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SUMMARY

The accuracy of a numerical solution can be limited by the
numerical approximation to the boundary conditions rather than the
accuracy of the equations which describe the interior. The study
presented in this paper compares the results from two different
numerical formulations of the convective boundary condition on the
face of a heat transfer slab. The standard representation of the
boundary condition in a test problem yielded an unacceptable error
even when the heat transfer slab was partitioned into over 300
nodes. A higher order boundary condition representation was
obtained by using a second order approximation for the first
derivative at the boundary and combining it with the general
equation used for inner nodes. This latter formulation produced
reasonable results when as few as ten nodes were used.

1.0 Introduction

A noding study was conducted in the course of modelling the
heat transfer in a hot cell used for fuel reprocessing. The walls
are made of high density concrete five feet thick. They are
massive compared to the cell gas and greatly influence its
temperature. Due to the high density in the cell walls, a large
number of nodes may be required in these type of problems to
adequately represent the heat transfer. The need for a large
number of nodes can often be circumvented by using a higher order
representation for the boundary condition.

Many computer codes used in the nuclear industry for safety
analysis such as RELAP5 (Carlson, 1985), COMMIX (Blomquist, 1991),
and CONTEMPT4 (Lin, 1986) model heat transfer between fluid and its
confinment with convection type boundary conditions. Using a
formulation of higher order accuracy is often as easy to use as the
standard first order accurate formulation.
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2.0 Physical Process

Fuel reprocessing is an integral part of the IFR (Integral
Fast Reactor) prototype being developed at Argonne National
Laboratory (Till, 1989). The reprocessing is done in a closed hot
cell with remote handling equipment. A significant amount of heat
is generated in the cell from cell lighting, from radiological
decay heat, and from the reprocessing which includes
electrorefining, cathode melt refining, and casting of metallic
fuel rods. Since the Argon Cell is isolated, its pressure and
temperature must be controlled by heat and mass removal to make up
for activities in the cell. The pressure is kept subatmospheric as
a safeguard against radiolitic contamination of the surroundings.

The heat generation in the cell must be balanced by the heat
being taken out by the refrigeration system. If a sudden addition
of heat or a sudden decrease in the heat removal capacity occurs,
an over-pressure condition can occur. In addition to other mass
addition and subtraction systems, the Argon Cell contains a Safety
Exhaust System (SES) which initiates upon an increase in pressure
from the operating pressure of -3 in wg to -1 in wg. This system
exhausts gas from the cell through two sets of HEPA filters. The
SES is designed to ameliorate a hole in the cell boundary caused by
a hypothetical earthquake. However, even under normal operation,
a sufficient overpressure would cause the Safety Exhaust System
(SES) to initiate, an undesirable event since all challenges to
safety systems should be minimized.

The purpose of this study was to determine what normal
operating and upset conditions might cause the SES to initiate and
to place limits on normal operations to prevent SES activation.
Since the cell pressure is controlled by refrigeration, heat
transfer largely determines the cell behavior. Events which can
cause large pressure pulses are sudden changes in process loads,
cell lighting, cell circulation fans, loss of cell cooling and
uncontrolled addition of argon from the emergency supplies.

Pressure decreases can also be detrimental and can be caused
by the refrigeration failing on or by an inadvertant valving of the
vacuum pumps directly into the cell. A sufficiently low pressure
can cause the underpressure relief to open and allow air into the
cell with the possibility of a cell fire.

A sufficiently accurate prediction of pressure is necessary to
determine if the SES will be initiated for a given operation. The
heat transfer to the wall controls the pressure during the time
that it takes the refrigeration control system to respond to an
increased heat load. Two different finite difference forms of the
heat transfer condition at the cell wall were used in this study.
The standard boundary condition formulation predicted SES
initiation when the second order solution showed it would not. The
mathematical description of the heat transfer is similar to that of



the heat transfer at the wall of a standard PWR containment since
the Argon cell boundary is five foot thick concrete.

3.0 Model

The equations solved for the cell atmosphere include the
energy equation to represent the overall cell temperature, the
equation of state to determine cell pressure, and various specified
inlet and outlet flows as well as flows described by simplified
momentum equations. The energy equation in the cell is coupled to
the heat transfer equation in the wall through the boundary
condition.

The boundary condition at the surface is a balance of thermal
radiation (from high powered lights needed to provide sufficient
illumination through the five foot thick cell windows), convection
from or to the gas in the cell, and conduction into the concrete
wall. The heat transfer mode within the wall is conduction.
Properties are assumed temperature and pressure invariant.

