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ABSTRACT

Accurate data analysis requires understanding of the roles played by both
data and parameter covariance matrices. In this paper the entire data
reduction/analysis process is examined, for neutron-induced reactions in the
resonance region. Interrelationships between data and parameter
covariance matrices are examined and alternative reduction/analysis
methods discussed.
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1. Introduction

The use of eovariance matrices in resonance parameter analysis is a topic with
manv facets. This paper explores only a few in depth, and suggests areas where more
work is needed. In Section 2 the "conventional" approach to resonance analysis is
discussed, and the roles of both data and parameter covarianees are examined.
Alternative, possibly supenor, methods are suggested in Section 3, including (1) fitting to
raw data and (2) using a hybrid approach which fits to reduced data but involves the
data-reduction parameters as part of the analysis process. Comparisons are made of
results produced by the various methods.

Additional aspects of the title topic are presented in Section 4, with suggestions
about how those questions might be studied.

2. Conventional Data Analysis

The usual procedure for analysis of resonance data involves two distinct steps.
First is the data-reduction process, in which the raw data (counts per channel) are
reduced to physically meaningful quantities (e.g., cross sections). Concurrently,
uncertainties are determined for each data point, and the data covariance matrix is
generated. The second step is the data-analysis process itself, in which the parameters
of the theory (e.g., R-matrix) are adjusted to fit the reduced data. This step requires
initial (or "prior") estimates for parameter values and for the parameter '"ovariance
matrix, and generates the output (or "posterior") parameter values and covariance matrix.
We now examine each step of this procedure.

2.1 Preparation of the data

2.1.1 Reduction of raw data to physically meaningful quantities

The raw data {rj produced by an experiment are a series of numbers (counts),
each of which is independent of the others, and for which the statistical uncertainties are
known. These data are reduced to physically meaningful quantities by well-defined
mathematical operations involving "data-reduction parameters" (e.g., normalization
constants). That is, the reduced data {d;} may be written in terms of the raw dat? {r,}
and of the parameters {qk} as

dj = D , ( 4 i ' < 7 2 ' 4 . v - ' r p r r r 3 ' •••) O J

where the specific form of the function D can be determined from the precise
mathematical operations used to reduce the data. The expression for dj may involve only
one raw data point, or, as in the case of transmission experiments for example, may
involve a ratio of two data points. The number of data-reduction parameters changes
from experiment to experiment.

A detailed description of the data reduction process for a natural nickel
transmission experiment is presented in a report by D. C. Larson et al.1 In that
experiment, the data-reduction process included corrections for detector dead time, for
pulse-to-pulse variation in beam intensity, and for several different types of background.
These corrections were applied to both sample-in and sample-out data before



transmissions vvere obtained as the normalized ratio of sample-in to sample-out counts.
A total of 30 data-reduction parameters were involved.

2.1.2 Generating (he data covariance matrix

Because each raw datum is independent of every other, the covariance matrix for
the raw data is diagonal, with the value of the diagonal element being equal to the square
of the uncertainty. Unfortunately, the same is not true of the reduced data, for which the
covariance matrix generally has many non-zero off-diagonal elements.

The covariance matrix associated with the reduced data can be derived using the
method of "propagation of errors". This involves generating the partial derivative of D
with respect to each independent variable (r or q), multiplying by small increments in that
variable, squaring, and taking expectation values. Explicitly, a small increment in the
reduced datum is related to increments in each component via

8d. = £ dDJd(U K + E dD,'dr
k K (2)

k k

Squaring and taking expectation values gives the equation for the covariance matrix v for
the reduced parameters

v = bd. 5dj > = ]T dD.ldqk dD/dq,
*•'

dD./drk dD./drk < (6rJ2

in which terms with zero expectation values (i.e., terms which are uncorrelated) have
been dropped.

