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Lakáa fc, Ua A4 Objektív doatéthorattl Kálmán i/fir6 ét a Laodtberg-i termodinamika egyesítésével. 
KFKI-1992.23/0 

KIVONAT 

Jeleo arankában egy elképzeléct vázoltunk fel, mellyel ellenőrizni lehet egy oem-egyeotályi readizer ter-
«•"4«««—Jk-i lefrátaaak kielégftó voltát. Felhasználva Laadsberg javaslatát egyensúlyi termodinamikai 
paraméterek teljét rendszerének megalkotására, kidolgoztunk egy módszert, mellyel nem-egyensúlyi rendszerek 
it tárgyalhatók. Olyan esetekbea, amikor a mérési jeleket zaj torzítja ét/vagy nagyon gyors jelenségeket kell 
tárgyalti a Kálmán azfird átveheti az 'objektív megfigyeld" szerepét Az eljárást aem-relativisztikus nehézion 
ütközések termodinamikai kfrátin keresztül illusztráltuk. 
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^ Introduction 

f Heavy ion collisions are often used to produce exotic but theoretically predictable 
| states of matter as e.g. density isomers or quark plasma. However the existence of exotic 

states can only be deduced from final state observables, and they do not show, of course, 
directly to such states. Therefore the only possibility is to use a reliable description from 

/ maximal density to detection, and then the detected data may or may not indicate the 
states under investigation. 

A very economic description is thermodynamics, using a very limited set of parame
ters. However, in energetic heavy ion collisions thermodynamic equilibrium or even near-
equilibrium is questionable, and the comparison of characteristic times does not indicate 

r equilibrium at all. 
j ^ \ For orientation let some characteristic times be listed here; for an 800 MeV Ar + Ar 
^ -. collision the characteristic time between subsequent collisions in the hot stage of maximal 

compression is « 0.7fm/c. At the end of the collision this goes up by a factor « 7. By 
i I contrast, the time between total overlap and breakup is 4 — 8fm/c. The characteristic 

-I time of cooling is below 3 fm/c. Comparing these timescales we are not in the regime oi 
asymptotic complete thermalization [1]. 

Up to 2GeV/nucleon beam energy local equilibrium thermodynamic formalisms often 
yield detected spectra near to the observed ones, but the reason behind is not fully known. 

1 One may guess that at in least some part of the collision the matter is out of equilibrium. 
I« For such states there are some suggestions for off-equilibrium thermodynamic formalisms. 

! I However, our goal is not to reproduce final states; the final states can be measured if 
required. We would like to find out the intermediate states. 

Lansdsberg has established a method for deducing the necessary degrees of a thermo
dynamic description for a system. We will use his criteria. However, in the original form 
it needs an external observer. A heavy ion collision lasts some 10~ 3 3s, so external human 
observers are not the most appropriate in such a context. We have to "observe" numerical 
calculations by means of objective methods. In this paper we show that the Kaiman filter 
can take the role of the observer in Landsberg's scheme. 
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The Landsbergian thermodynamics 

For completness here we recapitulate the Landsberg scheme. For context and definition 
see Ref.2. Here only the key sentences are cited as follows. 

"When a system, together with its domain of permissible changes, has been specified 
in ordinary language, and a set of values for its thermodynamic variables has also been 
chosen, one can ask another person to set up copies of this system for which these variables 
have the same values, within certain tolerances, which must also be specified. One can now 
ask a third person to attempt to find a macroscopic difference between these systems (other 
thtn their location in space and time), by making arbitrary measurements to the agreed 
accuracy. If he succeeds in finding a macroscopic difference, one includes the value of the 
variable measured by him in the specification of the first system, so that this value must 
now also be exhibited by the copies of the system. The third person is now again asked 
to find a difference. By repeating this procedure, a situation is eventually attained such 
that the system under consideration have to be regarded as macroscopically similar by any 
other observer. One then says that one has arrived at macroscopic specification of the state 
of the first system." 

The scheme is operative if the notion of "macroscopic difference" is defined, and in 
any case when one uses a thermodynamic description, it must be defined. In the following 
we shall see that the Kaiman filter can act as a "third person". 

The discrete, linear Kaiman filter 

Here the necessary formulae of the discrete, linear Kaiman filter (henceforth Kf) are 
recapitulated. Let us suppose that the behaviour of the system in hand is described by the 
following stochastic dynamic equation: 

x*+i = Ф*+1,*х* + B*u* + w*, (1) 

where x* is an n-dimensional state vector, Ф*+1,* >8 the state-transition matrix, B* is the 
control matrix, u* is the control vector, w* is the dynamic noise and к is the discrete time, 
respectively. 