The Argon cell walls, ceiling, and floor are approximately
five foot thick concrete. The heat transfer is represented by a
single heat transfer path to the outside. The energy equation in
the concrete wall is approximated by one dimensional conduction

><> £ • * 0
where T = temperature

p - density
k = thermal conductivity
Cp = specific heat
t,x= time and distance coordinates

The boundary condition on the outside of the wall is assumed to be
a prescribed temperature of 75 °F. For most problems, the
temperature profile will not change significantly in the outer part
of the wall during the time of interest so that the outside
boundary condition is not significant.

The energy balance at the inside cell wall is given by

Rate of Rate of Rate of
radiant energy heat convectad heat conducted
to walls from = from the wall + into the wall
the lights to the gas

The percentage of the energy from the lights which is radiant has
been determined experimentally. The heat transfer coefficient from
the gas to the wall was also determined experimentally.



Written in symbols this becomes

0x~ UA{TW- Tg) -kA$Z\w . (2)

where QR = the net radiant energy to the wall
U = convective heat transfer coefficient
A = wall area
g = gas temperature subscript
w = inner side of concrete wall subscript

4.0 Numerical Solution

The standard explicit finite difference expression for
equation 1 is

Tl*.j ' R r i>j+1 + (1 - 2R) TUi * R Titj_x ( 3 )

where the first subscript represents time advancement,
the second subscript represents distance, and
R = At/Ax2, At, Ax time and lenght increments.

A sufficient condition for stability is that all the coefficients
are positive which is satisfied if R < 0.5. The time steps used
for the gas phase solution are small enough to ensure this
condition is met. The discretization error, the difference between
the partial difference equation and the partial differential
equation, can be derived by using Taylor series to expand the
quantities in Equation 3 about the point i,j to obtain

where 0 stands for order of magnitude. The error is seen
to be of O(At,Ax2).

The standard finite difference form of the boundary condition,
Eqn. 2, representing using first order accuracy for the first order
derivative is

-f - v (titli0 - Tg) - ̂ ( J W - ri+1,0) (5)

Solving for the wall temperature at the new time, Ti+10, gives
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The temperature at the new time in the region, Ti+W, is known from
application of Eqn. 3. The coefficients of the 'temperatures in
Eqn. 6 are positive for all values of the parameters. This is a
sufficient condition to ensure stability of the method. The
discretization error for this equation is given by

E = -*A* El + O(Ax*) (7)
2 dx2

This error is seen to be of first order accuracy whereas the error
from the interior equation, Eqn 3, is of second order accuracy.
This form of the boundary condition will reduce the entire solution
to first order accuracy.

The boundary condition, Eqn. 2, may alternatively be written
using a derivative of second order accuracy as

•J - 0" <fcii.o " r P "

where the subscript -1 represents an imaginary extension of
the material by an amount Ax.

When this form of the boundary condition is combined with the
interior equation written implicitly at the boundary, the
temperature of the imaginary point can be eliminated and the
resulting equation solved explicitly for the boundary temperature.

if0 i+1#1 ^ ^ s

T
 A * . * (9)

(1 + 2J? (1 + -*£££))
k

This expression for the boundary temperature again exhibits the
desirable property that the coefficients of the other temperatures
are positive for all values of the time and distance increments and
heat transfer coefficient. The discretization error for this
combined equation is



E = -^

O(At2, Ax3)

- k Ax2

3!
SPT
dx3

(10)

The first term cancels out since that is the partial differential
equation being solved in the interior so that the equation becomes
of O(At,Ax2). This is the same order of error as that of the
interior equation. With this form of the boundary condition, the
accurary of the overall solution will remain second order in Ax.

5.0 Results

The above model was used to obtain results for a change in the
cell heat load. The cell is assumed operating with 100 kW of heat
(25 kW of decay heat, 34 kW of lights, and 41 kW of process heat)
at steady state. The heat is being removed from the cell by the
refrigeration and heat loss through the wall. The transient
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Fig. 1 Pressure Response to Heat Addition

investigated here is the introduction of an additional 20 kW of
process heat and 3 kW of lights. Due to time delays in the



response of the refrigeration system, no additional refrigeration
is assumed to occur and the excess heat must be removed by heat
transfer to and storage of heat in the wall.

Figure 1 shows the predicted cell pressure as a function of
time after the addition of the heat. The pressure is seen to rise
quickly to a maximum at -1.22 in wg in three minutes and then to
decrease at a slower rate, eventually returning to the initial
starting pressure. The pressure turns over when the rising cell
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Fig. 2 Wall and Cell Gas Temperatures

gas temperature (See Figure 2) transfers enough additional heat to
the cell walls to remove the additional heat. Figure 2 shows that
the cell gas temperature is lower than the wall temperature
initially because of the light radiation to the wall but with the
heat addition quickly rises above it. The cell gas temperature
f latens out at about the same time the maximum pressure is reached
and then increases slowly causing the pressure to continue to
decrease. The temperature rise finally stops when the pressure
returns to cell pressure. From that point, the heat transfer to
the wall is sufficient to keep the temperature from rising further.