Using the method described above, it is a straight-forward mathematical operation
to generate the covariance matrix v for the reduced data. It can nevertheless be a
formidable task, since it requires knowledge of the specific form for Eq. (1) and for its
derivatives, as well as considerable "bookkeeping" to take care of all the subscripts. The
computer code ALEX2 was developed for performing this task: in ALEX all the
bookkeeping is accomplished internally within the code, so the user needs to supply
programming only for those features which are unique to the particular experiment.

For the natural nickel transmission experiment,1 ALEX was used to generate not
the full data covarianL-- matrix, since the size of such a matrix would be unmanageable
((60000 x 60000)/2), but rather the coefficients of the various components of the
uncertainty on each data point. These coefficients could then be used in an analysis code
to generate the covariance matrix elements as needed.

2.2 Preparation of the model parameters

2.2.1 Estimating initial values

The goal of data analysis is to determine "best" values for parameters of the R-
matrix theory (e.g., energy and widths for each resonance, channel radii). As input to the
analysis, an initial ("prior") value must be chosen for each parameter. These initial values
are normally obtained from the literature, or may be estimated from an examination of
the data.



2-2.2 Estimating the input parameter covariance matrix

The analysis code SAMMY,3 which will be used for all examples presented here,
uses Bayes' equations for the fitting procedure. Bayes' equations, unlike least squares,
require the input of a prior parameter covariance matrix as well as prior values for the
parameters.4 (Readers unfamiliar with Bayes' equations are referred to the appendix of
this paper and to references 3 and 4.)

In the case where a good estimate of the value of a parameter is known, that
information should be used for the prior. For example, if a resonance energy is well-
known from earlier work as 1.15 ± 0.01 keV, the diagonal element of the covariance
matrix should be set at (0.01): V'eV\ Information about relationships between parameters
should also be included, as off-diagonal elements of the parameter covariance matrix.
For example, the sum of two fission widths might be known but not the individual
components, so the correlation between the two would be -100%.

When the value of a parameter is not well known, or wheu the analyst has no
knowledge about how well the value is known, the true "non-informative prior" is infinite
uncertainty. That is, the least-squares equations should be used, since those equations
are the limiting case of Bayes' equations with no information about the uncertainties.

Since a good estimate may be available for the uncertainty on some parameters,
and no information available for others, the equations used for the fitting procedure
should reflect that situation; i.e., one should use a combination of Bayes' and least
squares. This, however, would be complicated to implement, and is not done in
SAMMY. Instead only Bayes' method is used, since the many advantages of this
approach far outweigh any difficulties.

The procedure used in SAMMY to approximate the non-informative prior is as
follows: initial uncertainties are set at relatively large values, and changes in those
uncertainties due to analysis of the data are studied. If the decrease in the uncertainty
for a given parameter is large (say, an order of magnitude), then the initial u certainty
was effectively infinite. If the change is very small (a few percent), there are two
possibilities which the analyst wui wish to investigate: The parameter may be unaffected
by this data, in which case the initial uncertainty is essentially irrelevant. Alternatively,
this choice for the uncertainty may be much too small, being a greater constraint on the
parameter's value and uncertainty than the data are, in which case a larger number
should be used for the prior uncertainty.

In practice, SAMMY users have found that a prior uncertainty of 10 to 20% of
the value of the resonance widths is generally large enough to avoid unduly constraining
the value, and small enough to avoid computational problems. For resonance energies,
the prior uncertainty must be small enough to constrain the energy-ordering of the
resonances. (Such values for the prior uncertainties are default input for SAMMY.) For
a parameter whose prior value is very small, experience has shown that it is best to assign
an absolute uncertainty rather than accepting the default 10% value. For example, one
might suspect a constant background to be present, but the estimated prior value for that
background is zero; here the assigned prior uncertainty would be based on the analyst's
judgement of how large a background might be present in the data.

If the uncertainty on any parameter is increased significantly (more than a few
percent) during the course of the analysis, it is generally safe to assume that a problem
exists! Spin assignments may be wrong, a decimal point may have been misplaced in



typing the input, the chosen resolution function may not properly describe the
experimental conditions, a previously unsuspected contaminant may be present, ...

