentiation and Lie dif-
ferentiation are commutative in a Finster space admitting a projective motion.

Theorem 4.1.2. Lie derivative of generalized Weyl's projective curvature ten-
sor vanishes in a Finsler space admitting a projective motion:

CW}kh = 0 . (4.3)

Analogous to PS — Fn (introduced by the present author [25]) Pande and Pandey
[48] consider vanishing projective covariant derivative of projective entities Q' kh [19] and

define a projectively symmetric Finsler space called by them as "special projectively sym-
metric Finsler space". Projective motions have been studied by them in such a space.

4.2. Meher [12] and Pandey [57] studied projective motions in a symmetric
Finsler space. They derive certain conditions for the existence of projective motions in
such spaces.

4.3. For the study of projective motions in Finsler spaces of recurrent curvature
(in the sense of Berwald) one may refer to the present author's works [28, 29] and Sinha
[69]. In [28, Theorem 6.1] it has been proved that:

Theorem 4.3.1. If at all there exists a projective motion in an HR — Fn of
non-zero sectional curvature it is of a particular type:

CG)k = (4.4)

Projective motions of special types: contra, concurrent, special concircular and
recurrent ones, characterized by Eqs. (3.5)-(3.7) and (3.3) respectively, are studied in [29].
Following are some of the results established therein [29, Corollaries 3.1, 4.1, Theorems
4.4, 5.2, 6.1]:

Theorem 4.3.2. An HR-Fn admits neither concurrent nor special concircular

projective motions.

Theorem 4.3.3. An HR-Fn admitting a contra projective motion is either Lie
recurrent 5)or admits a curvature collineation 6>with its recurrence vector satisfying

= -(d,\ogH)H)kv> . (4.6)

Theorem 4.3.4. If an HR-Fn of non-zero scalar curvature admits a recurrent

projective motion then there hold:

(i) both p and pt are recurrent,

(ii) the vector field pij is a point function.

Theorem 4.3.5. Contracted curvature tensor Hkii of an HR — Fn admitting
a recurrent projective motion is skew-symmetric; and it is Lie-invariant when transvected
by vh:

Hkh = -Hhk and C{Hikv
h) = 0 . (4.7)

A Finsler space Fn whose curvature tensor satisfies

for some non-null scalar function L, is called a Lie-recurrent space.
6) Cf. Section 6 of this paper.

(4.5)



Contra projective motions are also studied by Pandey [49] in a Finsler space of
general type; whereas special concircular projective motions characterized by an additional
condition

Bj/> = 0 (4.8)

have been studied by the present author with Meher [38] for Fn and HR — Fn spaces. The
following results have been established [38, Theorems 2.3-2.6]:

Theorem 4.3.6. The scalar vkpk is a covariant constant in an Fn admitting a
projective motion characterized by (3.7) and (4.8).

Theorem 4.3.7. The scalar vkpt is Lie-invariant in an Fn admitting a special
concircular projective motion characterized by the condition (4-8).

Theorem 4.3.8. The curvature tensor is Lie-recurrent in an Fn admitting a
special concircular projective motion characterized by (4.8).

Theorem 4.3.9. The curvature tensor is Lie-invariant in an HR—Fn admitting
a special concircular projective motion characterized by (4.8).

4.4. Pandey [57] studies projective motions in a projectively symmetric Finsler
space characterized by (3.19) and establishes the following result:

Theorem 4.4.1. A non-trivial projectively symmetric Finsler space cannot ad-
mit any proper projective motions, instead, the projective motion reduces to an affine
motion in such space.

4.5. Normal projective connection parameters

(4.9)

have been introduced by Yano [71] and the space Fn equipped with them has been called
the "normal projective Finsler space". The present author with Kishore and Pandey [34]
defined a symmetric normal projective Finsler space (denoted by SNP — Fn) by taking
vanishing covariant derivative of normal projective curvature tensor Njki:

Wjih = 0 , (4.10)

where V/ denotes covariant differentiation with respect to normal projective connection
parameters defined by (4.9) and N'kh the corresponding curvature tensor. Projective
motions have been studied by us [34] in NF — Fn and SNP — Fn and the following results
have been established [Theorem 2.1, Eqs. (4.6) and (4.7)]:

Theorem 4.5.1. The normal projective curvature tensor is Lie-invariant in an
NP — Fn admitting a projective motion characterized by an additional condition V*p = 0.

Theorem 4,5.2. £W}k = 0 and pthWfa = 0 determine the integrability condi-
tions of the existence of a projective motion in an SNP — Fa.

4.6. The present author with Meher [35] and Singh [62] defined a normal
projective Finsler space of recurrent curvature if its normal projective curvature tensor
N'lkh satisfies

VcN'}tk = XeNJkh , (4.11)

for some non-null covariant vector field X((x,x). An n-dimensional Finsler space with
(4.11) is denoted by RNP - Fn [35]. Existence of projective motions in an RNP - Fn

has been discussed independently by above authors and the following results have been
concluded [35, Theroem 3.1, 4.3]:

Theorem 4.6.1. An RNP — Fn, (n > 2), admits a projective motion charac-
terized by

pt = (n-2)'lCXt . (4.12)

Theorem 4.6.2. Lie-invariance of the recurrence vector A, is a necessary and
sufficient condition for a projective motion to be an affine motion in aji RNP — Fn, (n > 2).