In general the state variables are not directly measurable. The measurable quantities 
(henceforth signals) y» are supposed to be noise disturbed linear combinations of the state 
variables. The signals are the components of the m-dimeneional measurement vector y*. 
Therefore 

у* = Н*х* + С*а*+у>, (2) 

where H* is the measurement matrix, C* and d* are the deterministic input matrix ard 
input vector, respectively and v* is the measurement noise. Both the dynamic and the 
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measurement noises are supposed zero mean, white Gaussian processes, i.e. 

w* € ЛГ(0, Qt) and v» € У(0, R k ) 

where Qt and R* are the variance matrices. 
Now the task is the following Having received a finite series of the signals {y*} up 

to k = K. how to estimate the state vector as well as the posterior values of the signals yj 
for / > K. 

In principle there are three different cases. 
a) Neither the dynamic nor the measurement models are known (black box model). In 

fact, even the dimension of state vector is unknown. In this case there is no way 
to reconstruct the underlying dynamic system. The only possibility is to predict the 
most likely behaviour of the signals using the statistical information extracted from 
the history of the measured quantities. The familiar methods to deal with the case 
is the AR (AutoRegression), the MA (Moving Average) and/or their combination 

f ARM A (AutoRegression—Moving Average) descriptions. We do not intend to use 
|- these frameworks since our primary interest is the underlying system which is not 
jf, treatable by the methods mentioned above. However, the interested reader may consult 

with the literature [3]. 
/ b) Both the dynamic and the measurement models are known (white box model), or at 

least there are some guesses about how the models should look, even if the values 
. of the parameters are not known exactly. In this case it is recommended to use the 

Kf. It must be acknowledged that not the Kf is the only tool, but its computational 
''• algorithm and robustness make it superior to the other procedures. 

c) It is possible that only the dynamic or the measurement model is known. This is a 
^ \ specialized case of item a); also the black box model is applicable. 

In the following Case b is considered. 

/ - I The Kf is a recursive algorithm [4, 5] developed to estimate the state vector using the 
information carried by the signals. Let x^|/ denote the estimate of the state vector at a 
time point к based on the set of signals up to time point /. There are three cases 

к < I smoothing 
к = I filtering 
к > I prediction 

We are concentrating on the filtering problem. For shortness let x* denote the filtered 
value of the state vector at time point k, i.e., x* = x*|*. 

The estimated value is built up from two parts, namely a so-called one-step prediction 
and a correction. The one-step prediction is Фк,к-\*к-1 + B*u*, which is nothing else 
than the deterministic evolution of the system from a previous state x*_i towards the 
following one X*. However, some correction must be taken into account. In fact, the noise 
term w* in Eq.(l) always causes some uncertainty in the predicted value of x* even if 
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the previous values %k-i were known exactly. The better the estimation the smaller the 
necessary correction. 

The correction is K*f*, where the weight function K* is the so-called Kaiman gain 
while (* is the innovation. The latter is the new information extracted from the last signals. 

6 = Ук - У* = 
= У* - Н к (Ф м _1Х к _ , + BkUfc) - C*d fc 

The Kaiman gain K* is calculated as 

K* = Рм-iHjT x [R t + H * P M - , H j " ] ~ \ 

where P*+J,* is the a priori error variance 

P*+M = **-n,*P*,**M-i rk + Qk 

The a posteriori error variance P*,* is determined as 

Рм = (1-к*н*)Рм-ь 

(3) 

(4) 

(5) 

(6) 

where I is the identity matrix. An initial guess x<> and Po.o must be used to start the 
recursion. If the other quantities Ф^-ц,*,. . . ,R* are known, the filter, after a certain 
learning period, is able to estimate the state vector. The length of the convergence time 
depends on the closeness of the initial conditions to their true values. 

In addition, the Kf is robust enough to tolerate the incorrectness in the parameters of 
the dynamic and/or measurement models. 

Since the correction can appear only through the K*(* term, without this term no 
correction is available. It can be proven that if 

Q* K*-->0 , 

where Q* is the variance of the dynamic noise w*. Therefore a pure deterministic dynamic 
system cannot be handled by Kf reliable. On the other hand, supposing some additive 
dynamic noise (artifical, if necessary) in the state equation (1), the stability and the con
vergence properties of the Kf are improving. This property of the Kf is utilized in different 
applications [6]. 