2.3 The analysis

Once the data and data covariance matrix are prepared, and prior values have
been determined for the parameters and parameter covariance matrix, the analysis can
proceed. Usually this is an iterative process, with the analyst examining the output from
one run, making appropriate changes in the input, and re-running the analysis code.

2.4 Tfie output parameter values and covariance matrix

2.4.1 Reporting values and covar lances

The output from analysis codes such as SAMMY includes a listing of both
parameter values and the associated covariance matrix. While parameter uncertainties
are regularly given in publications reporting the outcome of analyses, the full off-diagonal
covariance matrix seldom is, primarily because of size limitations. However, the matrix
should be made available; in particular, ENDF/B-VI has formats for reporting that
information.

2.4.2 Example

What can be learned by studying the parameter covariance matrix provided as part
of the output from the data analysis? To answer this question, consider an example from
a SAMMY analysis5 of >8Ni transmission data. The short run reported here included
data from 490 to 498 keV only, although resonance parameters were included from 0 to
800 keV; starting values have been deliberately changed to give a rather poor fit to the
data. The data, with initial and final fits, are shown in Fig. 1. Table 1 shows initial and
final values and uncertainties for the resonance energies E, capture widths FY, and
neutron widths Tn for each of the 9 resonances whose parameters were varied in this
particular run. Table 2 gives the lower half of the correlation matrix, times 100, for
these parameters; correlations are defined in terms of covariances as

corr. = cov I {cov.cov.)112 (4)

The first thing to notice about the output is that posterior values and uncertainties
for all gamma widths are essentially unchanged from the prior values. This is what one
expects with Bayes' method, since transmission data are insensitive to these parameters,
but this is not what would happen with a least-squares analysis. Correlations between the
gamma widths and all other parameters are likewise zero (or nearly so), as seen in
Table 2 (in which only non-zero correlations are printed).

From Table 1 we i'ote that posterior uncertainties on resonance energies and on
most of the neutron widths are much smaller than prior uncertainties, indicating that the
data can indeed determine those quantities. The exceptions are the neutron widths for
resonances number 4, 5, and S, all of which have quite small values and therefore are not
well determined bv transmission data.



Table I. Prior and posterior values for resonance parameters and uncertainties in the 490-49$ keV
region of 58Ni, for the analysis reported in Section 2.4 of this text. Parameter numbers are listed in
the second column; see Table 2 for correlation matrix for these parameters.
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Figure 1. Data (+), prior iheoreiicai transmission calculations (clashed eurve), and posterior
theoretical transmissions (solid curve) for the 58Ni analysis described in Sec. 2.4. Numbers in
the figure refer to resonances numbers us listed in Table 1.

(Correlations involving parameters which are not well determined by the data
should be discounted, even when they appear large. The data simply contain no
information about those parameters, so no conclusions can be drawn about correlations
involving those parameters.)

Examination of the correlation matrix shows fairly large values connecting the
parameters of resonance number 1 (Rl) with those of R7; this is not surprising since Rl
is an 5-wave and therefore will have influence away from its peak. Similarly, the
correlations for (R2,R3) and (R2,R6) are rather large.

2.5 Sequential analyses

One strength of Bayes' method is a direct consequence of including the prior
parameter covariance matrix as input to the analysis: Output parameter values and
parameter covariance matrix from analysis of one data set may be used as input for a
subsequent analysis of another data set, and the results from that second analysis are
equivalent to those which would have been obtained if both data sets had been analyzed
simultaneously. This makes it possible, for example, to divide very large data sets into
subsets of manageable size, without degrading the quality of the results. Similarly,
different experiments can be analyzed separately (sequentially) rather than requiring a
computer code capable of including all data sets simultaneously.