4.7. The study of projective motions in bi-recurrent and projectively recurrent
Finsler spaces has not yet been pursued.

5. CONFORMAL TRANSFORMATIONS

Conformal transformations in Finslerian spaces have been studied by Hiramatu
[2,3], Izumi [4,5], Pandey [50], Pandey and Dwivedi [58], present author [18, 20, 22],
present author with Fava [31] and others [60], Pandey [52] studied groups of conformal
transformations in Finslerian spaces. Study of conformal transformations in other special
types of Finslerian spaces is not yet explored.

6. CURVATURE COLLINEATIONS

6.1. An infinitesimal transformation (1.5) is said to define a curvature collineation
if the curvature tensor possesses vanishing Lie derivative with respect to the transforma-
tion. In a Finsler space Fn curvature collineations have been studied by Pande, Kumar and
Khan [46j, Prasad [59] and the present author with Kishore [32]. It is seen [32, Example
2.1] that either of motion or affine motion defines a curvature collineation (denoted by
H - CO). Also, it is proved that [op. cit., Theorem 2.2]:

Theorem 6.1.1. Vanishing of Lie derivatives of Berwald tensors Hjk and ifj
are necessary and sufficient conditions for an infinitesimal transformation to define an
H-CC
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Existence of a projective motion which is simultaneously an H - CC too has

been discussed in Fn , S-Fn, PS - F,, and WR - F,, and following results are obtained [32,

Theorems 4.1, 4.2]:

Theorem 6.1.2. The complete integral of an H - CC projective motion in an

Fn of non-zero curvature is given by

(6.1)

Theorem 6.1.3. There exist no non-trivial H — CC projective motions in a

symmetric Finsler space. Indeed, it reduces to an H — CC affine motion.

Theorem 4.3 of [32] deals with the integrability conditions of an H — CC projective

motion in a PS - Fn (n > 2) and WR - Fn.

Pandey [51] considers curvature collineatious of special concircular form 7\ as

characterized by Efi. (3.7), in a bi-recurrent Finsler space, and establishes the following

result:

Theorem 6.1.4. A bi-recurrent Finsler space admitting a, curvature collineation

generated by a special concircular vector field v' reduces to a recurrent Finsler space.

6.2. Projective curvature collineations (denoted by P — CC and characterized

by Eq. (4.3)) in a Finsler space have been defined by the present author with Kishore [32].

Following results have been derived [32, Theorems 3.1-3.3]:

Theorem 6.2.1. Either of equations

CWjk = 0. CW] = 0 (6.2)

represent necessary and sufficient conditions for an infinitesimal transformation to define

a P - CC in Fn.

Theorem 6.2.2. An H - CC is always a P - CC in Fn.

Theorem 6.2.3. Every infinitesimal transformation defines a P — CC in a

Finsler space of constant Riemannian curvature.

Considering vanihsing Lie derivative of the projective entities Q'jkk [19] Pande and

Pandey [48] define a projective curvature collineation called by them as "special projective

curvature collineation".

7) Called by him as C.4-collineation.
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7. SOME OTHER TYPES OF INFINITESIMAL TRANSFORMATIONS

Various forms of the vector field v1 generating an infinitesimal transformation

(1.5) have been suggested by the present author with Kishore and Meher [33]. One of the

form, namely the concircular one characterized by

(7.1)

(7.2)

together with

2Butik] = 0 ,

was studied in detail therein for an HR — Fn; and the space equipped with such a form

of infinitesimal transformation was denoted by CHR — Fn. Following results have been

established therein [33, Theroems 3.1, 4.1, Corollary 3.1].

Theorem 7.1. The contracted curvature tensor Hkh is necessarily symmetric

in CHR~Fnin > 2).

Theorem 7.2. A CHR - Fni (n > 2), is necessarily projectively flat.

Theorem 7.3. In a CHR — F,,, (n > 2), the scalar function p is a point function

and the vector field |jj satisfies

2d{liik] = 0 . (7.3)

Study of conciicular and other types of infinitesimal transformations has been

further continued by the present author [30] and others [1,4]. Following theorems have

been established by the present author [30]:

Theorem 7.4. Every contra infinitesimal transformation defines a motion in a

Berwald space.

Theorem 7.5. Every concurrent infinitesimal transformation defines a homo-

thetic motion in a Berwald space.

Theorem 7.6. Every special concircular infinitesimal transformation defines a

conforma! motion in a Berwald space.

Theorem 7.7, Every concircular infinitesimal transformation defines a projec-

tive motion in a flat Finsler space if and only if B^pi, = 0 .

Theorem 7.8. A special concircular infinitesimal transformation in a fiat Finsler

space is either contra or concurrent infinitesimal transformation, and it defines the corre-

sponding affine motion.

Theorem 7.9, Covariant components of the generator of an infinitesimal trans-

formation are always in a concircular form in a Finsler space of constant Riemannian

curvature.

12



Theorem 7.10. If at all there exists a concirculai infinitesimal transformation
in an 5 — Fn,(n > 2), the space reduces to a symmetric Riemannian space.

Concurrent infinitesimal transformations in Finslerian spaces have also been stud-

ied by Matsumoto and Eguchi [11].
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STUDY OF GROUPS OF TRANSFORMATIONS IN DIFFERENT TYPES OF FINSLERIAN SPACES
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