The statistical properties of the innovation indicate the goodness of the estimation. 
In fact, after the learning period, when the Kf presents the optimal (in the mean square 
sense) estimation of the state vector, the innovation is a zero mean, white Gaussian process 
(к € Л^(0, V{), where the variance V$ reads as 

V ^ R t + Н^РмНГ (7) 
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The quantity Pk,k is the variance of the estimation error x(k). Per definitionem x* = 
x* — Xk and Pt.fc = var{xjt}. Generally the latter can be determined by iteration [cf. 
Eqs.(4)-(6)] but in the case of steady-state systems the iteration is substituted by the 
algebraic Riccati equation: 

P M = * { P M -Pk,kH T [R+ Н Р к ( к Н т ] 1 Н Р м } ф т + Q. (8) 

Monitoring the innovation is the best way to recognize if some degradation occurs 
during the filtering procedure. The most frequent reason for the degradation of the filter 

, performance is the wrong applied parameters in the matrices of the system and/or mea
surement models. Taking advantage of the properties given by Eq.(7) the proper values of 
the parameters can be fitted [4]. 

It could happen that the dynamic model describing the underlying system is inherently 
incorrect or in a certain sense is not compact (detailed later). Since we have only the signals 

_*_<• yVs, the state vector can only be guessed. In certain areas of physics there is no agreement 
I among the experts about which description of a phenomenon is the true one (if any is at 
Ь all). 
'я It must be noted that in technical sciences similar problems also arise treating large, 
•' complicated dynamic systems (e.g. nuclear power plants). In order to overcome such sort of 

difficulties, the system is decomposed into smaller linked items, which items are then treated 
/ individually by black box models. However, the black box description knows nothing (and 

does not intend to know anything at all) about the real physics determining the behaviour 
of the system in hand. The frame can only characterize the output (i.e. the signals) of 

4 the system. Such kind of description does not give any insight into the physical processes. 
Certainly, in the engineering problems usually it is not needed. However, in the level of the 

I physical understanding such degree of description is insufficient; the state equation must 
i be known. 

% ' •' N̂  к * In the following we consider the problem of thermodynamic description of a non-
; equilibrium process. Different viewpoints are confronted and a possible way to select from 
if * them is suggested. The method is based on the development of the concept of construct-
I ing thermodynamic state variables originally proposed by Landsberg (see the previous 
f Section). It can be seen that Landsberg's objective spectator can be substituted by the 
\ Kaiman filter. The technique is applied to interpret the particle spectra yielded by heavy 
4 ion collision experiments. 

The Kaiman filter as the third person 

Following the line of the preceding Sections we come to the conclusion that the rőle 
of Landsberg's third person can be played by the Kaiman filter. The argumentation goes 
as follows. 

The duplicate of the system to be modelled must be accurate only within certain 
tolerances. The Kaiman filter is developed to tolerate some uncertainties inherently. In 
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this context the uncertainties originate from the improper modelling of the system as well 
as from the measurement itself. Tolerating uncertainties is equivalent to considering поме 
terms (or fluctuations) in the model system. In the language of the Kaiman filtering tech
nique, Landsberg's original system is the set of measurable quantities, i.e. the measurement 
modol. The copy of the system is the dynamic model developed to describe the behaviour 
of the original one. Tolerance is taken into account through the additional noise terms. 

In the Landsberg picture the role of the third person is to check the goodness of 
the model via comparing the directly measured variables to the modelled (or calculated) 
variables. If the found differences are wi.hin a certain range then the model system is 
acceptable. 

As it haw been pointed out, the Kaiman filter automatically performs such kind of 
checking in every time step. In fact, the innovation is the difference between the measured 
and the calculated signals. If the dynamic model is correct then the innovation is a zero 
mean, white Gaussian process with a well-defined variance. In the case of improper mod
elling either the mean or the variance takes a different value (or both). The existence of 
the tolerance range is reflected by the fact that the innovation is a stochastic process. 

As a conclusion, the Kaiman filter is equivalent with the third person and the judge
ment is embodied in the innovation. 

Only one step remained to complete the scheme. If the innov tfion is not in the tol
erance regime (which means that the statistical properties of the innovation violate the 
theoretically prescribed ones) then a new variable must be introduced into the model 
as a pseudo-extensive variable [7]. Reasons will be listed for that the pseudo-extensive is 
proportional to the innovation. 

In equilibrium the pseudo-extensives, per dcfinitionem, must disappear. The normal 
extensive variables can be obtained from classical thermostatic (or equilibrium thermo
dynamic) calculations [8, 9]; in equilibrium the extensives describe the system totally and 
only in a non-equilibrium situation must additional parameters be considered. On the other 
hand, in the previous Section we have seen that the innovation 

i) disappears (in statistical sense) in equilibrium 
ii) is proportional to the deviation from the equilibrium in non-equilibrium state (at least 

near equilibrium) 

Therefore it seems to be reasonable to expect that the evolution of the pseudo-
extensive parameter is similar to the evolution of the innovation. Thus in a non-equilibrium 
model the innovation is the additional pseudo-extensive variable which must be taken into 
account to describe the system. The innovation is yielded by the Kaiman filter designed 
using the equilibrium model of the system. 