2.5.1 Example

Sequential analyses of this type were performed by F. G. Perey6 as part of the
N'EANDC task force to investigate discrepancies in the parameters of the 1.15-keV
resonance in 56Fe. [Results quoted here should not be taken as definitive, since they are
based on Perey's preliminary work.] The analyses involved three sets of transmission
data, all taken at ORELA, on three different samples. The first and third measurements
were made at room temperature, the second used a sample cooled to liquid-nitrogen
temperature.



A total of fourteen parameters were varied in this analysis, including the energy and
particle widths for a second resonance, the two temperatures and three sample
thicknesses, the R-i..atrix matching radius, and tnree resolution-broadening parameters.
Values for the parameters for the 1.15 keV resonance are shown in Table 3. Note that
in each case, changes made to the capture and neutron widths from the previous values
are well within the standard deviation of the previous results.

Data and fits from this analysis are shown in Fig 2.

Table 3. Resonance parameters for the 1.15-keV resonance in '°Fe. The first row gives
input values, and the other three give results after SAMMY analyses of the first, second,
and third data sets.

Energy (eV) (meV) (meV)

BEGIN
ONE
TWO
THREE

1151.00
1151.11
1151.03
1151.03

* 5.00
± 0.06
± 0.04
± 1104

600.0
5S4.0
5S1.7
575.7

i 300.0
± '29.0
± 42.6
± 40.3

62.00 ±
59.16 ±
62.14 ±
61.63 ±

15.00
6.87
1.05
0.87

.20

1 . 1 4 1 . 1 5 1 . 1 6
E N E R G Y t k e V ) ENERGY ( t e V )

1 . 14 1 . 1 5 1 . 1 6
ENERGY (teVl

Figure 2. Results from a pseudo-simultaneous fit to three 5oFe transmission measurements.



2.5.2 Caveat

At this point it should be noted that there are cases where it is not proper to use the
output covariance matrix from one analysis as input ta the next. This is true when re-
running the analysis code with the same data, a procedure which is often undertaken
during the early stages of an analysis. Upon viewing a plot of the fit provided by the first
run, the analyst may decide to start over with different initial values or different spin
assignments. In any case of re-examination of data already analyzed, the initial (non-
informative) prior should be used as input to the second computer run, rather than using
the output covariance matrix. To use the output covariance matrix from an earlier run
when changes are made in values or assignments introduces inconsistencies, and to do so
when nu changes are made suggests that these data are twice as informative as they in
fact are.

3. Modified data analysis

The approach to data analysis as outlined above works well in most cases; however,
there are difficulties associated w'th it. In this section ws will explore alternatives which
may eliminate some of those difficulties while perhaps introducing a few others.

3.7 Problems with the data covariance matrix

The data covariance matrix may not be particularly easy to generate; this problem
is eased, if not solved, bv usin" a semi-automated code such as ALEX to assist the effort.
However, the matrix may also not be particularly correct if the data-reduction parameters
and their uncertainties are not well understood. In addition, the data covariance matrix
is often so large as to be unmanageable, and many data analysis codes are ill-equipped
to handle the full data covariance matrix.

A variety of solutions have been posed for these problems. One commonly (mis)used
solution is to simply drop the off-diagonal terms of the data covariance matrix; we shall
see later that this can lead to inaccurate parameter values. Another possible solution is
to use group covariances as in ENDF/B-VI;7 this author has little experience with this
option so will not address it here except to suggest it as a possible solution.

3.2 Alternative formulations

3.2.1 Fit to raw data

The most reliable method to use in any data analysis is to fit to the raw data directly,
rather than fitting to the reduced data. That is, the raw data are not reduced by, e.g..
subtracting backgrounds and applying normalizations. Rather, those corrections are
applied to the theoretical calculation to which the data are to be fit. The data-reduction
parameters are added to the list of fitting parameters (which includes resonance widths
and energies, Doppler temperature, resolution parameters, etc.); measured values and
uncertainties (and correlations) for the data-reduction parameters are used as prior



values for those parameters. Data-reduction parameter values and uncertainties are not
used in generating the full data covariance matrix, sini e the data covariance matrix to be
used in the fitting procedure is the matrix associated with the raw data.