The cell pressure exhibits some bumps as the pressure
decreases (-2.7, -2.8, and -2.9 in wg) . These slope discontiuities
are due to vacuum pumps connected to the cell being turned off.
Although the same pumps were turned on as the pressure increased,
they are not noticeable because of the rapid rise. The total argon
flow from the cell is shown in Figure 3 which demonstrates that the
discontinuites correspond to changes in the flow.
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Fig. 3 Mass Flow Rate from the Cell

The results presented above were obtained from the solution
using the second order accurate boundary condition (Equation 9)
with 1000 heat slab increments which is close to a converged
solution. It is of interest to show that this is close to a
converged solution and to observe how calculations with larger
increment sizes compare to the converged solution.

Figure 4 shows a comparison of the pressure profile of the
above closely converged solution with that of the first order
formulation also calculated with 1000 nodes. The first order
approximation produces a slightly higher maximum pressure but is
essentially the same as the second order formulation.
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Fig. 4 Comparision of Different Formulations

This figure also shows the first and second order formulation
using 10 increments in the heat slab. The second order boundary
condition formulation compares closely with the 1000 node solution
in characteristics as well as magnitude. The maximum pressure is
somewhat lower but otherwise close. The first order solution, on
the other hand, produces significantly different results. It
predicts a very fast rise i» the pressure. The maximum pressure
would be much larger if it were not for the fact that the -1 in wg
setpoint is reached causing initiation of the SES. SES initiation
occurs within 1.5 minutes and causes the pressure to decrease
rapidly. The -3 in wg operating pressure is reached within 2
minutes and the pressure continues on down past this value (not
shown) because of the large size of the SES. As noted, the second
order formulation with 10 heat slabs does not predict initation of
the SES.

In order to show the rate of convergence with number of heat
slabs and that the solution for 1000 nodes is nearly converged,
figure 5 shows the predicted pressure 2.4 minutes into the
transient as a function of the number of nodes in the wall for both
formulations. The values from either formulation are seen to be
nearly converged for 1000 slabs. The solution for the cell



pressure using first order accuracy (Equation 6) converges from
above. That is, the predicted pressure decreases with an increase
in the number of nodes. The calculated pressure using less than 30
nodes predicted the pressure setpoint to be exceeded and that the
safety exhaust system will initiate. The pressure is seen to be
increasing very fast with decreasing number of nodes and might even
exceed atmospheric pressure for 10 nodes if the SES was not
included.
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Fig. 5 Solution Convergence Behavior

The solution using the second order formulation converges from
below and the safety exhaust system is not predicted to initiate
even with as few as 10 nodes. The error in the 10 node second
order result (0.05 in wg) is of the same order as the instrument
error used to measure the pressure.

Figure 6 shows the convergence behavior of another important
quantity, the heat rate absorbed by the wall. This power at 2.4
minutes into the transient for both boundary condition formulations
and different node sizes are included in this figure. For the
higher order boundary condition, consistent with the pressure
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behavior, the heat rate for a smaller number of nodes is larger
than the converged solution; the heat rate converges from above.
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The heat rate for the lower order boundary condition is lower and
it converges from below. The results for less than thirty nodes
are meaningless since trip is predicted for all noding less than
that.

The equations for the errors of each formulation (Equations 7
and 10) are seen to go to zero as the increment size is decreased.
Figures 5 and 6 show that the error does approach zero and that
both formulations approach the same answer. Although the higher
order formulation is clearly the better to use because of improved
accuracy, the lower order formulation produces a conservative value
of the maximum pressure for the problem investigated. Use of both
formulations provides a upper and lower bound on the answer.

6.0 Conclusions

The results presented in this paper show the advantages of
using a finite difference representation of the boundary condition
with the same order of discretization accuracy as the interior
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finite difference equation. The calculated results with the higher
order boundary condition are close when only 10 nodes are used and
are within a few percent of the converged answer when the number of
nodes is on the order of two hundred yet the results are reasonable
even when as few as ten are used. The results with the lower order
boundary condition are sufficiently inaccurate to produce
misleading results when only ten nodes are used. Over 600 nodes are
required to produce an accuracy of a few percent with the lower
order formulation. Since the higher order formulation is far less
costly in computer time to achieve the same accuracy, its use is
superior to the lower order.
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