In the following Sections the scheme is applied for a simple non-equilibrium thermo
dynamic model. 

6 
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Non-Equilibrium Thermodynamic Model 

As we have seen in the Introduction, nonrelativistic heavy-ion collisions can offer a 
simple though realistic enough method to test the theory. The model describing detected 
particle spectra is based on the following assumptions: 

- expanding ideal Boltzmann gas 
- isotropy 
- relaxation time approximation 
- breakup formalism 
- flow 
- polinomical deviation from equilibrium 

The simplest model derived from the above items consists of the following time-
dependent thermodynamic variables 

n(r) particle density 
e(t) energy density 
s(t) entropy density 
with the state equations read as 

n(t) = n.r*(*) (») 
<t) = «.Г*(0 (10) 

s = пЦ-Щп) - | h ( i ü ! L ) ) - I * - „ " / 3 e - V (11) 
\2 v ' 2 v4irméV 2 m4 v ' 

with the pseudo-extensive г 

z(t) = zof-^t) • exp{-7[j-±-p + arctan(t/r.)]} (12) 

with 

27 
640 

Л 0 = УДТРЩ 

7 s ^n0vet0ff0 (13) 

а о is the cross section while v0 is to be taken from the temperature at total overlap. For 
more details see Refs. 1 and 10. 
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Computer simulation results 

As it was outlined the Kaiman filter is implemented supposing the equilibrium dynamic 
model, i.e. in Eq.(ll) the pseudo-exteneive is neglected (2 = 0). Therefore the evolution of 
the entropy density reads 

'(«) = ' . / " ' (О (14) 

The formulae for n(t) and e(t) remain the same. Therefore the entropy 5 

*<t) 
5 = n(t) (15) 

is constant in accordance with the postulate of equilibrium in thermodynamics. 
In order to apply the Kaiman filter the continuous time model must be discretized. 

Let the state vector x(Jfc) be defined as 

x(k) 
fn(k)\ 

= '(*) (16) 

including all the parameters thermodynamically relevant, then the state-transition matrix 
Ф(Дг + 1, it) takes the form 

/Л+(»+паЛ 
l 1+кД« J 

Ф(* + 1,*) = 0 

0 

(i-KH-рдЛ 

0 

0 

0 

\ 

("SÍT) j 
( " ) 

because of the expected equations. At is the time-step. 
First the evolutions of n(k) and t(k) are shown in Figure 1. 
The noise terms are calculated from thermodynamic fluctuations [11]. The so-called 

measured values came from the literature [12]. According to the theory the innovation 
confirms that the models of the evolution of the particle and energy densities are correct 
(Of course, it must be correct since these models are general conservation laws.) They are 
shown only to illustrate how the procedure goes. 

Figure 2 contains the evolution of the measured and the calculated entropy densities 
as well as their differences. 

The serious deviation with a clear trend suggest that the applied model is not valid 
for the entropy density. The evolution of the system differs from the evolution modelled 

8 
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The evolution of the particle density n(k), the density of the energy e(k) 
and the related differences 

only by equilibrium parameters. As a preliminary guess, an additional pseudo-extensive 
parameter must be taken into account to get proper results. The general behaviour of this 
parameter could be similar to the behaviour of the innovation shown in Figure 2. 

The pseudo-extensive 

In order to confirm the above statement let Eq.(ll) be used which characterizes the 
evolution of the pseudo-extensive denoted by z(t) (or in discrete form z(k)). Figure 3 shows 
the results. 

The vertical axis is not scaled since our goal is to show the similarity rather than the 
equality of the two quantities. The terms obviously agree. As a conclusion the computer 
simulation supports the statement that 

i) The innovation indicates if the applied model is improper. 
ii) The evolution of the innovation follows the evolution of the pseudo-extensives required 

to describe a non-equilibrium system. 
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Conclusions 

\ 

As we have seen, the Kaiman filter indicates that equilibrium or local equilibrium 
descriptions are insufficient. (Note, that at least the final entropy can be deduced from 
particle yield ratios, and here we accept the numerical simulations.) At least one extra 
extensive or p eudo-extensive is to be introduced. With one new parameter the method 
ceases to give warning signals. This is not a proof for the actual model; by measuring *,n 
and e, one additional new variable is always sufficient. However, in the non-equilibrium 
simulation the extra parameter г was introduced on some physical grounds, and here there 
is no evidence against it. 

The method can trivially be generalized for finding and deducing thermodynamic 
descriptions of any reaction of any system for which probable simulations are available. 
And even if simulations are available, thermodynamic descriptions are useful to summarize 
the behaviour of the system in a concise way. 

i 
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