This technique has several advantages, not least of which is ihat the covariance
matrix associated with the raw data is diagonal. In addition to eliminating the need to
store and manipulate a very large matrix, use of the uncorrelated raw data gives the
analyst the liberty to treat subsets independently (which cannot be done with the
correlated reduced data).

3.2.2 Hybrid method of fitting

A third possibility exists, which combines desirable features of both the raw-data and
the reduced-data method. First, reduce the data in the usual manner but treat data-
reduction parameters as though they are absolute, i.e., as though they have zero
uncertainties. Then introduce additional parameters into the data analysis process, whose
values are such as to have no effect on the val.ie of the theoretical calculation but whose
uncertainties reflect the true expei imental uncertainties on the data-reduction parameters.

A simple example may serve to explain this process. Let the raw data {r,} consist of
a cross section normalized by an energy-independent constant whose measured value is
a ± 6 a, to which is added an energy-independent background whose measured value is
b ± 6 b.

The reduced data {dt} are related to the raw data via

d. = ar. + b (5)

where the values for a and b are as measured, but both are considered to be exact, i.e.,
to have zero uncertainty. Thus the uncertainty on dt is only that due to r,,

5 d.t, » a 6 r. (6)

and the off-diagonal covariance matrix elements for the reduced data are zero.
The theoretical expression which will be used to fit this raw data is of the form

i.(E,p1,p2,...pN,p^l,pNr2) = a{E,pvpv...pN)pN¥l + pA M (7)

in which the first N parameters are from the R-rnatrix theory, and the last two
parameters represent the normalization and background respectively. The prior value
f°rpv+; is 1-00 and forpv+, is 0.00; the prior uncertainty for pN+I is 6 a and tor pN+? is
6 b.

3.3 Comparison of methods

To determine the relative accuracies of the various analysis methods, comparisons
were made using artificial "raw" data generated as follows: experimental fission cross
section data for 24IAm from 0.018 eV to 1.72 eV were multiplied by a normalization
factor (1.030), and a constant background (4.97) was added. The resulting numbers {r,}
are assumed to be proportional to the number of counts in our artificial experiment, so
the uncertainties <5 ri may be specified as proportional to the square root of r,; we



somewhat arbitrarily assign 5r = 0.1 y'7~. Our artificial experimenter also measured the
normalization and background at 1.031 ± U.006 and 4.97 ± 1.00, respectively.

These data were then analyzed using five different methods:g

(1) Fit to the raw data, using normalization and background <\< fitting parameters
with the known values (1.031 ± 0.006 and 4.97 ± 1.00) as priors.

{2) Use the hybrid method described in Section 3.2.2.
(3) Reduce the data, carefully including systematic uncertainties in the data

covariance. Use the full off-diagonal data covariance in the analysis, and do
not include normalization and background as fitting parameters.

(4) Reduce the data and include no uncertainties due to normalization and
background in the data covariance matrix (as for method 2 above). Analyze
without regard to normalization or background.

(5) Reduce the data properly and obtain the correct diagonal data covariance
matrix elements but ignore off-diagonal elements. Again analyze without
regard to normalization or background.ga

Finally, this entire set of five analyses was repeated, with "wrong" values of the
normalization (0.95 ± 0.006) and background (1.00 ± 1.00).

Only method 1 is precisely correct, while the others involve various
approximations. Intuitively one might expect that method 2 would give equivalent results,
and the results from method 3 should also be close, provided the "known" values, of the
normalization and background are nearly correct. Neither method 4 nor method 5 would
be expected to give consistently reliable results (in spite of the fact that method 5 appears
the most generally used!).

In order to judge the relative merits of the five analyses, it was necessary to first
design a criterion for comparison of results. [The naive use of %2 clearly will not work,
since it involves division by the diagonal data covariance matrix element, which varies
considerably over the five methods.] Since method 1 is known to be correct, the goal for
the other methods is to reproduce the results of method 1; therefore the sum of the
squares of the relative differences in the resonance parameters should give a reliable
measure of the quality of the method. We define a quantity c as

c = E ((PrPDi'PT)2 (8)
i\

and evaluate c for each method. Low values of c correspond to good agreement with the
"correct" results from method 1, and high values indicate poor agreement.

Results from these analyses are summarized in Table 4. Note that results from
method 2 agree nearly perfectly with results from method 1. When "measured" values
tor the data reduction parameters are very close to the true values, all methods appear
to work fairly well. This is definitely not true, however, when "measured" values are not
close to the true values. In this case only method 2 (the hybrid method) and method 3
(using reduced data with the full covariance matrix) give reasonable agreement with
results obtained by method 1.



Table 4. Comparison of results from four approximate data analysis procedures with results
from fitting ID raw data. Lower values of c indicate good agreement.

Method c with "good" prior values for
norm and background

c with "bad" prior values for
norm and background

•y

3
4
5

0.000000
0.000125
0.000211
0.02S1SS

0.000006
0.020197

91.934166
13.263780

Though not reflected in our criterion c, the parameter covariance matrices
generated by methods 2 and 3 also agree nearly perfectly with that generated by fitting
the raw data.

Erroneous results produced by dropping the off-diagonal elements of the data
covariance matrix (method 5), in the case where the prior values are "wrong", are shown
in Fig. 3a. Note the distortion in the shape of the calculated cross section (solid curve).
Fig. 3b shows the curve generated by method 3; here the calculated cross section (dashed
curve) is displaced from the reduced data (+) but nevertheless has the correct shape.
The solid curve through the data is the dashed curve displaced by 4.233 barns, and
appears in good agreement with the data.
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Figure 3. Results obtained from analysis of the (artificial) reduced data described in Section 3.3, first
(part a, method 5) dropping the off-diagonal data covariances and second (part b, method 3), using
the full off-diagonal data covariance matrix. The dashed curve in part b gives the calculated cross
section, the solid curve shows the same line displaced by 4.233 barns.

4. Additional topics

Bayes' equations describing the fit to the raw data with N-^-l parameters can be
converted directly to Bayes' equations describing the fit to the reduced data with iV
parameters, provided certain approximations and assumptions are valid. Essentially, the



initial values for all N+l parameters must be very close to the correct values For the
reader interested in mathematical detail, equations describing that conversion are
available from the author.

ENDF/B-VI permits the use of "group covariances" to describe the relationships
among the data. A careful study of the mathematics underlying such a formulation
should be undertaken, to ascertain the conditions and extent of validity. [If this has been
done, the author would be interested in learning about it.]

Left unexplored by this study is the question of disengaging parameter values (and
covariances) from the experimental conditions under which those values were obtained.
For example, the apparent width of a resonance is greatly affected by the Doppler and
resolution broadening that occurs in the course of the experiment; values for the neutron
widths extracted via the analysis process then are coupled with the resolution and
Doppler parameters. How great an effect is this, and if it is large how can it be
overcome? This author's intuition is that, vvhile this affect may be important for a single
experiment, multiple experiments under a variety of conditions will serve to isolate the
parameter values independent of experimental conditions.

Also largely unexplored here is the effect of incorrect assumptions about the
experimental conditions. How are parameter values and covariances affected by using
a Gaussian resolution function, for example, when the actual experimental resolution is
highly skewed?

In the "ideal" analysis of resonance data, every possible parameter (both resonance
parameters and data reduction parameters) will be varied and the "best" value chosen by
the fitting procedure. In actual analyses, this is not practical; values of some parameters
must be fixed. How does this affect the values and covariances of those that are varied?
Does the magnitude of the uncertainty on a varied parameter increase or decrease (or
neither) as fewer parameters are varied?

How well can posterior uncertainties (and covariances) be believed? Are
parameter uncertainties output by SAMMY and other resonance analysis codes too small,
as some analysts believe? If so, what is lacking in our understanding of the analysis
process? Are we missing a major source of uncertainty?

The subject of patterns in the posterior parameter covariance matrix has not been
carefully addressed here. Here are several questions8 related to this subject that should
be explored:

(1) What patterns are obvious, first in the case of good data with isolated
resonances and then in the more general case?

(2) Are some types of parameters (e.g., resonance energies) correlated only
among nearby resonances?

(3) Which parameters are correlated over long range?
(4) How does inclusion of specific experimental uncertainties affect covariances

between resonance parameters?
(5) If one energy region is fit very poorly, how are parameter values and

covariances in nearby regions affected?



(6) Can examination of the posterior parameter covariance matrix provide
information about systematic errors that have not been recognized
beforehand?

5. Conclusions

In this paper the generation and use of both data and parameter covariance
matrices in data reduction and resonance analysis have been explored. The ramifications
of fitting to reduced data vs. fitting to raw data was explored in some detail; the
recommended method is a hybrid between those two extremes. Some comments were
made about intelligence to be gained by examining the posterior parameter covariance
matrix, but this subject was not investigated in depth. Suggestions were made of other
areas where further work is needed.
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APPENDIX A

Bayes' Equations

A deiivation of Bayes' equations from Bayes' theorem (using three additional
hypotheses regarding distributions and linearity) is given in Ret". 3; the reader interested
in details of that derivation is referred to that paper. The equations themselves, in
several forms, are presented in this appendix.

Let p represent the vector of prior parameter values, ind m the associated

covariance matrix. Let d represent the measured (or derived from measurement) data,

and v the associated rovariance matrix. Let r represent the theoretical calculation of

the quantity for which d is the measurement, and g the derivative of t with respect to

the parameters p. Then the posterior values for parameters p' and covariance matrix

m' are given, in matrix form, by

p' = p * mg' (n+v)'1 (d-t) (A.la)

m' = m - mg' (n+v)'1 gm (A.lb)

where

n = gmg' (A.lc)

This is the form in which Bayes' equations are usually encountered; note that this form
requires inversion of a matrix whose dimensions are (Ndat x Ndat), where Ndat is the
number of data points.

An alternative formulation is

p' = p + m (i+qyl g'V1 (d-t) (A.2i)

m' = m (i+qyl (A-2b)

where

q=g'v-xgm (A-2c)

and i is the identity matrix. In this form, Bayes' equations require two separate
inversions, first of v (Ndat x Ndat) and secondly of (i + q), whose dimensions are
(Npar x Npar) where Npar is the number of parameters. Therefore in general this form
is not as useful as the first. However, the data covariance matrix is often diagonal, in
which case inversion of v is straightforward. If in addition the number of data points is



much larger than the number of parameters (as is generally true for resonance analyses),
then this second formulation of Bayes' equations is the preferred method.

The usual least-squares equations can be derived directly from Bayes' equations,
most easily in the form of Eq. (A.2), by taking the limit as the diagonal elements of m
become infinite and the off-diagonal become zero. In this case Eq. (A.2b) takes the form

(A.3)

which is the familiar least-squares equation for the posterior parameter covariance matrix.

Substituting this expression for the quantity rr.(i + q)~l in Eq. (A.2a) gives the familiar
least-squares equation for posterior parameter values.

Finally, we note that Bayes' equations are strictly correct only if the theory is a
linear function of the parameters. Since this is rarely true, iterative forms of Bayes'
equations have been derived to compensate for non-linearities. The iterative form of the
first formulation of Bayes' equations is

«»'l> = m - »,«< (nW+v)"1 *«m (A-4b)

where

(A.4c)

Here /?t0) represents the initial or prior values of the parameters, and pik) represents thefc-th

iterated values. The theory tik) and derivatives g(k) are evaluated at the A:~th iterated

values pik).
Similar equations can bt written for the iterative form of the second formulation

of Bayes' equations.


